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GENERATING SERIES IN THE COHOMOLOGY OF HILBERT
SCHEMES OF POINTS ON SURFACES

SAMUEL BOISSIERE axp MARC A. NIEPER-WISSKIRCHEN

Abstract

In the study of the rational cohomology of Hilbert schemes
of points on a smooth surface, it is particularly interesting to
understand the characteristic classes of the tautological bun-
dles and the tangent bundle. In this note we pursue this study.
We first collect all results appearing separately in the litera-
ture and prove some new formulas using Ohmoto’s results on
orbifold Chern classes on Hilbert schemes. We also explain the
algorithmic counterpart of the topic: the cohomology space is
governed by a vertex algebra that can be used to compute
characteristic classes. We present an implementation of the
vertex operators in the rewriting logic system MAUDE, and
address observations and conjectures obtained after symbolic
computations.

PART I. PRELIMINARIES

1.  Introduction

Let S be a smooth quasi-projective complex surface and n > 0 an integer. The
Hilbert scheme of n points on S, denoted by S| is the moduli space of generalized
n-tuples on S, that is, zero-dimensional subschemes of length n on S. S is smooth
of complex dimension 2n. When working in the rational cohomology of Hilbert
schemes, it is usual to consider the total Hilbert scheme:

Hilb(S) = [T s
n>0

whose total cohomology space is:

Hs =[] égﬂi(s["l).

n>0 i=0
The space Hg is completed bigraded by conformal weight n and cohomological
degree 1.

Consider the tangent bundle 7¢ on S ("] of rank 2n. Any characteristic class ¢
(such as the Chern class, the Segre class, the Todd class or the Chern character)
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can be applied to this bundle and gives, after summing over all values of n, an
element:

O(S) ==Y ¢(TY) € Hg.

n=0

There exists a universal way of presenting these characteristic classes, involving the
canonical class Kg and the Euler class eg of S, depending on universal constants
independent of S, indexed by partitions of integers.

Similarly, any vector bundle F' of rank r on S defines in a tautological way a vec-
tor bundle F™ of rank n -7 on S, called a tautological bundle. Any characteristic
class ¢ can be applied to these bundles and gives an element:

o(F) =Y ¢ (F") e Hs.

n=0

As before, there exists a universal way of presenting these characteristic classes,
involving the corresponding characteristic class ¢(F), the canonical class Kg and
the Euler class eg of S, depending on universal coefficients independent of F' and
S, indexed by partitions of integers.

In this paper, we are interested in the effective computation of these universal
coefficients in both situations. Since the constants are independent of the surface,
one may evaluate each formula on well-chosen surfaces and use appropriate tools to
compute new coefficients step by step. This is one of the main tricks used to obtain
the values of some series of coefficients, together with manipulations of vertex alge-
bra operators. When these methods fail, one can make use of a suitable computer
program to get information on the missing values.

In Section 2 we recall some basics on the vertex algebra structure of the total
cohomology space Hg: natural vertex operators and commutation relations between
them lead to effective algorithms to compute classes in Hg. Part II is devoted to the
case of the tautological bundles and Part III to the tangent bundle. We explain the
general shape of the formulas, then present the current state of knowledge concern-
ing the universal constants and prove some new results, and finally we produce new
values obtained by an implementation of the vertex algebra structure with MAUDE
[4]: the vertex operators are directly defined with their commutation rules, making
the program clear to understand from the mathematical point of view (Part IV).
To our knowledge, MAUDE has not previously been used for huge algebraic compu-
tations and simplifications. The nature of MAUDE as a rewriting system will make
it easy to prove the correctness of the implemented algorithms.

2. Notation

We recall here some notation and classical constructions. For further details,
refer to [1, 3, 6, 7).

255



GENERATING SERIES FOR HILBERT SCHEMES OF POINTS

2.1. Combinatorics

Let P be the set of all partitions of integers. A partition A = (A1, Ag,...) is
likewise denoted by A = (1™2,2™2 ..} and we define:

L) = Zml (the length); [| Al == ZiQmi;

i>1 i>1
[A] == Zimi (the weight); A= Hmi!.
i>1 i>1

We often write n instead of (n) = (nt).

