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Abstract

In this paper we prove a conjecture due to R. Carter [2],
concerning the action of the finite general linear groupGLn(q) on
a cuspidal module. As an application of this result, we work out the
caseGL4(q).

It is well known that the cuspidal characters of the finite groups of Lie type play a particularly
important role in the complex representation theory of such groups. For the general linear
group GLn(q) over the fieldFq of q elements, these characters were determined by J. A.
Green [5]. In the casesn = 2 andn = 3, the action of GLn(q)on modules affording cuspidal
characters has been studied in [9] and [8] respectively. In 1992 R. Carter [2] considered
these cases using a different method from that used in [9] and [8]. The purpose of the present
paper is to extend Carter’s method to the general case, and to prove a conjecture stated in
the introduction of [2]. This concerns the form of the entries of the matrices representing
the action of GLn(q) on a module affording a given cuspidal character.

This paper is organized as follows. In Section1, we set up the basic definitions and
notation from the representation theory needed here, and we determine a cuspidal module
affording a given cuspidal character of GLn(q). In Section2, we do the work to obtain
the action of GLn(q) on such modules, and we discuss Carter’s conjecture. In Section3
we apply the general theory to the group GL4(q). A considerable amount of detailed work
was involved in the compilation of the results needed here to obtain the cuspidal matrices
representing the generators of GL4(q). This part of the work has not been included in the
paper, since for our calculations we have followed more or less the same recipe as that used
for the group GL3(q) in [2].

1. The cuspidal modules

Throughout this paper,Gwill denote the group GLn(q),T the maximal torus of diagonal
matrices inG, andW the Weyl group with respect toT , which we shall identify with the
subgroup ofG of permutation matrices. ThenTW is the subgroupN of all monomial
matrices inG.

We consider a maximal Coxeter torusTn ofG. Then the elements ofTn can be viewed as
the diagonal matrices diag(t, tq , . . . , tq

n−1
), t ∈ F∗

qn whereF∗
qn denotes the multiplicative

group ofFqn . ThusTn ∼= F∗
qn . It is well known (see [10]) that all the cuspidal characters

have degree

(q − 1)(q2 − 1) . . . (qn−1 − 1)

and they are the Deligne–Lusztig irreducible characters(−1)n−1RTn,θ , whereθ is a regular
character ofTn (see [1, Theorem 9.3.2]).
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The Cuspidal Modules of the Finite General Linear Groups

Thus, counting the regular characters ofTn, it turns out from [7] that the groupG has

1

n

∑
d|n

µ(d)(qn/d − 1)

cuspidal characters in number, whereµ is the Möbius function on the natural numbers.
Now, given a cuspidal characterχ of G, we want to determine a module affordingχ .

Such a module can be found inside the Gelfand–Graev module which is constructed as
follows. We consider the root system8 of G with respect toT , and we fix a fundamental
basis1 = {α1, α2, . . . , αn−1} in 8. Then a positive rootα has the form

α =
∑
i6k<j

αk,1 6 i < j 6 n.

LetXα be the root subgroup corresponding to the positive rootα. ThenXα consists of all
upper unitriangular matricesxα(λ), λ ∈ Fq , where the entry in the(i, j)-position is equal
to λ and all the other non-diagonal entries are equal to zero. The product∏

α∈8+
Xα

is the upper unitriangular subgroup ofG, where8+ is the set of positive roots. Letψ be
a non-trivial complex linear character of the additive groupF+

q of Fq . Since eachXα is
isomorphic toF+

q , ψ induces the linear character ofU (denoted also byψ), given by

ψ


 ∏
α∈8+

xα(λα)


 =

∏
α∈1

ψ(λα).

The induced characterψG is the so-called Gelfand–Graev character ofGwhich is afforded
by the moduleGe, wheree is the central primitive idempotent

|U |−1
∑
u∈U

ψ(u−1)u

in the group algebraCU of U over the fieldC of the complex numbers. One of the main
properties ofψG is that each of its irreducible components occurs with multiplicity one,
and their number isqn−1(q − 1). Moreover, every Deligne–Lusztig generalized character
meetsψG (see [1, Theorem 8.4.5]). In particular, every cuspidal character ofG occurs in
ψG.

We recall that the Gelfand–Graev module is isomorphic to theG-moduleF of all C-
valued functionsf onG defined by

f (gu) = ψ(u−1)f (g), u ∈ U, g ∈ G,
where theG-action is given by

(gf )(x) = f (g−1x), g, x ∈ G, f ∈ F .

Forx ∈ G we define the functionfx : G → C by

fx(xu) = ψ(u−1), for u ∈ U
and

fx(y) = 0, for y 6∈ xU.
76



The Cuspidal Modules of the Finite General Linear Groups

Then these functions have the following properties:

Lemma 1. Let x ∈ G. Then (i)fx ∈ F , (ii) gfx = fgx , for all g ∈ G, and (iii) fxu =
ψ(u)fx , for all u ∈ U .

Proof. (i) For g ∈ xU andu ∈ U we have,fx(gu) = fx(xu
′
u) = ψ(u−1)ψ(u

′−1) =
ψ(u−1)fx(g) whereg = xu

′
, u

′ ∈ U . If g 6∈ xU andu ∈ U we havefx(g) = fx(gu) = 0
asgu 6∈ xU . Thusfx(gu) = ψ(u−1)fx(g) = 0. (ii) For y = gxu, u ∈ U , we have
(gfx)(y) = fx(g

−1y) = ψ(u−1) = fgx(y), while for y 6∈ gxU we havefgx(y) = 0 as
well asgfx(y) = fx(g

−1y) = 0, sinceg−1y 6∈ xU . (iii) Let y = xu
′
, u

′ ∈ U . Then
fxu(y) = fxu(xuu

−1u
′
) = ψ(u

′−1u) = ψ(u)ψ(u
′−1) = ψ(u)fx(y). If y 6∈ xU , then

ψ(u)fx(y) = 0 andfxu(y) = 0 asy 6∈ xuU .

Corollary 2. ef1 = f1.

Proof. We haveuf1 = f1u = ψ(u)f1, for all u ∈ U . Thus

ef1 = |U |−1
∑
u∈U

ψ(u−1)uf1 = |U |−1
∑
u∈U

ψ(u−1)ψ(u)f1 = f1.

We next consider an irreducible componentχ of ψG and letεχ be the corresponding
central primitive idempotent ofCG. Then theG-moduleεχF is the unique irreducible
G-submodule ofF affordingχ and soεχF , asU -module, affords the characterχ |U . By
the Frobenius reciprocity theorem, we have

(χ |U ,ψ) = (χ, ψG) = 1.

Therefore theU -moduleεχF contains a unique 1-dimensional submodule affordingψ .
Sinceu(εχf1) = εχ (uf1) = ψ(u)εχf1, u ∈ U , the subspaceCεχf1 of εχF is the
required one, and we haveεχF = CGεχf1. The non-zero multiples of the vectorεχf1 are
called Bessel vectors for the characterχ .

Let χ be a cuspidal character. Following [2], to determine the action ofG on the Bessel
vectorεχf1, we writeεχf1 in terms of a basis ofF which is obtained by considering the
left cosets ofU in G. These are determined by the Bruhat decomposition

G =
⋃̇

w∈WUw−1TwU

whereUw−1 = U ∩ ww0Uw0w
−1, w0 being the element of maximal length inW . Thus

the setX =
⋃̇

w∈WUw−1Tw is a complete set of left coset representatives ofU in G, and

every elementf ∈ F can be expressed uniquely in the formf =
∑
x∈X

f (x)fx . In other

words, the set{fx | x ∈ X} is a basis ofF , and we call this basis the “Bruhat basis” ofF .
In order to expressεχf1 as a linear combination of the basis elementsfx, x ∈ X, we need
to recall [3] a basic fact concerning the relation of the central primitive idempotents ofCG

and those of the Hecke algebraH = eCGe ofψG. We putgU = gUg−1, U+
g = U ∩g−1

U ,
for g ∈ G, and we let

Nψ =
{
n ∈ N | nψ(u) = ψ(u), u ∈ U+

n−1

}
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wherenψ is the character ofnU given bynψ(nun−1) = ψ(u), u ∈ U . Then the elements
an = |U : U+

n−1|ene, n ∈ Nψ , form a basis forH . SinceψG is multiplicity-free,H is a
commutative algebra, and hence a direct sum of 1-dimensional subalgebras. The primitive
idempotents ofH are precisely the elementseχ = εχe for all central primitive idempotents
εχ of CG with (χ, ψG) = 1, and we have

eχ = χ(1)

|G : U |
∑
n∈Nψ

|U : U+
n−1|−1χ(|U : U+

n−1|en−1e)|U : U+
n−1|ene

(see [3], §11D). Thus Corollary2 and Lemma1 (ii) give

eχf1 = χ(1)

|G : U |
∑
n∈Nψ

|U : U+
n−1|χ(en−1e)efn.

Therefore we have to expressefn, n ∈ Nψ , in terms of the elementsfx , x ∈ X.

Proposition 3. Letn ∈ Nψ . Then

efn = 1

q`(w)

∑
u∈U

w−1

ψ(u−1)fun

wheren = tw, t ∈ T , w ∈ W , and`(w) denotes the length ofw.

Proof. We recall that ifw ∈ W , thenU = UwU
+
w = U+

w Uw andUw ∩ U+
w = 1. Thus for

u ∈ U we may writeu = u1u2, u1 ∈ Uw−1 andu2 ∈ U+
w−1, and we have

efn = |U |−1
∑
u∈U

ψ(u−1)fun

= |U |−1
∑

u1∈Uw−1

∑
u2∈U+

w−1

ψ(u−1
1 )ψ(u−1

2 )fu1u2n

= |U |−1
∑

u1∈Uw−1

∑
u2∈U+

w−1

ψ(u−1
1 )ψ(u−1

2 )fu1n(n
−1u2n)

= |U |−1
∑

u1∈Uw−1

∑
u2∈U+

w−1

ψ(u−1
1 )ψ(u−1

2 )ψ(n−1u2n)fu1n

by Lemma1(iii) asn−1u2n ∈ U ∩n−1
U . Sincen ∈ Nψ , we haveψ(n−1u2n) = nψ(u2) =

ψ(u2). Thus

efn = |U |−1
∑

u1∈Uw−1

∑
u2∈U+

w−1

ψ(u−1
1 )ψ(u−1

2 )ψ(u2)fu1n

= |U |−1


 ∑
u2∈U+

w−1

ψ(u−1
2 )ψ(u2)


 ∑
u1∈Uw−1

ψ(u−1
1 )fu1n

= |U |−1|U+
w−1|

∑
u1∈Uw−1

ψ(u−1
1 )fu1n

= q−`(w) ∑
u1∈Uw−1

ψ(u−1
1 )fu1n,
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as|U | = q`(w0) and|U+
w−1| = q`(w0)−`(w).

Corollary 4. eχf1 = χ(1)

|G : U |
∑
n∈Nψ

∑
u∈U

w−1

χ(en−1e)ψ(u−1)fun,

where in the second sum the elementw ofW is such thatn ∈ Tw, for n ∈ Nψ .

2. TheG-action on the cuspidal modules

Let χ be a cuspidal character ofG. From now on we shall take as a Bessel vector the
vectorb = |G : U |χ(1)−1eχf1 = (qn − 1)eχf1. SinceU1 = 1 and ifn = 1 thenw = 1,
we have

b = f1 +
∑
n∈Nψ
n6=1

∑
u∈U

w−1

χ(en−1e)ψ(u−1)fun

asχ(e) = 1. This is the unique Bessel vector that has the coefficient off1 equal to 1.
Now to determine the action ofG on the cuspidal moduleCGb, we consider as in

[2] the affine subgroupA of G consisting of all matrices(aij ) in G with anj = 0 for
j = 1,2, . . . , n− 1 andann = 1. ThenG is generated byA and the permutation matrix

s := sn−1 =




1 O

.. .

