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THE PATHWISE CONVERGENCE OF APPROXIMATION
SCHEMES FOR STOCHASTIC DIFFERENTIAL EQUATIONS

P. E. KLOEDEN anp A. NEUENKIRCH

Abstract

We study approximation methods for stochastic differential
equations and point out a simple relation between their order
of convergence in the pth mean and their order of convergence
in the pathwise sense: Convergence in the pth mean of order
« for all p > 1 implies pathwise convergence of order o — ¢
for arbitrary € > 0. We apply this result to several one-step
and multi-step approximation schemes for stochastic differen-
tial equations and stochastic delay differential equations. In
addition, we give some numerical examples.

1. Introduction

Approximation schemes for It6 stochastic differential equations of the form
dX(t) = a(X(t))dt + > b/ (X(t)dWi(t),  te[0,T], (1)
j=1

X(0) = Xp € RY,

where a,b’ : R? — R j =1,...,m, and W/(t), t € [0,T], 5 = 1,...,m, are m
independent Brownian motions on a given probability space (2, F,P), have been
intensively studied in the recent years. For an overview, see, for example, [9] or
[12]. The vast majority of results, however, are concerned with error criteria that
measure the error of the approximation on average. For instance, in the case of the
so called ‘weak approximation’ the error of an approximation X to X is measured
by the quantity
[E¢(X(T)) — E¢(X(T))|

for (smooth) functions ¢ : R? — R, while for the ‘strong approximation’ problem
the pth mean of the difference between X and X is considered; that is,

1/p

(B sw [x()- X0l
1=0,...,n

for p > 1, where | - | denotes the Euclidean norm and 0 =t( < t; < ... <t, =T

are the time nodes of the discretization. In the latter case, usually the mean-square

error (that is, p = 2) is analyzed.
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PATHWISE CONVERGENCE OF APPROXIMATION SCHEMES FOR SDES

In general, the numerical calculation of the approximation X is actually carried
out path by path; that is, the real numbers X (¢1,w),..., X (t,,w) are calculated
for a fixed w € Q. In spite of this fact, only a few articles deal with the pathwise
error

sup | X (t;) — X(t3)],

1=0,...,n

which is a random quantity but gives more information about the error of the cal-
culated approximations X (t1,w),..., X (t,,w) of X (t1,w),..., X (t,,w) for a fixed
w € Q.

In [16] an upper bound for the pathwise error of the Milstein method is deter-
mined using the Doss—Sussmann approach to transform the stochastic differential
equation and the Milstein scheme to a random ordinary differential equation and
a corresponding approximation scheme, respectively. The pathwise approximation
of random ordinary differential equations is considered in [4], where the Euler and
Heun methods are analyzed. Moreover, it is shown that the classical convergence
rates of these schemes can be retained by averaging the noise over the discretiza-
tion subintervals. Gyongy [5] shows that the explicit Euler-Maruyama scheme with
equidistant step size 1/n converges pathwise with order 1/2 — e for arbitrary > 0.
Hence the pathwise and the mean-square rate of convergence of the Euler method
almost coincide. Using an idea in the proof of [5], we will show here that this is not
an exceptional case, but is, in fact, the rule due to the following result.

‘If a sequence of random variables converges to zero with order of convergence
a > 0 in the pth mean for allp > 1, then this sequence of random variables converges
also almost surely to zero with pathwise order of convergence o — e for arbitrary
e>0’

This principle applies directly to the strong Ito6—Taylor approximation schemes
for equation (1); see, for example, [9]. For instance, the Milstein scheme has conse-
quently pathwise order of convergence of order 1 — ¢ for arbitrary € > 0. The use
of the above result is by no means restricted to Ito—Taylor schemes or to stochastic
ordinary differential equations. As a further example we will consider a particular
two-step Maruyama scheme, the stochastic Adams—Moulton-2 scheme (see [2, 3]),
and will determine its pathwise rate of convergence. In addition, we will also con-
sider the Euler method for stochastic delay differential equations.