2.2.  Vertex operators

A linear operator f € End(Hg) is homogeneous of conformal weight u and coho-
mological degree v if for any n one has f (H(S")) ¢ H™*v(S+u)). The commu-
tator of two homogeneous operators f, g is defined by:

.0 :==fog— (~D)/slgof
where | - | denotes the cohomological degree.

The total cohomology space Hg is computed with the help of Nakajima’s creation
operators (see [9]):

qi - H*(S) — End(Hs), k > 1.

For a € H¥(S), the operator qy,() has conformal weight k and cohomological degree
2(k —1)+1i. We make use of the following abbreviation: for k£ > 1, the push-forward
induced by the diagonal inclusion A¥: § — S* gives amap AF: H*(S) — H*(9)%*.
For Afa = D1 ® - ® oy and A = (..., \;) a partition of length k we
set (see [1, 3]):

aa(@) = (ax, 0o qx)AF(a) := > qx, (@i1) 0 -+ 0 gy, (i k).
The unit in H°(S)) = Q is denoted [0), and is called the vacuum of Hg. Eval-

uations on the vacuum, denoted by qy(«)|0), provide very natural classes in Hg.
The unit in Hg for the cup product is given by:

1) == 3" Lo =" 19)]0).

n=0

2.3.  Tautological classes

Let =% be the universal family on S ["] with the following projections.

EnC > gl g—2> g

Slnl

Let F be a locally free sheaf on S. For any n > 0, the associated tautological bundle
on S is defined by:
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It has rank n - rk(F). This construction extends naturally to a well-defined group
homomorphism:

" K(8) — K(s)

where K(-) denotes the rational Grothendieck group generated by locally free
sheaves. For u € K(S5), let ¢(u) and ch(u) be the linear operators acting for any
n > 0 on H*(S"™) by the cup-product multiplication by the total Chern class c(u[™)
and the total Chern character ch(ul™) respectively.

In particular, taking F = Og, one defines a linear operator o € End(H?) by:

o(z) = cl((’)gl]) -z, Vo e H*(SM).

The derivative of a linear operator f € End(Hg) is defined by § := [0, f].
By analogy with the construction of tautological bundles, one defines a linear
operation —[": H*(S) — H*(S[M) : for any cohomology class v € H*(S) we set
Y = p, (ch(Ozn) - ¢ td(S) - ¢"7)

where td(S) denotes the Todd class of the tangent bundle on S and we define an
operator

®(v) € End(H®)

acting on H*(S™) by multiplication by ~™.
Similarly, denoting by —V: K(S) — K(S) the natural ring involution taking the
dual of a vector bundle, for v € H*(S) we set

v
(7["}) = p. (ch((?ég) -q* td(S) -q*v)
and we define an operator
®"(y) € End(H®)

acting on H*(S[) by multiplication by (y[")V.

2.4.  Cohomology of S

In the rational cohomology ring of S, we denote the unit by 15 € H(S), the
canonical class (that is, the first Chern class of the cotangent bundle on S) by
Ks € H?(S) and the Euler class of S (that is, the second Chern class of the
tangent bundle on S) by es € H(S).

PART II. CHARACTERISTIC CLASSES OF TAUTOLOGICAL BUNDLES

In this part, we study the characteristic classes of a tautological bundle on S™
obtained from a vector bundle F' on S. We first recall the theoretic results.

3. Shape of the formulas

For tautological bundles, the best general result is obtained for the Chern char-
acter, as follows.
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THEOREM 3.1 (Boissiere [1], Boissiere & Nieper-Wifikirchen [3]). There are unique
rational constants auy, Bx, Yx, Ox such that for each surface S and each vector bundle
F on S, the generating series of the Chern characters of the tautological bundles of
F' is given by:

Ch(F) = ch(F)|1) = (S arar(ch(F)) + frax(es ch(F))
AeP
+ (s ch(F)) + drar (K3 ch(F)) ) 1).

For multiplicative characteristic classes, the general shape is similar. Let ¢ be
a multiplicative characteristic class. Let B the polynomial ring Qlr, ¢y, c2, K, €]
truncated from degree 5 onwards where deg(r) = 0, deg(c1) = 2, deg(ca) = 4,
deg(K) = 2, deg(e) = 4.