1

0 1

O 1 0



.

We also consider the subgroupG0 of A consisting of all matrices(aij ) ∈ A with ain = 0,

i = 1,2, . . . , n− 1.

Lemma 5. If Y is a set of left coset representatives of the subgroupU0 = G0 ∩ U in G0,
thenY is also a set of left coset representatives ofU in A.

Proof. We haveA = G0U
+
σ andU = U0U

+
σ where

σ =




0 1 0

· · · ...

1 0 0

0 . . . 0 1


 and soU+

σ =




1 0 ∗
. . .

...

0 1 ∗
0 . . . 0 1


 .

SinceG0 ∩ U+
σ = 1, we haveA =

⋃̇
y∈Y yU0U

+
σ =

⋃̇
y∈Y yU as required.

LetW0 = {w ∈ W | w ∈ G0} andT0 = T ∩A. Then we have the Bruhat decomposition
of G0

G0 =
⋃̇

w∈W0
Uw−1T0wU0
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and so by Lemma5, we may take the setY =
⋃̇

w∈W0
Uw−1T0w as a set of left coset

representatives ofU in A. We show now that the vectorsyb, y ∈ Y , form a basis of the
cuspidal moduleCGb. For this we need first to determine the matrix form of the elements
in Nψ .

Lemma 6. The setNψ consists of the monomial matrices of the form


0 t1In1

· · ·
tkInk 0


 , t1, . . . , tk ∈ F∗

q,

where(n1, . . . , nk) is an unordered partition ofn and Ini denotes the identity matrix of
degreeni .

Proof. Letn = tw, t ∈ T ,w ∈ W . We show first thatn ∈ Nψ if and only ifw(8+)∩1 =
w(1) ∩8+ andw(α)(t) = 1 for all α ∈ w−1(1) ∩8+. We have

U ∩ nU =
∏
α∈8+

w(α)∈8+

Xw(α).

Let u =
∏
α∈8+

w(α)∈8+

xw(α)(λα) ∈ U ∩ nU . Thenψ(u) =
∏
α∈8+
w(α)∈1

ψ(λα) andnψ(u) = ψ(un) =

∏
α∈1

w(α)∈8+

ψ
(
w(α)(t−1)λα

)
. Thusn ∈ Nψ if and only if

∏
α∈8+∩w−1(1)

ψ(λα) =
∏

α∈1∩w−1(8+)
ψ
(
w(α)(t−1)λα

)
(1)

for any choice ofλα ∈ F+
q ,α ∈ 8+. If there wereα ∈ 8+∩w−1(1)withα 6∈ w−1(8+)∩1,

then takingλα ∈ F+
q with ψ(λα) 6= 1 andλβ = 0, β 6= α, β ∈ (8+ ∩ w−1(1)) ∪

(1 ∩ w−1(8+)), we would haveψ(λα) = 1 by (1), a contradiction. Similarly, ifα ∈
w−1(8+) ∩ 1 thenα ∈ 8+ ∩ w−1(1). Thus8+ ∩ w−1(1) = w−1(8+) ∩ 1. That is,
w(8+) ∩ 1 = 8+ ∩ w(1). Moreover, ifw(α)(t−1) 6= 1 for someα ∈ 8+ ∩ w−1(1),
takingλα ∈ F+

q with ψ((w(α)(t−1)− 1)λα) 6= 1 andλβ = 0,β 6= α, β ∈ 8+ ∩w−1(1),

we have by (1),ψ(λα) = ψ(w(α)(t−1)λα) orψ((w(α)(t−1)−1)λα) = 1, a contradiction.
This shows thatw(α)(t−1) = 1, and sow(α)(t) = (w(α)(t−1))−1 = 1. The converse is
obvious.

We identify now8 with the root system{ei − ej | 1 6 i, j 6 n andi 6= j} in Rn where
{e1, . . . , en} is the normal basis inRn. Let1 = {ei − ei+1 | 1 6 i 6 n− 1}. Suppose that
t andw have the form

t =



t1In1 0

. . .

0 tkInk


 and w =




0 In1

. . .

Ink 0


 .

Then it is straightforward to see thatw(8+) ∩1 = w(1) ∩ 8+ andw(α)(t) = 1 for all
α ∈ w−1(1)∩8+. Conversely, suppose thatw andt satisfy this condition and letπ be the
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permutation that corresponds tow. We havew(8+)∩1 = {eπ(i) − eπ(j) | 1 6 i < j 6 n

andπ(j) = π(i)+1} andw(1)∩8+ = {eπ(i)−eπ(i+1) | 1 6 π(i) < π(i+1) 6 n}. Since
w(8+) ∩1 = 8+ ∩ w(1), π must satisfy the condition:π(i + 1) = π(i)+ 1 whenever
π(i) < π(i + 1), 1 6 i 6 n − 1. If δρ,k denotes the Kronecker delta, thenw = (δi,π(j)).
Letπ(j1) = 1. Asπ(j1) < π(j1 +1), we haveπ(j1 +1) = π(j1)+1 = 2 and inductively
π(j1 + k) = k + 1, 0 6 k 6 n − j1. That is,δi,π(n−n1+i) = 1, 1 6 i 6 n1, where
n1 = n− j1 + 1. In the same way, ifπ(j2) = n− j1 + 2 = n1 + 1, thenπ(j2) < π(j2 + 1)
and soπ(j2 + 1) = π(j2) + 1 = n1 + 2 and inductivelyπ(j2 + k) = n1 + 1 + k,
0 6 k 6 j1 − j2 − 1. That is,δn1+i,π(n−n1−n2+i) = 1, 1 6 i 6 n2, wheren2 = j1 − j2.
Therefore, an easy induction argument gives thatw has the required form.

Now asw(α)(t) = 1, α ∈ w−1(8+) ∩ 1, we haveα(t) = 1, α ∈ 8+ ∩ w(1). But
α(t) = λiλ

−1
j , wheret = diag(λ1, . . . , λn) andα = ei − ej , 1 6 i, j 6 n. In our

caseα is one of the rootseπ(i) − eπ(i+1), whereπ is the corresponding permutation. Thus
tπ(i) = tπ(i+1) = tπ(i)+1 wheneverπ(i) < π(i + 1). That is,λ1 = . . . = λn1, λn1+1 =
. . . = λn1+n2, . . . , λn1+...+nk−1+1 = . . . = λn. This shows thatt must have the required
form, wheret1 = λ1, t2 = λn1+1, . . . , tk = λn1+...+nk−1+1.

From this Lemma one can obtain the dimension of the Hecke algebraH .

Corollary 7. |Nψ | = qn−1(q − 1).

Proof. We consider the elements(
0 t1Ik

t2In−k 0

)
, 1 6 k 6 n− 1

in Nψ . Replacing for a givenk the block t2In−k by any element of the corresponding
set in GLn−k(q), we obtain by inductionqn−k−1(q − 1)2 elements inNψ . Doing this for

any k, 1 6 k 6 n − 1, we obtain(q − 1)2
n−1∑
k=1

qn−k−1 = (q − 1)(qn−1 − 1) elements

in Nψ . The only elements ofNψ that have not been considered are those inZ(G). Thus
|Nψ | = (q − 1)(qn−1 − 1)+ (q − 1) = qn−1(q − 1).

Corollary 8. Nψ ∩ A = 1.

Proof. The proof is obvious.

Proposition 9. The set{yb | y ∈ Y } is a basis of the cuspidal moduleCGb.

Proof. The setN0 =
⋃̇

w∈W0
T0w is a set of double coset representatives ofU in A. We

consider the induced characterψA of A, whereψ is the character ofU considered before.
Applying Mackey’s theorem onψA we have

(ψA,ψA) =
∑
n∈N0

(ψn, ψ)U+
n−1

= 1
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asψ 6= nψ onU+
n−1, n ∈ N0 unlessn = 1 by Corollary8. That is, the characterψA is

irreducible. Letχ be any cuspidal character ofG, and letχ |A be its restriction onA. By
Frobenius reciprocity we have

(χ |A,ψA)A = (χ, ψG)G = 1.

SinceψA is an irreducible character ofA and degχ |A = degψA, we must haveψA = χ |A
for any cuspidal characterχ of G. Therefore, ifχ is a given cuspidal character ofG, the
G-moduleCGb affordingχ remains irreducible as anA-module, since this affordsχ |A. On
the other hand, theA-moduleCAb is a non-zeroA-submodule of the irreducibleA-module
CGb. ThusCAb = CGb. Now if a ∈ A, thena = yu for somey ∈ Y andu ∈ U . Thus
ab = ψ(u)yb. This means that the elementsyb, y ∈ Y , generate the spaceCGb. But
|Y | = dimCGb, and so the set{yb | y ∈ Y } is a basis ofCGb as required.

To investigate the action ofG on CGb it is sufficient to obtain the action ofA and that
of the elements = sn−1 on the basis{yb | y ∈ Y }. But if a ∈ A, y ∈ Y , then by the
Bruhat decomposition, we havea = y

′
u for somey

′ ∈ Y andu ∈ U . Therefore we have
a(yb) = y

′
ub = ψ(u)y

′
b. In other words, the action ofA is monomial with respect to the

above basis. Thus it remains to investigate the action of the elements on the vectorsyb,
y ∈ Y .

LetXψ = {un | n ∈ Nψ, u ∈ Uw−1, wheren ∈ Tw}.
We putξa = χ(en−1e)ψ(u−1), wherea = un ∈ Xψ . We then have

b =
∑
a∈Xψ

ξafa.

The coefficientsξa are usually called “Bessel coefficients”. Thus fory ∈ Y , we have by
Lemma1 (ii)

yb =
∑
a∈Xψ

ξafya =
∑
z∈Z

ξzfyz +
∑

a∈Xψ\Z
ξafya

whereZ = Z(G). Fora ∈ Xψ , y ∈ Y , we letsya = xsyavsya be the Bruhat decomposition
of sya, wherexsya ∈ X andvsya ∈ U . With this notation we have by Lemma1 (iii)

s(yb) =
∑
z∈Z

ξzψ(vsyz)fxsyz +
∑

a∈Xψ\Z
ξaψ(vsya)fxsya . (2)

We notice that in (2) ifa, a
′ ∈ Xψ \Z, thenxsya = x

sya
′ impliesa = a

′
. For, ifa = un and

a
′ = u

′
n

′
, thenunv−1

sya = u
′
n

′
v−1
sya

′ and from the uniqueness of the Bruhat decomposition

we geta = a
′
.

Next, we express the vectors(yb) as a linear combination of the basis elementsy
′
b,

y
′ ∈ Y . We have

s(yb) =
∑
y

′ ∈Y
λ
y,y

′ (y
′
b) =

∑
z∈Z

∑
y

′ ∈Y
λ
y,y

′ ξzfy′
z
+

∑
a∈Xψ\Z

∑
y

′ ∈Y
λ
y,y

′ ξafy′
a
. (3)

For this expression (3) ofs(yb) we notice that the vectorsf
y

′
z
, y

′ ∈ Y , z ∈ Z, belong to

the Bruhat basis of theG-moduleF , andy
′
z = y

′′
z

′
, y

′
, y

′′ ∈ Y , z, z
′ ∈ Z if and only if

y
′ = y

′′
andz = z

′
. Also, sinceA ∩ Nψ = 1 the vectorsf

y
′
a
, a ∈ Xψ \ Z, y

′ ∈ Y , are
multiples of the Bruhat basis elementsfg, g ∈ X, with g 6∈ YZ.
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Now we compare the two expressions (2) and (3) ofs(yb). Since, for anyz
′ ∈ Z the

elementssyz
′
are not inAZ (and soxsyz 6∈ YZ), we see that there is noz

′ ∈ Z for which
f
y

′
z

= fx
syz

′ for somez ∈ Z andy
′ ∈ Y . Therefore we must have

∑
z∈Z

∑
y

′ ∈Y
λ
y,y

′ ξzfy′
z

=
∑

a∈Xψ\Z
ξaψ(vsya)fxsya .