The article is structured as follows. In Section 2 we state and prove our main
result and consider the above-mentioned examples. Our results are then illustrated
by numerical test examples in Section 3.

2. Main result and examples

The following simple lemma is the link between the convergence rates in the pth
mean and the pathwise convergence rates.

LEMMA 2.1. Let a > 0 and K(p) € [0,00) for p > 1. In addition, let Z,, n € N, be
a sequence of random variables such that

(E|Za[")V? < K(p) -n™®
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for allp 2 1 and all n € N. Then for all € > 0 there exists a random variable 7
such that

|Zn| < me-m—FE almost surely

for all n € N. Moreover, En:|P < oo for all p > 1.

Proof. Fix e > 0 and p > 1/e. Then for all 6 > 0 from the Chebyshev—Markov
inequality and the assumptions of the lemma we obtain

ElZuf (a-op < KO
oP h ’

P(n® | Z,| > 6) < o

Since p > 1/e we have

oo
> P F|Z,| > 6) < o0
n=1

for all § > 0. The Borel-Cantelli lemma then implies that Z,, — 0 almost surely
for n — co. Now set 1. = sup,,cy n® °|Z,|. It follows that

E|n:|? = Esup n(o‘_g)q|Zn|q < Z n(o‘_a)qE|Zn|q < K(g)? Z n~ % < oo
neN n=1 n=1

for ¢ > 1/e. Applying Jensen’s inequality we obtain E|n.|? < co for all ¢ > 1. The
assertion of the lemma now follows by

170l < <sup n“zn|) e = g o, o
neN

The pathwise rate of convergence of an approximation method X, for equa-
tion (1) can thus be determined by calculating its convergence rate in the pth

mean, just by applying the above lemma with Z,, = |X(T) — X, (T)| or Z, =
_____ o | X (tx) — X . (t)|. The following examples will illustrate that Lemma 2.1
is a powerful tool for It stochastic differential equations due to the Burkholder—
Davis—-Gundy inequality; see, for example, [14]. However, for other types of stochas-
tic differential equations it may be more appropriate to determine the pathwise rate
of convergence by direct methods. See, for example, [13] for stochastic differential
equations driven by fractional Brownian motion.

For simplicity we will consider only equidistant discretizations t; = (i/n) - T,
1 =0,...,n, but the following examples can be easily generalized to non-equidistant
discretizations.

2.1.  Ito—Taylor schemes

The first class of approximation schemes that we consider are the It6—Taylor
schemes. For convenience, we recall their definition here.
Let

M= {a=(1,....5) € {0,1,2,...,m} : 1 e N} U {v}

be the set of all multi-indices. The length of a multi-index o = (j1, ..., ;) is defined
as I[(a) =1 and v is the multi-index of length 0. Moreover, let n(a) be the number
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of entries of a which are equal to 0. For a = (j1,...,5;) and 0 < s <t < T we

define
t T2 . .
I, (s,t) :/ / AWt (1y) ...dW7 (1))

with the convention that dW?(7) = dr. We also introduce the operators

_dka 1d mb,Jle
_;a%+§zz Oz ox!

k=1 j=1
and | p s
L= ; o
for j € {1,...,m}. Here a*, b* are the kth components of a and b7, respectively.

Finally, we define for v = 0.5,1.0, 1.5, ... the sets of multi-indices

A»Y{aEM:l(a)+n(a)<2’yorl(a)n(a)'er;}.