THEOREM 3.2 (Boissiere [1], Boissiere & Nieper-Wifikirchen [3]). There are unique
elements uf € B such that for each surface S and each vector bundle F on S, the
generating series of the ¢-classes of tautological bundles is given by:

O(F) i= Y 6(F) = exp (ar (u{ (k(F), e1(F), 2(F), K, e5) ) 0).

n=0

As we shall see in Section 5.1, the formula for the total Chern class simplifies
considerably when specialized at » = 1. As an example of the complexity in higher
rank, we give in Section 5.2 the first terms of the linear series for r > 2.

4. The Chern character

In the determination of the constants in Theorem 3.1, a lot of information has
already been obtained, and the result is complete for surfaces with trivial canonical
class.

4.1. The (1g)- and (eg)-series
All coefficients ay and () are known, as shown in the following formula.

ForMuLA 4.1 (Li, Qin & Wang [8, Corollary 4.8]). We have:

(=i (DR A A -2
A A AT 24

ay = and Oy =

4.2. The (Kg)- and (K%)-series

For the series concerning the canonical class, Li, Qin & Wang [8, Corollary 4.8]
write the still unknown constants vy and d as

(-)™
AL A

(-yN

N2 1),

-gl()\Ulw) and O\ =

I

where the functions gi, g depend only on the partition and AU 1/l means that one
adds |A| to the multiplicity of 1 in A.
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In order to get information about these functions we implement the commutation
relation of Lehn [6, Theorem 4.2]:

[ch(F), q1(15)] = exp(ad d)(q1 (ch(F)).
This gives the following recursive formula (see [1, §3.3]):

2n

(v) c 1 n—1
ch (F[”]) = %Ch(ls) ch (F["_l]) + ;) i (V}'I(F)) a1(Ls) |0).

(n—1)!

Computations with MAUDE [4] (see Part IV) give the following values (for each
value, we extract the factor 1/(Al-|A1).

Al @Gy @2 @©LL) (21 (3
1 1 1 3 1 3 1

Y0 —i5 2l 55 501 6l

slo —1.1 _1.1 1.7 1.1 1.7
4 12 2 6 36 30 6 20 6 12

Al (L1,1,1) (2,1,1) (2,2) (3,

—_
~—
—
=~
N

-t ;2 1.2 _1 1 _1 6 _1 3
v 576 35 48 30 48 " 10 24 "5 24 7 2
§l—--L .59 _1 . 59 _ 1 4 _ 1 5 _ 1 5
576 140 48 ~ 105 48 60 24 "6 24 " 4

REMARK 4.2. This computation shows in particular that the functions g; and g
are not integer-valued and one may suppose that they are always negative.

5. The Chern class
5.1. The rank 1 case

In the case of a vector bundle F' of rank 1, there is a complete answer to the
question of the determination of the universal constants for the Chern class.

ForMULA 5.1 (Lehn [6, Theorem 4.6]). Let L be a line bundle on S. The generating
series of the Chern classes of tautological bundles takes the form:

(!
C(L) = eI = exp | Y H—ae(L) | 10)

k>1

In particular, for A = (k), u§ = ((=1)*"1/k)c(L) + (r — 1)(-++) and u§ =
(r—1)(---) otherwise.

In this formula, one sees that the only operators g, occurring have partitions
with one part, and that the invariants K¢ and eg do not appear. It is not expected
that this will remain true — neither for other characteristic classes, nor in higher
rank. There are no similar formulas known for other multiplicative characteristic
classes.

5.2.  Bundles of higher rank

For a bundle F' of rank r > 1, information on the beginning of the universal
formula of the Chern class is contained in the following result, obtained by special-
ization to the affine plane.
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ForMULA 5.2 (Boissiere & Nieper-WiBkirchen [3, Theorem 4)). Let F' be the trivial
bundle of rank v on C2. Then:

YR
C(F) =exp Z%(k_]z)%(lc?) |0).

k>1

In particular, this gives the complete answer for the degree zero part of the u ).
In order to get more information, we implement the commutation relation of
Lehn [6, Theorem 4.2]:

«(F)oqm(ls)oc(F)™ = ) (rk(FV) B ’“)q&”%ck(F)),
v, k>0

which gives the following recursion formula:

| rk(F) — k B

(nly — = (v) [n—1]

arth =2 S (M) | ),
0<k<rk(F)

0<v<rk(F)—k

Computations with MAUDE [4] give the series inside the exponential. For example,

in the rank 2 case the first u§ computed in the basis 1,¢1, K, 2, ¢}, c1 K, K%, e are

as follows.