Now if we have ana ∈ Zψ such thatsya ∈ A, thenxsyaz = xsy(az) andvsya = vsy(az) for
all z ∈ Z. Thus we obtain∑

z∈Z

∑
y

′ ∈Y
λ
y,y

′ ξzfy′
z

=
∑
z∈Z

∑
a∈Xψ\Z
xsya∈Y

ξazψ(vsya)fxsy(az) . (4)

The equation4 says that if we putY
′ = {y ′ ∈ Y | y ′ = xsya for somea ∈ Xψ \Z}, then for

y
′ ∈ Y ′

we haveλ
y,y

′ = ξaψ(vsya) = ξ−1
z ξazψ(usya), for all z ∈ Z, wherea is the element

of Xψ \ Z such thaty
′ = xsya . Otherwise, ify

′ ∈ Y \ Y ′
, thenλ

y,y
′ = 0. Thus, given

y, y
′ ∈ Y , we consider the elementy−1sy

′
and its Bruhat decompositiony−1sy

′ = utwv−1,
w ∈ W , t ∈ T , u ∈ Uw−1, v ∈ U . Then ifutw ∈ Xψ \ Z, we have

λ
y,y

′ = ξutwψ(v).

Otherwiseλ
y,y

′ = 0.
Now if λ

y,y
′ = ξutwψ(v), thenw 6= 1; otherwise,u would be 1 and so by Lemma6,

t ∈ Z, a contradiction, sinceutw 6∈ Z. Thusw0w
−1 6= w0, and so there is a simple root

α ∈ 1 such thatw0w
−1(α) = β ∈ 8+. Therefore we haveww0Xβ = Xww0(β) = Xα ⊆

U ∩ww0 U = Uw−1. Now we may choose an elementu1 ∈ Xα such thatψ(v) = ψ(u1).
This allows us to writeξaψ(v) = ξaψ(u1) = χ(en−1e)ψ(u−1)ψ(u1) = ξ

u−1
1 un

, where

a = un, n = tw, sya = y
′
v. In other words, the coefficientλ

y,y
′ is one of the Bessel

coefficients, namely the coefficientξ
u−1

1 un
(which is equal toξ

u
′−1un

for any other choice

u
′ ∈ Uw−1 such thatψ(u

′
) = ψ(v)). This proves Carter’s conjecture [2], which we state

now as a theorem.

Theorem 10. Let R be the matrix representation corresponding to the cuspidal module
CGb with respect to the basis{yb | y ∈ Y }. Then every non-zero entry of the matrix
R(s) = (λ

y,y
′ )
y,y

′ ∈Y is a Bessel coefficient.

More precisely, ify−1sy
′ = utwv is the Bruhat decomposition of the elementy−1sy

′

for y, y
′ ∈ Y , thenλ

y,y
′ = ξa for anya of the formu1utw ∈ Xψ \ Z whereu1 ∈ Uw−1

such thatψ(u1) = ψ(v). Otherwiseλ
y,y

′ = 0. Moreover

λ
y,y

′ = ξ−1
z ξaz (for everyz ∈ Z).

As a result of the above Theorem10, one can prove Proposition 24 in [2].

Corollary 11. Lety, y
′ ∈ Y . Thenλ

y,y
′ = λ

y
′
,y

. In other words, the matrixS representing
the action ofs onCGb is Hermitian.
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Proof. We may suppose thatλ
y,y

′ 6= 0. Then there exista ∈ Xψ \ Z such thatsya =
y

′
zv ∈ AZ, z ∈ Z, v ∈ U . Without loss of generality, we may takez = 1. Then we have

λ
y,y

′ = ξaψ(v). Let a = un, n ∈ Nψ \ Z, u ∈ Uw−1, wheren = tw, t ∈ T , w ∈ W .
Therefore we have

λ
y,y

′ ξnψ(u
−1)ψ(v).

By writing v = v1v2, v1 ∈ Uw, v2 ∈ U+
w , we haveyu = sy

′
v1v2n

−1 = sy
′
v1n

−1(nv2n
−1).

But v1n
−1 ∈ Xψ \ Z, asv1 ∈ U(w−1)−1, andnv−1

2 n−1 ∈ wU ∩ U ⊆ U . Thus we have

sy
′
a

′ = yv
′ ∈ A, wherea

′ = v1n
−1 ∈ Xψ \ Z andv

′ = unv−1
2 n−1 ∈ U .

Thereforeλ
y

′
,y

= ξ
a

′ψ(v
′
) = ξn−1ψ(v

−1
1 )ψ(u)ψ(nv−1

2 n−1) = (asnv−1
2 n−1 ∈ U ∩

nU andψ = nψ onU∩ nU) = ξn−1ψ(u)ψ(v
−1
1 ) nψ(nv−1

2 n−1) = ξnψ(u
−1) ψ(v1) ψ(v2)

= ξnψ(u−1)ψ(v) = λ
y

′
,y

sinceξn−1 = ξn.

3. The groupGL4(q)

Here we determine explicitly the entriesλ
y,y

′ , of the representing matrixS of the element
s = s3 for the group GL4(q).

According to Theorem10we have to determine for eachy ∈ Y the Bruhat decomposition
of the elementsy−1sy

′
, y

′ ∈ Y . Instead of considering these elements, we may equivalently
consider for eachy ∈ Y the elementssya, a ∈ Xψ \ Z, and determine whether such an
element belongs toAZ or not.

Lemma 12. Leta = utw ∈ Xψ \ Z, w ∈ W , t ∈ T , u ∈ Uw−1 andy = u
′
t0w

′
, w

′ ∈ W0,

t0 ∈ T0, u
′ ∈ U

w
′−1. Thensya ∈ AZ if and only ifsw

′
w ∈ W0 andu ∈

∏
α∈8+∩w(8−

0 )

Xα,

where80 is the subsystem of8 generated by the simple rootsαi , i = 1, . . . , n− 2.

Proof. We havesya = u
′s
t s0sw

′
wuwtw. Sincew

′ ∈ W0 andu
′ ∈ U

w
′−1 =

∏
α∈8+∩w′

(8−)

Xα,

we see thatu
′
is of the form (

B O

O 1

)
,

whereB is an upper unitriangular matrix of degreen− 1. Thusu
′s ∈ A. Also t s0, tw ∈ AZ.

Suppose thatsya ∈ AZ; that is,sw
′
wuw ∈ AZ. Sinceu ∈ Uw−1, uw ∈ w0U ∩ w−1

U =∏
α∈w−1(8+)∩8−

Xα; that is,uw is a lower unitriangular matrix. Now, the left multiplication

action ofsw
′
w on uw changes the rows ofuw. Sincesw

′
wuw ∈ AZ, sw

′
w must leave

the last row ofuw fixed. Thus the last row ofsw
′
wuw must be that ofuw, and souw ∈

A∩
∏

α∈w−1(8+)∩8−
Xα =

∏
α∈w−1(8+)∩8−

0

Xα. Thereforesw
′
w ∈ W0 andu ∈

∏
α∈8+∩w(8−

0 )

Xα.

The converse is obvious.

Thus for a givenw
′ ∈ W0 we have to determine the elementsw ∈ Nψ∩W that satisfy the

condition thatsw
′
w ∈ W0. For this, we letσk be the permutation matrix that corresponds
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to the permutation(k, n − 1), k = 1, . . . , n − 1. Then the set{σk | k = 1, . . . , n − 1} is
a set of right coset representatives of the Weyl subgroupW00 of W0 which is generated by
the reflections defined by the simple rootsα1, . . . , αn−3.

Corollary 13. Leta andy be the elements considered in Lemma12. Supposew
′ ∈ W00σk

for somek = 1, . . . , n − 1. Thensya ∈ A if and only if t s0t
w ∈ T0, w(en) = ek and

u ∈
∏

α∈8+∩w(8−
0 \8−

k )

Xα, where8−
k = ∅ if k = 1; otherwise8−

k is the set of negative roots

of the subsystem8k of8 which is generated by the rootsαn−1, . . . , αn−(k−2), αn−(k−1).

Proof. Let w
′ ∈ W00σk, k ∈ {1, . . . , n − 1}. Suppose thatsya ∈ A. Then by Lemma12

we havesw
′
w ∈ W0 andu ∈

∏
α∈8+∩w(8−

0 )

Xα. Let w(en) = e
k
′ . Thenk

′ 6= n, since the

only elementw in Nψ ∩ W that fixesen is the identity, and in this case we should have
sw

′ ∈ W0, which does not hold. Suppose thatk
′ 6= k. Then ifw

′ = w
′′
σk, w

′′ ∈ W00, we
havesw

′′
σkw(en) = sw

′′
σk(ek′ ) = sw

′
(ei), wherei can be eitherk (if k

′ = n − 1) or k
′

(if k
′ 6= n− 1) and soi ∈ {1, . . . , n− 2}. Thussw

′′
(ei) = ej , j ∈ {1,2, . . . , n− 2}. This

means thatsw
′
w 6∈ W0 assw

′
w(en) = ej 6= en. Therefore we must havew(en) = ek and

so, by Lemma6, w must be a permutation matrix of the form

O Ik

· · ·
Iν O


 .

Thus, ifk > 1, we havew(en−λ − e
n−λ′ ) = ek−λ − e

k−λ′ for λ, λ
′
, 0 6 λ

′
< λ 6 k − 1.

This means thatw(8+
k ) ⊆ 8+. Therefore we have8+ ∩ w(8−

0 ) = 8+ ∩ w(8−
0 \ 8−

k )

as required. Finally, we notice thatsw
′
wuw ∈ AZ if and only if sw

′
wuw ∈ A, and so

t s0sw
′
wuw(ts0)

−1 ∈ A. Thus ifsya ∈ A thent s0t
w ∈ A ∩ T = T0. The converse is obvious.

Now we return to the caseG = GL4(q). Here the root system is the set8 = {±α1,±α2,

±α3,±(α1 + α2),±(α2 + α3),±(α1 + α2 + α3)}. For the root subgroupsXαi , i = 1,2,3,
we shall writeXi , andX12, X23, X123 for the subgroupsXα1+α2, Xα2+α3, Xα1+α2+α3, re-
spectively.A typical element of the subgroupXi , i = 1,2,3, will be denoted byxi or x

′
i ,

etc., and similar notation will be used for the elements of the groupsX12, X23, X123.

Let s, s1 ands2 be the permutation matrices


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


 ,




0 1 0 0

1 0 0 0

0 0 1 0

0 0 0 1


 and




1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1




respectively.

We denote byTi , i = 1,2,3,4,5,6, the subgroups ofT that consist respectively of the
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diagonal matrices of the form

µ

ν

ν

ν


 ,



µ

µ

µ

ν


 ,



µ

ν

ρ

ρ


 ,



µ

µ

ν

ρ


 ,



µ

ν

ν

ρ


 and



µ

µ

ν

ν


 .

By Lemma6 the subsetNψ , which consists ofq3(q − 1) monomial matrices, is the set
{tiwi | ti ∈ Ti, i = 1, . . . ,6}∪Tw0∪Z, wherew0 = s1s2s1ss2s1,w1 = s1s2s,w2 = ss2s1,
w3 = s1s2s1ss2, w4 = s2s1ss2s1, w5 = s1s2ss2s1 andw6 = s2s1ss2, Z being the center
of G. Using Corollary13 we consider the right coset representativesσk of W00 in W0. We
haveW0 = {1, s1, s2, s1s2, s2s1, s1s2s1},W00 = {1, s1} andσ1 = s1s2s1, σ2 = s2, σ3 = 1.
The subgroupsUw−1, w ∈ W0, of U are the following:

U1−1 = 1, U
s−1
1

= X1, Us−1
2

= X2, U(s1s2)−1 = X1X12, U(s2s1)−1 = X2X12 and

U(s1s2s1)−1 = X1X2X12.

Thus the setY of the left coset representatives of the subgroupU in the affine subgroup
A of G is

Y = {t0, x1t0s1, x2t0s2, x1x12t0s1s2, x2x12t0s2s1, x1x2x12t0s1s2s1 |
t0 ∈ T0, x1 ∈ X1, x2 ∈ X2, x12 ∈ X12} .

Now we classify the elements ofY into three classes according to the right coset repre-
sentativesσ1, σ2 andσ3.
σ1 gives rise to the class

61 = {x1x2x12t0s1s2s1, x2x12t0s2s1 | x1 ∈ X1, x2 ∈ X2, x12 ∈ X12, t0 ∈ T0},
σ2 gives rise to the class

62 = {x2t0s2, x1x12t0s1s2 | x1 ∈ X1, x2 ∈ X2, x12 ∈ X12, t0 ∈ T0}, and

σ3 gives rise to the class

63 = {t0, x1t0s1 | x1 ∈ X1, t0 ∈ T0}.
Let t0 = diag(κ1, κ2, κ3,1) be an element ofT0. Then by simple calculations it turns

out that ify ∈ 61 then the elementsa ∈ Xψ \Z satisfying the conditionsya ∈ A are of the
form t1w1, x

′′
2x

′′
23t3w3, x

′′
3x

′′
23t5w5 andx

′′
2x

′′
3x

′′
23tw0, wheret1 = diag(κ−1

3 , ν, ν, ν) ∈ T1,
t3 = diag(κ−1

3 , ν, ρ, ρ) ∈ T3, t5 = diag(κ−1
3 , ν, ν, ρ) ∈ T5, t = diag(κ−1

3 , ν, ρ, τ ) ∈ T ,

x
′′
2 ∈ X2, x

′′
3 ∈ X3 andx

′′
23 ∈ X23. If y ∈ 62, then the correspondinga ∈ Xψ \Z are of the

form x
′′
3x

′′
12x

′′
123t4w4 or of the formx

′′
12x

′′
123t6w6, wheret4 = diag(κ−1

3 , κ−1
3 , ν, ρ) ∈ T4,

t6 = diag(κ−1
3 , κ−1

3 , ν, ν) ∈ T6, x
′′
3 ∈ X3, x

′′
12 ∈ X12 andx

′′
123 ∈ X123. Finally for the
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elements of63 the correspondinga ∈ Xψ \Z are elements of the formx
′′
23x

′′
123t2w2, where

t2 = diag(κ−1
3 , κ−1

3 , κ−1
3 , ν) ∈ T2, x

′′
23 ∈ X23 andx

′′
123 ∈ X123.

To describe the Bruhat decomposition ofsya we puty1 = t0, y2 = x1t0s1, y3 = x2t0s2,
y4 = x1x12t0s1s2, y5 = x2x12t0s2s1, y6 = x1x2x12t0s1s2s1 anda0 = x

′′
2x

′′
3x

′′
23tw0, a1 =

t1w1, a2 = x
′′
23x

′′
123t2w2, a3 = x

′′
2x

′′
23t3w3, a4 = x

′′
3x

′′
12x

′′
123t4w4, a5 = x

′′
3x

′′
23t5w5 and

a6 = x
′′
12x

′′
123t6w6. For i = 1, . . . ,6 andj = 0,1, . . . ,6 let y

′
ij be the element ofY and

vij ∈ U such thaty
′
ij vij is the Bruhat decomposition ofsyiaj .

Tables1 and2 give all possibley
′
ij andvij such thatsyiaj ∈ A. In these tables we have

put

d1 = (t0t2)
s, d2 = (t0t

s1
1 )

s, d3 = (t0t
s2
6 )

s, d4 = (t0t
s2
4 )

s, d5 = (t0t
s2s1
6 )s,

d6 = (t0t
s2s1
4 )s, d7 = (t0t

s1s2
1 )s, d8 = (t0t

s1s2
5 )s, d9 = (t0t

s1s2
3 )s, d10 = (t0t

s1s2)s,

d11 = (t0t
s1s2s1
1 )s, d12 = (t0t

s1s2s1
5 )s, d13 = (t0t

s1s2s1
3 )s, d14 = (t0t

s1s2s1)s .

Moreover, the elementsβ1, γ1, d andf appearing in these tables are determined as follows.

For the elementx
′′
12 6= 1 inX12 in the expression ofa4 anda6 we havex

′′s2s1t−1
0 s

12 ∈ X−1,
whereX−1 denotes the subgroupX−a1. As one can see, the Bruhat decomposition of the
non-trivial elements inX−1 has the formβ1ds1β1, whereβ1 ∈ X1, d ∈ T . Also, for the

elementx
′′
2 6= 1 ofX2 in the expression ofa0 anda3, we havex

′′s1s2s1t−1
0 s

2 ∈ X−1, and so
its Bruhat decomposition should be of the formγ1f s1γ1, γ1 ∈ X1, f ∈ T . m , In Table
1 we have writteny

′
ij = x

′
1x

′
2x

′
12t

′
0w

′
, wherex

′
1 ∈ X1, x

′
2 ∈ X2, x

′
12 ∈ X12, t

′
0 ∈ T0 and

w
′ ∈ W0. Thus, for example, ifi = 3,j = 6, we havex

′
1 = x

′′s2t−1
0

12 , x
′
2 = 1,x

′
12 = x

′′s2t−1
0 s

123 ,

t
′
0 = d3 = (t0t

s2
6 )

s andw
′ = s1s2.

Now, using Tables1 and2, we can determine all pairs(y, y
′
) ∈ Y × Y such that the

Bruhat decompositions of the elementsy−1sy
′

are of the formav, wherea is one of the
elements inXψ \ Z andv ∈ U .

By Theorem10the entryλ
y,y

′ of the matrixS corresponding to the pair(y, y
′
) is equal

to ξaψ(v−1). Below, we give these entries in terms ofy andy
′
. For example, let us take

y = t0 anda = a2 = x
′′
23x

′′
123t2ss2s1 wherex

′′
23 ∈ X23,x

′′
123 ∈ X123andt2 ∈ T2. The Bruhat

decomposition ofsya is sya = y
′
v, wherey

′ = x
′
2x

′
12t

′
0s2s1, x

′
2 = x

′′t−1
0 s

23 , x
′
12 = x

′′t−1
0 s

123 ,

t
′
0 = d1 = (t0t2)

s andv = 1 by Tables1 and2.

Thus we haveλ
y,y

′ = ξ
x

′′
23x

′′
123t2ss2s1

= ξt2ss2s1 (*), as ψ(x
′′−1
23 x

′′−1
123 ) = 1. Eliminating

t2 in (*) we getλ
y,y

′ = ξ
t−1
0 st

′
0s2s1

if t−1
0 t

′s
0 ∈ T2, otherwiseλ

y,y
′ = 0. Thus the function

that gives the entryλ
y,y

′ wherey = t0 andy
′ = x

′
2x

′
12t

′
0s2s1 is of the form

4
(t0;t ′0) =


 ξ

t−1
0 st

′
0s2s1

if t−1
0 t

′s
0 ∈ T2;

0 otherwise.
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Table 1: The form of elementsa.

y
′
ij x

′
1 x

′
2 x

′
12 t

′
0 w

′

y
′
12 x

′′t−1
0 s

23 x
′′t−1

0 s

123 d1 s2s1

y
′
22 x1 x

′′s1t−1
0 s

123 x
′′s1t−1

0 s

23 d2 s1s2s1

y
′
36 x

′′s2t−1
0

12 x
′′s2t−1

0 s

123 d3 s1s2

y
′
34 x

′′s2t−1
0

12 x
′′s2t−1

0 s

3 ([x ′′−1
3 , x

′′−1
12 ]x ′′

123)
s2t

−1
0 s d4 s1s2s1

y
′
46

(x
′′
12 = 1)

x
′′s2s1t−1

0 s

123 d5 s2

y
′
46

(x
′′
12 6= 1)

x1β1 [(x ′′s2s1t−1
0 s

123 )−1, β−1
1 ] dd

s1
5 s1s2

y
′
44

(x
′′
12 = 1)

x
′′s2s1t−1

0 s

123 x
′′s2s1t−1

0 s

3 [x−1
1 , (x

′′s2s1t−1
0 s

123 )−1] d6 s2s1

y
′
44

(x
′′
12 6= 1)

x1β1 x
′′s2s1t−1

0 s

123 [(x ′′s2s1t−1
0 s

123 )−1, β−1
1 ]x ′′s2s1t−1

0 s

3 dd
s1
6 s1s2s1

y
′
51 d7 1

y
′
55 x

′′s2t−1
0 s

3 x
′′s1s2t−1

0 s

23 d8 s2s1

y
′
53 x

′′s1s2t−1
0

2 x
′′s1s2t−1

0 s

23 d9 s1s2

y
′
50 x

′′s1s2t−1
0

2 x
′′s2t−1

0 s

3 x
′′s1s2t−1

0 s

23 d10 s1s2s1

y
′
61 x1 d11 s1

y
′
65 x1 x

′′s1s2s1t−1
0 s

23 x
′′s2s1t−1

0 s

3 d12 s1s2s1

y
′
63

(x
′′
2 = 1)

x
′′s1s2s1t−1

0 s

23 d13 s2

y
′
63

(x
′′
2 6= 1)

x1γ1 [(x ′′s1s2s1t−1
0 s

23 )−1, γ−1
1 ] f d

s1
13 s1s2

y
′
60

(x
′′
2 = 1)

x
′′s1s2s1t−1

0 s

23 [x−1
1 , (x

′′s1s2s1t−1
0 s

23 )−1]x ′′s2s1t−1
0 s

3 d14 s2s1

y
′
60

(x
′′
2 6= 1)

x1γ1 ([x ′′−1
2 , x

′′−1
3 ] [(([x ′′−1

2 , x
′′−1
3 ]x ′′

23)
s1s2s1t

−1
0 s)−1, f d

s1
14 s1s2s1

x
′′
23)

s1s2s1t
−1
0 s γ−1

1 ]x ′′s2s1t−1
0 s

3
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Table 2: The form of the elementsv.