A u§

(1) 1+ci+co

(1,1) —t(14c+e)

(2) —(1+ 3B+ K +2c+ 3+ c1K))
(1,1,1) 3(1+c+e)

(2,1) 2+3c; + K +2c+E+ 1K

(3) 2+ e + 2K + 200+ 2¢} + 30, K + 2K% — e
(1,1,1,1) —1(l+a+e)
(2,1,1) —(3+ 2(9¢1 + 3K + 6ca + 3¢} + 31 K))

(2,2) —1(9+ 18¢1 + 10K + 10cs + 11c? + 15¢1 K + 3K? — e)

(3,1) —(5+10c1 + 6K + 6cy + 6¢F + 9e1 K + 2K? — )

(4) —1(14 + 35¢1 + 29K + 20cs + 30c? + 58¢1 K + 22K2 — 10¢)

REMARK 5.3. In order to recover Formula 5.2 for § = C?, set ¢; = 0, ¢ = 0,
K =0 and e = 0, and keep only the partitions with one part (since the diagonal
push-forward is trivial in this case).

We can simplify the combinatorial difficulties by making the following assump-
tions: S is an abelian surface and F' is a trivial bundle of rank r over S. Concretely,
in our computer program (Part IV) we set ¢; =0, co =0, e =0 and K = 0. Thus
the elements u§ inside the exponential restrict to their degree zero term (uS)o for
each partition. We get the following results.
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e Rank 2:
A @1 (2 1L,LY (21 3)
(uSho | 1 —5 1 3 2 3
A @ LLn (2,1,1) (2,2) (3,1) (4)
(u5)o —i -3 -7 5 -3
A (,11,1,1) (2,1,1,1) (2,2,1) (3,1,1) (3,2) (4,1) (5)
(us$)o z 4 9 g 12 14 2
AL LLLL) (2,515,501 (2,2,1,1) (2,2,2) (3,1,1,1) (3,2,1)
| 5 A o g
A 133 (411 (42) (5,1) (6)
(wSo | -3 32 35 —42 22
e Rank 3:
A @Gy @ G,Ly 21 3)
(uW§o| 1 -3 -3 4 10 4
AL LL (2,1,1) (2,2) (3,1) (4)
(o] - F e o
)‘ (17171a171) (2717151) (27251) (3’1’1) (3’2) (471) (5)
(o] % A e
e Rank 4:
A @ @Yy 2 1,11 21 @)
(w§)o| 1 -3 -2 18 28 2
AL LLY (2,1,1) (2,2) 3,1 (4)
(u$)o | —145 -379 YT 165 -35
e Rank 5:
A @Gy @ 1Ly 21 @)
(o] 1 -5 -5 1 60 P
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REMARK 5.4.
e One notes that the signs are alternate: each partition A comes with a sign
(~D=2,
(=n**

e Looking at the partitions (k), one recovers the coefficient ~—5 (,:;kl) ob-
tained in Formula (5.2).

e The coefficient for a partition (k, 1) for k > 2, seems to be = 13€+; ) ("h).

e In the rank 2 case, it seems that u?lk) = ¢(1 +c14co) for k> 1.

e For partitions of length two, the results are compatible with those of [10].

6. Other multiplicative characteristic classes

The result of Proposition 5.2 generalizes to all multiplicative characteristic classes.
By the splitting principle, any multiplicative characteristic class is uniquely deter-
mined by its value on line bundles, that is, by a power series ¢(z) € 1+ zQ[[z]].
Define from ¢ a new power series ¢(t) =3, -, Yrt® € tQ[[t]] by the relation:

o (o) =

Then we have our next formula.