v12 = 1

v22 = 1

v36 = x
sd3s1s2
2 [x−1

2 , (x
′′s2t−1

0
12 )−1]sd3s1s2 ∈ X123X3

v34 = x
sd4s1s2s1
2 [x−1

2 , (x
′′s2t−1

0
12 )−1]sd4s1s2s1 ∈ X23X3

v46 = x
d5s2
1 [x−1

1 , (x
′′s2s1t−1

0
123 )−1]sd5s2x

sd5s2
12 ∈ X12X1X123, if x

′′
12 = 1

v46 = x
′′s2s1t−1

0 sds1d5s2

123 x
sds1d5s2
12 β

d5s2
1 ∈ X1X3X12, if x

′′
12 6= 1

v44 = x
d6s2s1
1 x

sd6s2s1
12 ∈ X2X23, if x

′′
12 = 1

v44 = x
sds1d6s2
12 β

d6s2s1
1 ∈ X3X2, if x

′′
12 6= 1

v51 = x
sd7
2 x

sd7
12 ∈ X23X123

v55 = x
sd8s2
2 x

sd8s2s1
12 ∈ X3X23

v53 = x
sd9s1s2
2 ([x−1

2 , (x
′′s1s2t−1

0
2 )−1]x12)

sd9s1s2 ∈ X123X3

v50 = x
sd10s1s2s1
2 ([x−1

2 , (x
′′s1s2t−1

0
2 )−1]x12)

sd10s1s2 ∈ X23X3

v61 = x
sd11s1
2 x

sd11s1
12 ∈ X123X23

v65 = x
sd12s1s2s1
2 x

sd12s1s2
12 ∈ X23X3

v63 = x
d13s2
1 [x−1

1 , (x
′′s1s2s1t−1

0
23 )−1]sd13s2x

sd13s2
2 x

sd13s2
12 ∈ X12X1X3X123 if x

′′
2 = 1

v63 = x
sf s1d13s2
2 ([x−1

2 , γ−1
1 ]x12)

sf s1d13s2x
′′s1s2s1t−1

0 sf s1d13s2

23 γ
d13s2
1 ∈ X123X3X1X12

if x
′′
2 6= 1

v60 = x
d14s2s1
1 x

sd14s2
2 x

sd14s2s1
12 ∈ X2X3X23

if x
′′
2 = 1

v60 = x
sf s1d14s2s1
2 ([x−1

2 , γ−1
1 ]x12)

sf s1d14s2γ
d14s2s1
1 ∈ X23X3X2 if x

′′
2 6= 1

89



The Cuspidal Modules of the Finite General Linear Groups

Our calculations have shown that the matrixS with respect to the ordered basis{t0b,
x1t0s1b, x2t0s2b, x1x12t0s1s2b, x2x12t0s2s1b, x1x2x12t0s1s2s1b; t0 ∈ T0, x1 ∈ X1, x2 ∈
X2, x12 ∈ X12} is



0 0 0 0

0 0 0 0

0 0 0 4
(t0,x2;t ′0,x

′
1)

0 0 4
(t0,x1;t ′0,x

′
2)

4
(t0,x1,x12;t ′0,x

′
1,x

′
12)

4
′′
(t0;t ′0)

0 0 4
(t0,x2,x12;t ′0,x

′
1)

0 δ
x1,x

′
1
4

′′′
(t0;t ′0)

4
(t0,x1,x2;t ′0,x

′
2)
4
(t0,x1,x2,x12;t ′0,x

′
1,x

′
12)

4
(t0;t ′0) 0

0 δ
x1,x

′
1
4

′
(t0;t ′0)

0 4
(t0,x2;t ′0,x

′
1,x

′
2)

4
(t0,x1;t ′0,x

′
2,x

′
12)

4
(t0,x1,x12;t ′0,x

′
1,x

′
2,x

′
12)

4
(t0,x2;t ′0,x

′
2)

4
(t0,x2,x12;t ′0,x

′
1,x

′
2)

4
(t0,x1,x2;t ′0,x

′
2,x

′
12)

4
(t0,x1,x2,x12;t ′0,x

′
1,x

′
2,x

′
12)




where

4
(t0;t ′0) =


 ξ

t−1
0 st

′
0s2s1

if t−1
0 t

′s
0 ∈ T2;

0 otherwise.

4
′
(t0;t ′0)

=

 ξ

s1t
−1
0 st

′
0s1s2s1

if (t−1
0 t

′s
0 )
s1 ∈ T2;

0 otherwise.

4
(t0,x2;t ′0,x

′
1)

=

 ξ

s2t
−1
0 st

′
0s1s2

ψ([x−1
2 , x

′−1
1 ]st ′0s1s2) if (t−1

0 t
′s
0 )
s2 ∈ T6;

0 otherwise.

4
(t0,x2;t ′0,x

′
1,x

′
2)

=

 ξ

s2t
−1
0 st

′
0s1s2s1

ψ((x
′−1
2 )st0s2[x−1

2 , x
′−1
1 ]st ′0s1s2) if (t−1

0 t
′s
0 )
s2 ∈ T4;

0 otherwise.

4
(t0,x1;t ′0,x

′
2)

=

 ξ

s2s1t
−1
0 st

′
0s2
ψ([x−1

1 , x
′−1
2 ]t ′0s2) if (t−1

0 t
′s
0 )
s1s2 ∈ T6;

0 otherwise.
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4
(t0,x1,x12;t ′0,x

′
1,x

′
12)

=




ξ
s2s1t

−1
0 s1sd

−1t
′
0s1s2

ψ((ω2x
s
12)

t
′
0s1s2) if x

′
1 6= x1

and (t−1
0 )s1s2(d−1t

′
0)
ss2 ∈ T6, whered ∈ T such that

(x−1
1 x

′
1)ds1(x

−1
1 x

′
1) ∈ X−1 \ {1} and

ω2 ∈ X2 such that[ω−1
2 , x1x

′−1
1 ] = x

′
12;

0 otherwise.

4
(t0,x1;t ′0,x

′
2,x

′
12)

=

 ξ

s2s1t
−1
0 st

′
0s2s1

ψ(([x−1
1 , x

′−1
2 ]x ′−1

12 )
st0s1s2x

t
′
0s2s1

1 ) if (t−1
0 t

′s
0 )
s1s2 ∈ T4;

0 otherwise.

4
(t0,x1,x12;t ′0,x

′
1,x

′
2,x

′
12)

=




ξ
s2s1t

−1
0 s1sd

−1t
′
0s1s2s1

ψ((x
′−1
12 [x ′−1

2 , x
′−1
1 x1])st0s1s2

x
st

′
0s1s2

12 (x−1
1 x

′
1)
s1d

−1t
′
0s1s2s1)

if x
′
1 6= x1 and (t−1

0 )s1s2(d−1t
′
0)
ss2 ∈ T4,

where d ∈ T such that(x−1
1 x

′
1)ds1(x

−1
1 x

′
1) ∈ X−1 \ {1};

0 otherwise.

4
′′
(t0;t ′0)

=

 ξ

s1s2t
−1
0 st

′
0

if (t−1
0 t

′s
0 )
s2s1 ∈ T1;

0 otherwise.

4
(t0,x2;t ′0,x

′
2)

=

 ξ

s1s2t
−1
0 st

′
0s2s1

ψ((x
′−1
2 )st0s2x

st
′
0s2

2 ) if (t−1
0 t

′s
0 )
s2s1 ∈ T5;

0 otherwise.

4
(t0,x2,x12;t ′0,x

′
1)

=



ξ
s1s2t

−1
0 st

′
0s1s2

ψ((x
′−1
1 )t0s2s1([x−1

2 , x
′−1
1 ]x12)

st
′
0s1s2)

if (t−1
0 t

′s
0 )
s2s1 ∈ T3;

0 otherwise.

4
(t0,x2,x12;t ′0,x

′
1,x

′
2)

= ξ
s1s2t

−1
0 st

′
0s1s2s1

ψ((x
′−1
1 x

′−1
2 )st0s2s1([x−1

2 , x
′−1
1 ]x12)

st
′
0s1s2).
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4
′′′
(t0;t ′0)

=

 ξ

s1s2s1t
−1
0 st

′
0s1

if (t−1
0 t

′s
0 )
s1s2s1 ∈ T1;

0 otherwise.

4
(t0,x1,x2;t ′0,x

′
2)

=

 ξ

s1s2s1t
−1
0 st

′
0s2
ψ(([x−1

1 , x
′−1
2 ]xs2)t

′
0s2) if (t−1

0 t
′s
0 )
s1s2s1 ∈ T3;

0 otherwise.

4
(t0,x1,x2,x12;t ′0,x

′
1,x

′
12)

=




ξ
s1s2s1t

−1
0 s1sf

−1t
′
0s1s2

ψ(((x
′−1
1 x1)s1f

−1(x
′−1
1 x1))

t0s1s2s1

([x−1
2 , x1x

′−1
1 ]x12)

st
′
0s1s2ω

t
′
0s1s2

2 )

if x
′
1 6= x1 and (t−1

0 )s1s2s1(f−1t
′
0)
ss2s1 ∈ T3,

where f ∈ T such that(x−1
1 x

′
1)f s1(x

−1
1 x

′
1) ∈ X−1 \ {1}

and ω2 ∈ X2 such that[ω−1
2 , x1x

′−1
1 ] = x

′
12;

0 otherwise.

4
(t0,x1,x2;t ′0,x

′
2,x

′
12)

= ξ
s1s2s1t

−1
0 st

′
0s2s1

ψ((x
′−1
12 [x−1

1 , x
′−1
2 ])st0s1s2(x1x2)

st
′
0s2s1).

4
(t0,x1,x2,x12;t ′0,x

′
1,x

′
2,x

′
12)

=




ξ
s1s2s1t

−1
0 st

′
0s1s2s1

ψ(((x
′−1
12 )

st0x
st

′
0

12 )
s1s2)

if x
′
1 = x1 and (t−1

0 t
′s
0 )
s1s2s1 ∈ T5;

ξ
s1s2s1t

−1
0 s1sf

−1t
′
0s1s2s1

ψ((((x
′
1x

−1
1 )s1f

−1(x
′
1x

−1
1 )x

′−1
12

[x ′−1
2 , x

′
1x

−1
1 ])st0([x−1

2 , x1x
′−1
1 ]x12)

st
′
0(x−1

1 x
′−1
1 )s1f

−1t
′
0)s1s2s1)

if x
′
1 6= x1 where f ∈ T

such that(x−1
1 x

′
1)f s1(x

−1
1 x

′
1) ∈ X−1 \ {1};

0 otherwise.

We now determine explicitly the coefficientξa , a ∈ Xψ of the Bessel vectorb. If a = un,
n ∈ Nψ , u ∈ Un−1, then we know thatξa = ξnψ(u

−1). Thus it is enough to consider only
the coefficientsξn, n ∈ Nψ .

If χ is the cuspidal character that gives rise to the Bessel vectorb, then we have

ξn−1 = χ(ene) = |U |−1
∑
u∈U

ψ(u−1)χ(utw)
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wheren = tw, t ∈ T , w ∈ W ∩Nψ . (We notice thatξn−1 = ξn.)
To calculate the valueχ(utw)we must know which conjugacy class of GL4(q) contains

the elementutw.
The conjugacy classes of GL4(q) are represented by 22 different types of Jordan forms

of the elements of GL4(K), whereK is the algebraic closure of the fieldFq . These types
are given in Table3. Let us note that in this table some of the types of class are empty for
small values ofq. For example, the conjugacy classes of GL4(2) are classified into the types
C1, C2, C3, C4, C5, C15, C16, C18, C19, C21 andC22, the other types being empty.

Table 3: The conjugacy classes ofGL4(q).

Type of Jordan form Number of classes

class

C1



κ

κ

κ

κ


 , κ ∈ F∗

q q − 1

C2



κ 1

κ

κ

κ


 , κ ∈ F∗

q q − 1

C3



κ 1

κ

κ 1

κ


 , κ ∈ F∗

q q − 1

C4



κ 1

κ 1

κ

κ


 , κ ∈ F∗

q q − 1

C5



κ 1

κ 1

κ 1

κ


 , κ ∈ F∗

q q − 1

C6



κ

κ

κ

λ


 ,

κ, λ ∈ F∗
q

κ 6= λ
(q − 1)(q − 2)

Table 3 continued on next page
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Table 3 continued from previous page

Type of Jordan form Number of classes

class

C7



κ 1

κ

κ

λ


 ,

κ, λ ∈ F∗
q

κ 6= λ
(q − 1)(q − 2)

C8



κ 1

κ 1

κ

λ


 ,

κ, λ ∈ F∗
q

κ 6= λ
(q − 1)(q − 2)

C9



κ

κ

λ

λ


 ,

κ, λ ∈ F∗
q

κ 6= λ

1
2(q − 1)(q − 2)

C10



κ 1

κ

λ

λ


 ,

κ, λ ∈ F∗
q

κ 6= λ
(q − 1)(q − 2)

C11



κ 1

κ

λ 1

λ


 ,

κ, λ ∈ F∗
q

κ 6= λ

1
2(q − 1)(q − 2)

C12



κ

κ

λ

µ


 ,

κ, λ, µ ∈ F∗
q

κ, λ, µ pairwise

different

1
2(q − 1)(q − 2)(q − 3)

C13



κ 1

κ

λ

µ


 ,

κ, λ, µ ∈ F∗
q

κ, λ, µ pairwise

different

1
2(q − 1)(q − 2)(q − 3)

C14



κ

λ

µ

ν


 ,

κ, λ, µ, ν ∈ F∗
q

κ, λ, µ, ν pairwise

different

1
24(q − 1)(q − 2)

(q − 3)(q − 4)

Table 3 continued on next page
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Table 3 continued from previous page

Type of Jordan form Number of classes

class

C15



κ

κ

x

xq


 ,

κ ∈ F∗
q

x ∈ Fq2 \ Fq
1
2q(q − 1)2

C16



κ 1

κ

x

xq


 ,

κ ∈ F∗
q

x ∈ Fq2 \ Fq
1
2q(q − 1)2

C17



κ

λ

x

xq


 ,

κ, λ ∈ F∗
q

κ 6= λ

x ∈ Fq2 \ Fq

1
4q(q − 1)2(q − 2)

C18



x

x

xq

xq


 , x ∈ Fq2 \ Fq 1

2q(q − 1)

C19



x 1

x

xq 1

xq


 , x ∈ Fq2 \ Fq 1

2q(q − 1)

C20



x

xq

y

yq


 ,

x, y ∈ F∗
q2 \ Fq

x 6= y, yq
1
8q(q + 1)(q − 1)(q − 2)

C21



κ

x

xq

xq
2


 ,

κ ∈ F∗
q

x ∈ F∗
q3 \ Fq

1
3q(q + 1)(q − 1)2

C22



x

xq

xq
2

xq
3


 , x ∈ Fq4 \ Fq2

1
4q

2(q + 1)(q − 1)
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Table 4: The values of the cuspidal characterχ .

ClassC χ(C)

C1 (q3 − 1)(q2 − 1)(q − 1)θ(κ)

C2 −(q2 − 1)(q − 1)θ(κ)

C3 (q − 1)θ(κ)

C4 (q − 1)θ(κ)

C5 −θ(κ)
C18 (q2 − 1)(θ(x)+ θ(xq))

C19 −(θ(x)+ θ(xq))

C22 −(θ(x)+ θ(xq)+ θ(xq
2
)+ θ(xq

3
))

Ci, i = 6,7,8,9,10,11,12, 0

13,14,15,16,17,20,21

The values ofχ can be easily obtained using the work of Green [5]. These values are
given in Table4.

Now we have

χ(etwe) = |U |−1
∑

C conj.class

χ(C)
∑
u∈U
utw∈C

ψ(u−1). (5)

To calculate, for a classC, the coefficient
∑
u∈U
utw∈C

ψ(u−1) of χ(C), we use the same method

as in [2]. Thus we have to determine, for a givenn = tw ∈ Nψ , t ∈ T , w ∈ Nψ ∩W , the
elementsu ∈ U , such thatutw ∈ C.

For this, first we determine all the pairs(t
′
, u) so thatut

′
w ∈ C. This can be done by

comparing the characteristic polynomial ofut
′
w and that ofC. Then the use of the minimal

polynomial ofC and the rank of the matrixut
′
w − λI gives these pairs, whereλ is an

eigenvalue of the elements inC . Having found these pairs, for the givenw ∈ Nψ ∩W we
consider only those wheret

′ = t . These calculations need a considerable amount of work,
which cannot be presented here.

Tables5–11 give for eachw ∈ Nψ ∩W the number of pairs(t
′
, u) with ut

′
w ∈ C, for

every conjugacy classC. In these tables we have omitted the classes that do not contain
elements of the formut

′
w.

In Tables9 and10 we have putC1
i , i = 8,11,13,14,16,17,20,21,22, andC2

i , i =
11,13,14,16,17,20, to denote respectively the conjugacy classes of type:C8, withλ = a2

κ3
,

a 6= 0,±κ2, C11 with λ = −κ, C13 with µ = κ2

λ
, λ 6= −κ, C14 with λ = −κ, ν = −µ,

κ 6= −µ, C16 with κ2 = xq+1, C17 with κλ = xq+1, C20 with xq+1 = yq+1, C21

with −κ and−x1+q+q2
squares inFq or with −κ and−x1+q+q2

not squares,C22 with

96



The Cuspidal Modules of the Finite General Linear Groups

Table 5:(w = 1)

Type of Class Number of Class Number of pairs(t
′
, u)

C1 q − 1 1

C2 q − 1 (q − 1)(3q2 + 2q + 1)

C3 q − 1 q(q − 1)2(2q + 1)

C4 q − 1 q2(q − 1)2(3q + 1)

C5 q − 1 q3(q − 1)3

Table 6:(w = w1 orw2)

Type of Class Number of Class Number of pairs(t
′
, u)

C5 q − 1 q3(q − 1)

C8 (q − 1)(q − 2) q3(q − 1)

C11
1
2(q − 1)(q − 2) q3(q − 1)

C13
1
2(q − 1)(q − 2)(q − 3) q3(q − 1)

C14
1
24(q − 1)(q − 2)(q − 3)(q − 4) q3(q − 1)

C16
1
2q(q − 1)2 q3(q − 1)

C17
1
4(q − 1)2(q − 2)q q3(q − 1)

C19
1
2q(q − 1) q3(q − 1)

C20
1
8(q + 1)q(q − 1)(q − 2) q3(q − 1)

C21
1
3(q + 1)q(q − 1)2 q3(q − 1)

C22
1
4(q + 1)q2(q − 1) q3(q − 1)

x
1
2 (1+q+q2+q3) ∈ Fq andC11withλ 6= −κ,C13withµ = a2

λκ2
, wherea ∈ F∗

qr{±κ2,±κλ}

such thatλ 6= a2κ−3, C14 with ν = κλ

µ
, λ 6= −µ, κ 6= −µ, µ

2

λ
, C16 with κ2 6= xq+1, C17

with κλ 6= xq+1, C20 with xq+1 6= yq+1. MoreoverC3
13 andC3

14 denote respectively the
classes of typeC13 that do not belong toC1

13, and ofC14 that do not belong to eitherC1
14 or

toC2
14. Finally,C4

14 denotes the classes of typeC14 that do not belong toC2
14.

For eachw ∈ Nψ ∩W , we notice, from the above results, that if we multiply, for each
type of conjugacy class, the number of classes by the number of pairs, then the sum of these
products is equal to

|U | · |Tw ∩Nψ |,
as it ought to be.

Now we give the valuesχ(ene), for n ∈ Nψ . As we have mentioned, the detailed
calculations have been worked out by Gotsis [6].

We letfr(x) = x4+a3(r)x
3+a2(r)x

2+a1(r)x+a0(r) be the characteristic polynomial
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Table 7:(w = w3 orw4)

Type of Class Number of Class Number of pairs(t
′
, u)

C4 q − 1 q(q − 1)2

C5 q − 1 q3(q − 1)2

C7 (q − 1)(q − 2) q(q − 1)2

C8 (q − 1)(q − 2) q2(q − 1)2(q + 1)

C10 (q − 1)(q − 2) q(q − 1)2

C11
1
2(q − 1)(q − 2) q(q − 1)2(q2 + q − 1)

C12
1
2(q − 1)(q − 2)(q − 3) q(q − 1)2

C13
1
2(q − 1)(q − 2)(q − 3) q2(q − 1)2(q + 2)

C14
1
24(q − 1)(q − 2)(q − 3)(q − 4) q(q − 1)2(q2 + 3q + 1)

C15
1
2q(q − 1)2 q(q − 1)2

C16
1
2q(q − 1)2 q3(q − 1)2

C17
1
4q(q − 1)2(q − 2) q(q − 1)2(q2 + q + 1)

C19
1
2q(q − 1) q(q − 1)2(q2 − q + 1)

C20
1
8(q + 1)q(q − 1)(q − 2) q(q − 1)2(q2 − q + 1)

C21
1
3(q + 1)q(q − 1)2 q(q − 1)2(q2 + 1)

C22
1
4(q + 1)q2(q − 1) q(q − 1)2(q2 − q + 1)

of an elementr of the torusT4, which is identified withF∗
q4. In what follows we put

u =




1 a δ ζ

0 1 β ε

0 0 1 γ

0 0 0 1


 .

Forw = w0 andt =



µ

ν

ρ

τ


, we consider the function

F0(r, t) =




−F ′
0(r, t)+ q−5

∑
a∈F∗

q

ψ

(
−a + µ(r2 + νρ)2

aνr4
− r2 − νρ

ρr

)

if r ∈ F∗
q,

−F ′
0(r, t)+ q−4ψ

(
ν

1 + rq−1

rq

)
if r ∈ Fq2 \ Fq and νρ = −rq+1,

−F ′
0(r, t) otherwise,

where
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Table 8:(w = w5)

Type of Class Number of Class Number of pairs(t
′
, u)

C2 q − 1 q − 1

C3 q − 1 (q − 1)2

C4 q − 1 4q(q − 1)2

C5 q − 1 q(q − 1)3(q + 2)

C6 (q − 1)(q − 2) q − 1

C7 (q − 1)(q − 2) (q − 1)2(4q + 1)

C8 (q − 1)(q − 2) q(q − 1)2(q2 + 3q − 2)

C10 (q − 1)(q − 2) q(q − 1)(3q − 2)

C11
1
2(q − 1)(q − 2) q(q − 1)2(q2 + 4q − 3)

C12
1
2(q − 1)(q − 2)(q − 3) q(q − 1)(3q − 2)

C13
1
2(q − 1)(q − 2)(q − 3) q(q − 1)2(q2 + 5q − 1)

C14
1
24(q − 1)(q − 2)(q − 3)(q − 4) q(q − 1)2(q2 + 6q + 1)

C15
1
2q(q − 1)2 q(q − 1)(3q − 2)

C16
1
2q(q − 1)2 q(q − 1)2(q2 + q − 1)

C17
1
4q(q − 1)2(q − 2) q(q − 1)2(q + 1)2

C19
1
2q(q − 1) q(q − 1)4

C20
1
8(q + 1)q(q − 1)(q − 2) q(q − 1)4

C21
1
3(q + 1)q(q − 1)2 q(q − 1)2(q2 + 1)

C22
1
4(q + 1)q2(q − 1) q(q − 1)4

F
′
0(r, t) = q−6

∑
a,β,δ∈Fq

a2ν+aβδρ−δ2ρ 6=0

ψ(−a − β + µ(a2ν + aβδρ − δ2ρ)−1a0(r)
−1ν−1(a0(r)

(aν + βδρ)− a1(r)δνρ + a2(r)aν
2ρ + a3(r)ν

2ρ2(aβ − δ)

+ν2ρ2(aβ2ρ + aν − βδρ))).