ForMULA 6.1 (Boissiere & Nieper-WiBkirchen [3, Theorem 4)). Let F' be the trivial
bundle of rank r on C2. Then:

a(F) =exp [ 3 Pautics) | o)
E>1

PART III. CHARACTERISTIC CLASSES OF THE TANGENT BUNDLE

In this part, we study the characteristic classes of the tangent bundle on SM™.
We first recall the theoretical results. The study of the tangent bundle is related
to the study of the tautological bundles: the latter are needed, for example, in the
recursive computation of the Chern character (see Section 10.2).

7. Shape of the formulas

The first result concerns multiplicative characteristic classes.
THEOREM 7.1 (Boissiére [1], Boissiere & Nieper-Wiflkirchen [3]). Let ¢ be a mul-
tiplicative characteristic class. There are unique rational constants ay, by, cx and

dx such that the generating series of the ¢-classes of the tangent bundle on S is
given by:

®(S) :=exp (Z axda(Ls) + badx(es) + exax(Ks) + dx%(K%)) 10)-
AP

262



GENERATING SERIES FOR HILBERT SCHEMES OF POINTS
The case of the Chern character is particular but the structure is similar.

THEOREM 7.2 (Boissiere [1]). There are unique rational constants ax, Bx,¥x,ox
such that the Chern character of the tangent bundle on Hilb(S) is given by:

Ch(S) := (Z axqa(ls) + Braa(es) + man(Ks) + 5ACI)\(K§')> 1)

AEP

8. The Chern class

As a first step in the determination of the constants for multiplicative charac-
teristic classes, we consider the special case of the Chern class. We wish to derive
the constants in the universal formula:

C(S) = exp (Z axqx(Ls) +baqa(es) + exan(Ks) + de(K%)) 0). (1)
AEP

8.1. Towards the (1g)-series

PRrROPOSITION 8.1. For k > 0 we have:

(=1)*Cy
2k+1 "

where Cy, := (1/(k + 1))(2,5) is the kth Catalan number.

ask12 =0, agg41 =

Proof. This result is proved in Boissiere [1, Theorem 1.1]. We briefly recall the main
argument. Assume that the surface is the affine plane: S = C2. Then the formula
for the Chern class is easier: the canonical class and the Euler class are zero, and
all operators g, for a partition A of length ¢()\) > 1 are also zero. So the sum in
the exponential involves only the 1g-series, and in this series only the partitions of
length one. This gives all coefficients ay for A = (k), k > 1, since the Chern class
takes the form:

C(C?) =exp | Y arar(ls) | [0).

k>1

The computation is done as follows, by the use of the equivariant cohomology of
the Hilbert scheme (C?)[™ for the natural action of the torus C*.

ForMULA 8.2 (Boissiere [1]). The Chern class is:

-1kC
o) =ew | 3 G a1 | 01,
k>0

where Cy, := (1/(k + 1))(2,5) is the kth Catalan number.

This gives the constants as announced. O
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8.2. The (1%)-series

We give here all constants a(ir), b1y, ¢(1x) and dqxy (K > 1) in Formula (1)
of the Chern class. Firstly, an application of a result of Géottsche [5] gives the
series b, d.

PROPOSITION 8.3. For k > 1 we have:

Proof. 1. We specialize the general formula to the case when S is a K3 surface.
Since Kg = 0, all terms involving the classes Kg or Kg disappear. The total Chern
class takes the form:

C(S) = exp (Z axda(ls) + bAqA(es)> |0).

AEP
Since the cohomological degree of an operator qy(«) is:
degqx(a) = 2(|A[ + £(A)) + |af — 4,

the only way to get in conformal weight n a class of maximal degree 4n is to use
the operators q(;»)(es). This means that:

D eS8y =exp [ > bawyaar(es) | 0).

n>0 k>1
Denote by xs the Euler characteristic of S: xg = |, g €s or equivalently es = xsz
where x denotes the cohomology class of a point. Since
1
Afes = —ges® - Qes,
Xs
we get q(1x)(es) = xsq1(x)® with [gu, q1(2)*|0) = 1. This implies that:

Z/”] " = exp stb(lk)tk

n>0 k>1

Now:

n _ : *( Q[n]\4n
Z/n] e ZdlmH (St

n>0 n>0
and using Gottsche’s formula [5] we get:

Z/n] (s = T (1_1tm>xS

n>=0 m>=1

=exp | —xs Z In(1 —¢")
m2=1

This gives the relation »°, o, In(1—-t") =37, b(1xt*, and hence the result holds
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2. We make no assumption on the surface S, so the formula contains all terms:

C(S) = exp (Z axda(Ls) + badx(es) + exdx(Ks) + quA(K§)> 0)-
AP

Since the operators g A(Kg) have the same cohomological degree as the operators
qa(es), the same argument as in the first assertion gives in this case:

> e(SM) =exp [ D> bawyaae(es) + darydar (K3) | [0)
n>0 k>1

but since we have already obtained that

ZE(SM)ZGXP Zb(lk)CI(lk)(es) 0)

n>0 k>1

the operators q(lk)(Kg) cannot contribute to the Euler classes. This forces the
vanishing dyx) = 0 for all £ > 1. O

To get the two series a and ¢, we make use of a result of Ohmoto [11] (in fact,
this method recovers the series b and d obtained in the preceding proposition, since
the new argument uses a generalization of Gottsche’s formula).

PROPOSITION 8.4. For k > 1 we have:
1 o1
a(lk) = —C(lk) = % Z’L = Eal(k).
ilk
Proof. We follow Ohmoto [11, Remark 2.4]. Set S(") := S"/&,,, the quotient of S™
by the permutation action of the symmetric group &,,. The Hilbert—Chow morphism
7: S — g
is a crepant resolution of singularities. The composite morphism
S 25 gn g

induces a map A™ : H*(S) — H*(S™) (this is the Poincaré dual of Ohmoto’s
D™). For dimensional reasons, the cohomological push-forward f; : H*(SI") —
H*(S (")) vanishes on classes containing at least one operator q; with i > 2, and by
definition fiq(in(a)|0) = AMa for a € H*(S).

The total cohomology space 6971,20 H*(S™) is equipped with a natural product

©: H (SW)x H*(SW) = H*(S*+HD)
(see [11, §3.1]) such that:
A(@aey (@) qaeny(an)]0) =AM (ag) @ - © Al ().

This gives us the image of the generating series of Formula (1):
f1C(S)

= exp Z a(lk)A(k)(ls) + b(lk)A(k)(es) + C(lk)A(k) (Kg) + d(lk)A(k) (ng)
k=1

where the exponential has to be taken for the ®-ring structure.
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Now we apply Ohmoto’s formula [11, Formula (3)]:
ACES) =] -a®)«®

i>1
— T exp(— (1 — AO)(e(5))
i>1
1 .
= exp Z Z *.A(”)(ls — Kgs+es)

i>1 521
= exp Z o1(k) (A(k)(ls) + AP (eg) — AWK (KS))
k=1

This gives aky = b(lk) = Ul(k), C1k)y = —O’l(k) and d(lk) =0. U

9.  Other multiplicative classes

Generalizing the Chern class to a multiplicative class ¢ gives other series of
universal coefficients:

P(S) = exp (Z axda(ls) + baax(es) + exax(Ks) + qu/\(Kg‘)> 0)-
\eP

9.1. Towards the (1g)-series

We proceed as in the Chern class case. For S = C2, the ¢-class takes the form:

O(C*) =exp | Y arai(ls) | 0).

k>1

This computation has been done in Boissiere & Nieper-Wilkirchen [3]. By the
splitting principle, any characteristic class is uniquely determined by its value on
a line bundle, that is, by a power series ¢(z) € 1 + xA[[z]]. Define from ¢ a new
power series Y(t) = >, -, Pit® € tA[[t]] by the relation:

o0 (¢()¢(—)> = 6(x)o(~2).

Then we have the following formula.
ForMULA 9.1 (Boissiere & Nieper-Wilkirchen [3, Theorem 4]).
() = exp | 3 Pa(is) | 0),
k
k>1
REMARK 9.2. The series 1 is odd, so all coefficients 9 are zero.

This general formula contains some nice special cases.
e For ¢(z) = 1+ z, one gets the Chern class (Formula 8.2).
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e For ¢(x) = 1/(1 + x), one gets the Segré class as in Formula 9.3.

ForMULA 9.3 (Boissiere & Nieper-WiBlkirchen [3, Example 6]).