Thenχ(etw0e) =
∑
r∈T4

detr=dett

F0(r, t)θ(r), where detr = a0(r) = r1+q+q2+q3
.

For w = w1 and t =



µ

ν

ν

ν


 we put F1(r, t) = −q−3ψ

(
a3(r)
ν

)
. Then

χ(etw1e) =
∑
r∈T4

detr=− dett

F1(r, t)θ(r).
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Table 9:(w = w6, char Fq 6= 2)

Type of Class Number of Class Number of pairs(t
′
, u)

C3 q − 1 q(q − 1)

C4 q − 1 q(q − 1)2

C5 q − 1 3q2(q − 1)2

C1
8

1
2(q − 1)(q − 3) 2q2(q − 1)2

C9
1
2(q − 1)(q − 2) q(q − 1)

C10 (q − 1)(q − 2) q(q − 1)2

C1
11

1
2(q − 1) q(q − 1)(5q2 − 4q + 1)

C2
11

1
2(q − 1)(q − 3) q(q − 1)2(3q − 1)

C1
13

1
2(q − 1)(q − 3) 2q2(q − 1)(2q − 1)

C2
13

1
4(q − 1)(q − 3)(q − 5) 2q2(q − 1)2

C1
14

1
8(q − 1)(q − 3) 2q2(q − 1)(3q − 1)

C2
14

1
8(q − 1)(q − 3)(q − 5) 2q2(q − 1)(2q − 1)

C3
14

1
48(q − 1)(q − 3)(q − 5)(q − 7) 2q2(q − 1)2

C1
16

1
2(q − 1)2 2q2(q − 1)(2q − 1)

C2
16

1
4(q − 1)2(q − 3) 2q2(q − 1)2

C1
17

1
4(q − 1)3 2q2(q − 1)(2q − 1)

C2
17

1
8(q − 1)3(q − 3) 2q2(q − 1)2

C18
1
2q(q − 1) q(q − 1)

C19
1
2q(q − 1) q(q − 1)2(3q + 1)

C1
20

1
8(q − 1)3 2q2(q − 1)(2q − 1)

C2
20

1
16(q − 1)(q − 3)(q2 + 1) 2q2(q − 1)2

C1
21

1
6(q + 1)q(q − 1)2 2q2(q − 1)2

C1
22

1
8(q + 1)2(q − 1)2 2q2(q − 1)2
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Table 10:(w = w6, char Fq = 2)

Type of Class Number of Class Number of pairs(t
′
, u)

C3 q − 1 q(q − 1)

C4 q − 1 q(q − 1)2

C5 q − 1 2q2(q − 1)2

C8 (q − 1)(q − 2) q2(q − 1)2

C9
1
2(q − 1)(q − 2) q2(q − 1)

C11
1
2(q − 1)(q − 2) 2q2(q − 1)2

C1
13

1
2(q − 1)(q − 2) q2(q − 1)(3q − 1)

C3
13

1
2(q − 1)(q − 2)(q − 4) q2(q − 1)2

C2
14

1
8(q − 1)(q − 3)(q − 4) q2(q − 1)(3q − 1)

C4
14

1
24(q − 1)(q − 2)(q − 4)(q − 6) q2(q − 1)2

C1
16

1
2q(q − 1) q2(q − 1)(3q − 1)

C2
16

1
2q(q − 1)(q − 2) q2(q − 1)2

C1
17

1
4q(q − 1)(q − 2) q2(q − 1)(3q − 1)

C2
17

1
4q(q − 1)(q − 2)2 q2(q − 1)2

C18
1
2q(q − 1) q(q − 1)

C19
1
2q(q − 1) q(q − 1)2(2q + 1)

C1
20

1
8q(q − 1)(q − 2) q2(q − 1)(3q − 1)

C2
20

1
8q

2(q − 1)(q − 2) q2(q − 1)2

C21
1
3(q + 1)q(q − 1)2 q2(q − 1)2

C22
1
4(q + 1)q2(q − 1) q2(q − 1)2

Forw = w2 andt =



µ

µ

µ

ν


 we haveχ(etw2e) = χ(et

′
w1e), where

t
′ =



ν−1

µ−1

µ−1

µ−1


 .
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Table 11:(w = w0)

Type Number Number

of Class of Class of Pairs(t
′
, u)

C3 q − 1 (q − 1)2

C4 q − 1 q(q − 1)3

C5 q − 1 q3(q − 1)3

C7 (q − 1)(q − 2) (q − 1)2(q2 + 1)

C8 (q − 1)(q − 2) q2(q − 1)3(q + 1)

C9
1
2(q − 1)(q − 2) (q − 1)2

C10 (q − 1)(q − 2) q(q − 1)3

C11
1
2(q − 1)(q − 2) q(q − 1)2(q3 − q + 2)

C12
1
2(q − 1)(q − 2)(q − 3) (q − 1)2(q2 + 1)

C13
1
2(q − 1)(q − 2)(q − 3) q(q − 1)2(q3 + q2 − q + 1)

C14
1
24(q − 1)(q − 2)(q − 3)(q − 4) (q − 1)2(q4 + 2q3 + 2q + 1)

C15
1
2q(q − 1)2 (q − 1)4

C16
1
2q(q − 1)2 q(q − 1)2(q3 − q2 + q + 1)

C17
1
4q(q − 1)2(q − 2) (q − 1)2(q4 + 1)

C18
1
2q(q − 1) (q − 1)2

C19
1
2q(q − 1) q(q − 1)3(q2 − q + 2)

C20
1
8(q + 1)q(q − 1)(q − 2) (q − 1)2(q4 − 2q3 + 4q2 − 2q + 1)

C21
1
3(q + 1)q(q − 1)2 (q − 1)4(q2 + q + 1)

C22
1
4(q + 1)q2(q − 1) (q − 1)4(q2 + 1)

Forw = w3 andt =



µ

ν

ρ

ρ


 we haveχ(etw3e) = χ(et

′
w4e), where

t
′ =



ρ−1

ρ−1

ν−1

µ−1


 .
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Forw = w4 andt =



µ

µ

ν

ρ


 we consider the function

F4(r, t) =

 −F ′

4(r, t)+ q−4ψ
(−r3+2µν2

r2ν

)
if r ∈ F∗

q,

−F ′
4(r, t) otherwise,

where

F
′
4(r, t) = q−5

∑
β,δ∈Fq
βδν+µ6=0

ψ(a0(r)
−1(βδν + µ)−1(−a3(r)βµ

2ν2 − a2(r)µ
2ν + a1(r)δµν

−a0(r)(β
2δν + βµ+ δ2ν)− β2µ2ν3)).

Thenχ(etw4e) =
∑
r∈T4

detr=− dett

F4(r, t)θ(r).

Forw = w5 andt =



µ

ν

ν

ρ


 we consider the function

F5(r, t) =




−(q−5 + q−4 + q−3) if r = ν,

−q−5
∑
a,β∈F∗

q

ψ

(
−a − β − fr(ν)µ

a0(r)aβ

)
otherwise.

Thenχ(etw5e) =
∑
r∈T4

detr=− dett

F5(r, t)θ(r).

Forw = w6 andt =



µ

µ

ν

ν


, we putF6(r, t) for the function

F6(r, t) = −q−4


F ′

6(r, t)+
∑
β∈F∗

q

ψ

(
−β + a1(r)+ a3(r)µν

βµν2

) ,

whereF
′
6(r, t) =

{
−q if r ∈ Fq2 \ Fq and µν = −rq+1,

0 otherwise.

Thenχ(etw6e) =
∑
r∈T4

detr=dett

F6(r, t)θ(r).

Finally, letw = 1 andt ∈ Z. Easily, we have

χ(ete) = θ(t).
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This is a consequence of Burnside’s Theorem, which states that the linear span of the
images of the elements of a groupG, under an irreducible representationR, is the full matrix
algebra of allk × k complex matrices, wherek is the degree ofR. Combining Burnside’s
Theorem with the fact that a cuspidal character of GLn(q) has degree(qn−1−1) · · · (q−1),
we getχ(ete) = θ(t), for t ∈ Z.

We conclude the paper by giving the action of the affine subgroupA of GL4(q) on
CGb. As we have seen this is a monomial action. SubgroupA is generated by the sub-
groupsT0, X1, X2 andX3, and the Weyl elementss1 ands2. Below, we give the action of
T0, X1, X2, X3, s1 ands2 on the basis{yb | y ∈ Y } of CGb.

The action of t
′
0 ∈ T0

t
′
0(t0b) = (t

′
0t0)b

t
′
0(x1t0s1b) = x

t
′
0

−1

1 (t
′
0t0)s1b

t
′
0(x2t0s2b) = x

t
′
0

−1

2 (t
′
0t0)s2b

t
′
0(x1x12t0s1s2b) = x

t
′
0

−1

1 x
t
′
0

−1

12 (t
′
0t0)s1s2b

t
′
0(x2x12t0s2s1b) = x

t
′
0

−1

2 x
t
′
0

−1

12 (t
′
0t0)s2s1b

t
′
0(x1x2x12t0s1s2s1b) = x

t
′
0

−1

1 x
t
′
0

−1

2 x
t
′
0

−1

12 (t
′
0t0)s1s2s1b

The action ofx
′
1 ∈ X1

We notice first that we have the following relations:

(i) x
′
1(x2t0s2) = x2t0s2x

′t0s2
1 [x ′−1

1 , x−1
2 ]t0s2, with x

′t0s2
1 ∈ X12 and[x ′−1

1 , x−1
2 ]t0s2 ∈ X1.

(ii) x
′
1(x2x12t0s2s1) = x2([x ′−1

1 , x−1
2 ]x12)t0s2s1x

′t0s2s1
1 , with [x ′−1

1 , x−1
2 ]x12 ∈ X12 and

x
′t0s2s1
1 ∈ X2.

The action ofx
′
1 ∈ X1 is given as follows:

x
′
1(t0b) = ψ(x

′t0
1 )(t0b)

x
′
1(x1t0s1b) = (x

′
1x1)t0s1b

x
′
1(x2t0s2b) = ψ([x ′−1

1 , x−1
2 ]t0s2)(x2t0s2b) by (i)

x
′
1(x1x12t0s1s2b) = (x

′
1x1)x12t0s1s2b

x
′
1(x2x12t0s2s1b) = ψ(x

′t0s2s1
1 )(x2([x ′−1

1 , x−1
2 ]x12)t0s2s1b) by (ii)

x
′
1(x1x2x12t0s1s2s1b) = (x

′
1x1)x2x12t0s1s2s1b.

The action ofx
′
2 ∈ X2

We have the following relations:

(i) x
′
2(x1t0s1) = x1t0s1x

′t0s1
2 [x ′−1

2 , x−1
1 ]t0s1, with x

′t0s1
2 ∈ X12 and[x ′−1

2 , x−1
1 ]t0s1 ∈ X2.

(ii) x
′
2(x1x12t0s1s2) = x1([x ′−1

2 , x−1
1 ]x12)t0s1s2x

′t0s1s2
2 , with [x ′−1

2 , x−1
1 ]x12 ∈ X12 and

x
′t0s1s2
2 ∈ X1.

(iii) x
′
2(x1x2x12t0s1s2s1) = x1(x

′
2x2)([x ′−1

2 , x−1
1 ]x12)t0s1s2s1, with [x ′−1

2 , x−1
1 ]x12 ∈ X12.

The action ofx
′
2 ∈ X2 is as follows:
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x
′
2(t0b) = ψ(x

′t0
2 )(t0b)

x
′
2(x1t0s1b) = ψ([x ′−1

2 , x−1
1 ]t0s1)(x1t0s1b) by (i)

x
′
2(x2t0s2b) = (x

′
2x2)t0s2b

x
′
2(x1x12t0s1s2b) = ψ(x

′t0s1s2
2 )(x1([x ′−1

2 , x−1
1 ]x12)t0s1s2b) by (ii)

x
′
2(x2x12t0s2s1b) = (x

′
2x2)x12t0s2s1b

x
′
2(x1x2x12t0s1s2s1b) = x1(x

′
2x2)([x ′−1

2 , x−1
1 ]x12)t0s1s2s1b by (iii).

The action ofx
′
3 ∈ X3

The relations we need here are the following:

(i) x
′
3(x2t0s2) = x2t0s2x

′t0s2
3 [x ′−1

3 , x−1
2 ]t0s2, with x

′t0s2
3 ∈ X23 and

[x ′−1

3 , x−1
2 ]t0s2 ∈ X3.

(ii) x
′
3(x1x12t0s1s2) = x1x12t0s1s2x

′t0s2
3 [x ′−1

3 , x−1
12 ]t0s1s2, with x

′t0s2
3 ∈ X23 and

[x ′−1

3 , x−1
12 ]t0s1s2 ∈ X3.

(iii) x
′
3(x2x12t0s2s1) = x2x12t0s2s1x

′t0s2s1
3 [x ′−1

3 , x−1
12 ]t0s2s1[x ′−1

3 , x−1
2 ]t0s2, with

x
′t0s2s1
3 ∈ X123, [x ′−1

3 , x−1
12 ]t0s2s1 ∈ X23 and[x ′−1

3 , x−1
2 ]t0s2 ∈ X3.

(iv) x
′
3(x1x2x12t0s1s2s1) = x1x2x12t0s1s2s1x

′t0s2s1
3 [x ′−1

3 , x−1
12 ]t0s1s2[x ′−1

3 , x−1
2 ]t0, with

x
′t0s2s1
3 ∈ X123, [x ′−1

3 , x−1
12 ]t0s1s2 ∈ X3 and[x ′−1

3 , x−1
2 ]t0 ∈ X23.

The action ofx
′
3 ∈ X3 is given by

x
′
3(t0b) = ψ(x

′t0
3 )(t0b)

x
′
3(x1t0s1b) = ψ(x

′t0
3 )(x1t0s1b)

x
′
3(x2t0s2b) = ψ([x ′−1

3 , x−1
2 ]t0s2)(x2t0s2b) by (i)

x
′
3(x1x12t0s1s2b) = ψ([x ′−1

3 , x−1
12 ]t0s1s2)(x1x12t0s1s2b) by (ii)

x
′
3(x2x12t0s2s1b) = ψ([x ′−1

3 , x−1
2 ]t0s2)(x2x12t0s2s1b) by (iii)

x
′
3(x1x2x12t0s1s2s1b) = ψ([x ′−1

3 , x−1
12 ]t0s1s2)(x1x2x12t0s1s2s1b) by (iv).

The action of s1
We have the following relations:

(i) s1(x1t0s1) =




t
s1
0 if x1 = 1;
y1(t

′
0t0)s1y

s1t0s1
1 if x1 6= 1 with y1 ∈ X1,

t
′
0 ∈ T0 such thatxs11 = y1t

′
0s1y1.

(ii) s1(x1x12t0s1s2) =




x
s1
12t

s1
0 s2 if x1 = 1;

y1x
t
′
0

−1

12 (t
′
0t0)s1s2y

s1t0s1s2
1 [(ys1t0s11 )−1, (x

t0s1
12 )

−1]s2 if x1 6= 1

with y1 ∈ X1, t
′
0 ∈ T0 such thatxs11 = y1t

′
0s1y1,

y
s1t0s1s2
1 ∈ X12 and [(ys1t0s11 )−1, (x

t0s1
12 )

−1]s2 ∈ X1.
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(iii) s1(x1x2x12t0s1s2s1) =




x
s1
2 x

s1
12t

s1
0 s2s1 if x1 = 1;

y1(x2[y−1
1 , (x

s1
12)

−1]s1)t ′0
−1

x
t
′
0

−1

12 (t
′
0t0)s1s2s1y

s1t0s1s2s1
1

if x1 6= 1 with y1 ∈ X1, t
′
0 ∈ T0 such that

x
s1
1 = y1t

′
0s1y1 and ys1t0s1s2s11 ∈ X2.

From the above relations we obtain the action ofs1:

s1(t0b) = t
s1
0 s1b

s1(x1t0s1b) =




t
s1
0 b if x1 = 1;
ψ(y

s1t0s1
1 )(y1(t

′
0t0)s1b) if x1 6= 1 with y1 ∈ X1,

t
′
0 ∈ T0 such thatxs11 = y1t

′
0s1y1.

s1(x2t0s2b) = x
s1
2 t

s1
0 s1s2b

s1(x1x12t0s1s2b) =




x
s1
12t

s1
0 s2b if x1 = 1;

ψ([(ys1t0s11 )−1, (x
t0s1
12 )

−1]s2)(y1x
t
′
0

−1

12 (t
′
0t0)s1s2b) if x1 6= 1

with y1 ∈ X1, t
′
0 ∈ T0 such thatxs11 = y1t

′
0s1y1.

s1(x2x12t0s2s1b) = x
s1
12x

s1
2 t

s1
0 s1s2s1b

s1(x1x2x12t0s1s2s1b) =




x
s1
2 x

s1
12t

s1
0 s2s1b if x1 = 1;

ψ(y
s1t0s1s2s1
1 )(y1(x2[y−1

1 , (x
s1
12)

−1]s1)t ′0
−1

x
t
′
0

−1

12 (t
′
0t0)s1s2s1b)

if x1 6= 1 with y1 ∈ X1, t
′
0 ∈ T0 such thatxs11 = y1t

′
0s1y1.

The action of s2

For the generators2 we need the relations:

(i) s2(x2t0s2) =




t
s2
0 if x2 = 1;
y2(t

′
0t0)s2y

s2t0s2
2 if x2 6= 1 with y2 ∈ X2,

t
′
0 ∈ T0 such thatxs22 = y2t

′
0s2y2.
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(ii) s2(x2x12t0s2s1) =




x
s2
12t

s2
0 s1 if x2 = 1;

y2x
t
′
0

−1

12 (t
′
0t0)s2s1y

s2t0s2s1
2 [(ys2t0s22 )−1, (x

t0s2
12 )

−1]s1 if x2 6= 1

with y2 ∈ X2, t
′
0 ∈ T0 such thatxs22 = y2t

′
0s2y2,

y
s2t0s2s1
2 ∈ X12 and [(ys2t0s22 )−1, (x

t0s2
12 )

−1]s1 ∈ X2.

(iii) s2(x1x2x12t0s1s2s1) =




x
s2
1 x

s2
12t

s2
0 s1s2 if x2 = 1;

[y−1
2 , (x

s2
12)

−1]s2t ′−1
0 y2([y−1

2 , [(xs212)
−1, y−1

2 ]s2t ′−1
0 ]xs21 x

t
′−1
0

12 )

(t
′
0t0)s1s2s1y

s2t0s1s2s1
2 if x2 6= 1 with y2 ∈ X2, t

′
0 ∈ T0

such thatxs22 = y2t
′
0s2y2, [y−1

2 , (x
s2
12)

−1]s2t ′−1
0 ∈ X1,

[y−1
2 , [(xs212)

−1, y−1
2 ]s2t ′−1

0 ]xs21 x
t
′−1
0

12 ∈ X12

and ys2t0s1s2s12 ∈ X1.

These relations give the following action:

s2(t0b) = t
s2
0 s2b

s2(x1t0s1b) = x
s2
1 t

s2
0 s2s1b

s2(x2t0s2b) =




t
s2
0 b if x2 = 1;
ψ(y

s2t0s2
2 )(y2(t

′
0t0)s2b) if x2 6= 1 with y2 ∈ X2,

t
′
0 ∈ T0 such thatxs22 = y2t

′
0s2y2.

s2(x1x12t0s1s2b) = x
s2
12x

s2
1 t

s2
0 s1s2s1b

s2(x2x12t0s2s1b) =




x
s2
12t

s2
0 s1b if x2 = 1;

ψ([(ys2t0s22 )−1, (x
t0s2
12 )

−1]s1)(y2x
t
′
0

−1

12 (t
′
0t0)s2s1b) if x2 6= 1

with y2 ∈ X2, t
′
0 ∈ T0 such thatxs22 = y2t

′
0s2y2.

s2(x1x2x12t0s1s2s1b) =




x
s2
12x

s2
1 t

s2
0 s1s2b if x2 = 1;

ψ(y
s2t0s1s2s1
2 )([y−1

2 , (x
s2
12)

−1]s2t ′−1
0 y2([y−1

2 , [(xs212)
−1, y−1

2 ]s2t ′−1
0 ]

x
s2
1 x

t
′
0

−1

12 )(t
′
0t0)s1s2s1b) if x2 6= 1 with y2 ∈ X2, t

′
0 ∈ T0

such thatxs22 = y2t
′
0s2y2.

107



The Cuspidal Modules of the Finite General Linear Groups

References

1. R.W. Carter, Finite groups of Lie-type conjugacy classes and complex characters
(Wiley, New York, 1985). 75, 76

2. R.W. Carter, ‘Cuspidal matrix representations for GL2(q) and GL3(q)’, Proc. Lon-
don Math. Soc.(3) 64 (1992) 487–523.75, 75, 75, 75, 77, 79, 83, 83, 96

3. C.W. Curtis and I. Reiner, Methods of representation theory with applications to
finite groups and orders, Vol. 1 (Wiley, New York, 1981).77, 78

4. P. Deligne andG. Lusztig, ‘Representations of reductive groups over finite fields’,
Ann. of Math.103 (1976) 103–161.

5. J.A. Green, ‘The characters of the finite general linear groups’,Trans. Amer. Math.
Soc.80 (1955) 402–447.75, 96

6. C. Gotsis, ‘Complex representations of the general linear gGroupGLn(q)’, Ph.D.
Thesis, Athens University (1997).97

7. P. Fleischmann andI. Janiszczak, ‘The number of regular semisimple elements for
Chevalley groups of Classical type’,J. of Algebra155 (1993) 482–528.76

8. A. Helversen-Pasotto, ‘Darstellungen von GL(3,Fq) und Gaußsche Summen’,
Math. Ann.260 (1982) 1–21.75, 75

9. I. Piatetski-Shapiro, ‘Complex representations of GL(2,K) for finite fieldsK ’,
Contemporary Mathematics16 (Amer. Math. Soc., Providence, R. I, 1983).75, 75

10. T. Springer, SeminarD, Seminar on algebraic groups and related finite groups,
Lecture Notes in Mathematics 131 (ed.A. Borel et al., Springer-Verlag, Berlin,
1970). 75

D.I. Deriziotis dderiz@eudoxos.dm.uoa.gr
C. P. Gotsis cgotsis@eudoxos.dm.uoa.gr

Department of Mathematics

University of Athens

Panepistemiopolis, Athens, Greece.

108

mailto:dderiz@eudoxos.dm.uoa.gr
mailto:cgotsis@eudoxos.dm.uoa.gr

	The cuspidal modules
	The G-action on the cuspidal modules
	The group GL4(q)