S(C?) = exp Z ﬁ <3kk> q2x+1(1s) | |0).

k>0

e For ¢(z) = \/z/(1 — exp(—z)) one gets the square root of the Todd class as
in Formula 9.4.

ForMULA 9.4 (Boissiere & Nieper-WiBlkirchen [3, Example 7]).

(VID(C) =exp | D 5

),q2k+1(15) 0)-
k>0 ’

1
(2k+1)-(2k+1

10. The Chern character

We now consider the formula for the Chern character:

Ch(S) = (Z axdx(ls) + Baaa(es) +aa(Ks) + 5/\CIA(K§)> 11). (2)
xeP

10.1. Towards the (1g)-series
ProposiTION 10.1. For k > 0 we have:

2
agpy2 =0, Qog41 = m

Proof. This is proved in Boissiére [1, Theorem 1.1]. The argument is similar to the

case of the Chern class (see Proposition 8.1), and the result is contained in the
following formula.

ForMULA 10.2 (Boissiere [1, Theorem 1.1]).
Ch(C?) = Z LCI%HOS) 1)
= (2k +1)!

This gives the constants as announced. O

10.2.  Towards the complete series

Denote by ¢hT' € End(Hg) the operator acting by multiplication by ch(7%) on
each component of conformal weight n. In order to get information on the series,
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we proceed to an implementation of the recursive formula of Boissiére [1, Lemma
3.12)42:

(b7, q1(1s)] = ,q%”( s)

-3 EV G 6 6) A% (exp(~ Ko ta(5) )

with

Ks 2K2-
td(S) " =1+ 73 + 517263

For the implementation, the computation with the operators & is explained in
Section 4.2, and the case of the operators &V is similar, since it is easy to deduce
from the results on & the following commutation relation:

(67 (), 91(15)] = exp(— add)(q1(a))-

This yields the following recursive formula:

¢h(T;)) = *ql(ls) ch(T7y) ~ i!ql(es)m(ls)nﬂm)
R Z <(U) 1s)qi(1s)"~

y K 2K% —e e
~a 06 (15 52 + HE ) g 1

v K2
+(—1 )ng ) <1S —Ks + 2) q1(1)" !

y K 2KZ —¢ .
~(-1)" (@) 0 ®)A7 (15 -5+ 5125) i (Ls)" ) 0)-

'n the proof of [1, Proposition 3.10], the assumption that fs bibj td(S) = &;,; should be made

only for cohomology with complex coefficients; otherwise one should write fs bibj td(S) = Kid;
for some k; € Q. This does not affect the proof (just add the x;s) since

A?(td(S))™Y) = ch(O=1) = ch(On).

Note that there is an inaccuracy in the text since td(S) should be td(S)~! at the end of the proof.
2There is a typo in a computation on [1, p. 776]: ch(Og — Ts + wg) =es.
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One gets the following series inside the brackets of Formula (2).

(1) (1L,1) (2) (1,1,1) (2,1) (3)
3 5 1

al 2 =3 9 0 3
5 7 5

gl-1 3 o - 0o -2
ERE R
sl 11 55 _5 4
2 4 2 270 24 9

REMARK 10.3. The zeros are no surprise. In fact, for each partition A such that
[A|+£4(X) is odd, ay = By = 0 since if S is a non-compact symplectic surface, these
terms would contribute to the even part of the Chern character, which is zero. The
results are compatible with those of [10].

ParT IV. AN IMPLEMENTATION WITH MAUDE

For documentation about MAUDE, see [4] or
http://maude.cs.uiuc.edu/.

The program code can be found in Appendix A.

11.  Final remarks

Although we implemented lots of classes, things remain to be done, in particular:
e write and implement recursions for the Segre classes of tautological bundles;
e write and implement a recursion for the Chern class of the tangent bundle;

e find satisfactory models for the general terms of the series obtained by sym-
bolic computations. These models are still missing.

We decided not to implement further operators here. The methods are more or
less straightforward generalization of Lehn’s ideas in [6], but the formulas would be
very long: the complexity occurs in the decomposition of the characteristic class of
the tensor product of a vector bundle with a line bundle.

Appendix A. The script

This appendix contains the script referred to in the paper, and can be found at

http://www.lms.ac.uk/jcm/10/1ms2006-045/appendix-a.
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