Then the It6-Taylor scheme of order ~ is defined as

X, (to) = Xo,
Xoltin) =X (t) + D faX0 (1) - Talti tign)
acAN\{v}
fori=0,...,n—1, where

folz) = LIt - L7171 (1)

for a = (j1,..., 1) and b° = a.
If the coefficients of equation (1) are sufficiently regular, then it is well known
that

1/p
(B, s 1X()-Xl0)P) < K@)

for all p > 1 and appropriate K (p) € [0, 00); see, for example, [9, Chapter 10]. Thus
it follows from Lemma 2.1 that the Ito-Taylor scheme of order v has pathwise
convergence order v — ¢ for arbitrary € > 0; that is,
sup | X (t;) — X (t:)| < mey -mTE almost surely,
1=0,...,n

where 7., is a random variable with all moments finite. Note that for v = 0.5
we recover the result of [5], since the strong order 0.5 It6-Taylor scheme is the
Euler-Maruyama method:

X, (0) = Xy,
X (tipr) = Xon (83) + (X, (8)) (bis1 — +Zbﬂ W (ti1) — W (t;)
for1 =0 -1
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For v = 1.0 we obtain the Milstein scheme, which is given by
M

X,, (0) = X,
—M —M —M
Xy (tiv1) = X, (t) + a(Xy, (63))(figr — ) + ij W (tis) = W (t:))
.. M
+ Z L™ (X, (6) Ly s (tis tig)
Ji,J2=1
for i =0,...,n — 1. Hence the Milstein scheme has pathwise order of convergence

1 — . This improves the upper bound 1/2 — & given in [16].

REMARK 2.2. Note that the random variables 7., are not explicitly known in
general. In a forthcoming paper we will study the question of whether 7., can be
replaced or estimated by a random variable that depends on the computed values

X, (to),...,Xn(t,) and on the driving Wiener processes W',..., W™ in a simple
way.

REMARK 2.3. For the Euler method and the Milstein method, the asymptotic
distribution of X (T') — X,,(T") is known; see [8] and [17]. For instance, in the case
m = d = 1 we have for the Euler method that

E L

Vi (X(1) - X)) 5 u(r)
for n — oo. The process U(t), t € [0, T, satisfies the stochastic differential equation

t , t , 1 /
Ut:/o a(X(s))U(s)dS+/ V(X ()U(s) W ()~ = | VB () dB(s)

0
where B(t),t € [0,T], is a Brownian motion independent of W (t), ¢ € [0, T7; see [8].
For the Milstein scheme one obtains in the case m = d =1 that
n- (X(T) - Y?f(T)) £ U()

for n — oo, where U(t),t € [0,T], is the solution of the stochastic differential
equation

0(t) = /O o/ (X ()T (s) ds + / V(X (s))T(s) dW(s)—% /O da(X(s)) ds
—%/ co(X(s) ds——/ (X dBl(s)—% ; c2(X (s5)) dB?(s).

Here B'(t), B(t),t € [0,T], are independent Brownian motions, which are inde-
pendent of W (t), t € [0,T] and c¢g,¢; and ¢y are three functions dependent only on
a and b; see [17].

Thus, the pathwise convergence rates for the Euler and Milstein schemes, ob-
tained in [5] and this article, are sharp.

2.2.  Stochastic Adams—Moulton-2 scheme

Another class of approximation methods for equation (1) are the stochastic multi-
step methods, which are a generalization of the multi-step methods for deterministic
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ordinary differential equations. See, for example, [2] and [3]. For example, the linear
two-step Maruyama schemes are given by

2
> Xn(tio)
=0

2 2 m
=z D Bia(Xn(tic)) + Y m Y 0 (Xn(tiot)) (W (timig1) — W (ti1))
"0 =1 j=1
for i = 2,...,n with coeflicients ay, 8;, v € R. For the required second initial value
one has to use a properly chosen approximation X, (t;) of X(¢;). These schemes
are numerically mean-square stable (see [3]), if the coefficients ag, a1, o satisfy
Dahlquist’s root condition, which is well known in the deterministic case (see, for
example, [6]): the roots of the polynomial

p(€) = a€® + a1 + an
have to lie on or within the unit circle and the roots on the unit circle have to
be simple. Moreover, if X, (t;) is an approximation to X (1) of mean-square or-
der 0.5 and if the coefficients of the linear two-step Maruyama scheme satisfy the
consistency conditions

agt+ar+ar=0, 2a0+a1=00+01+0 =7, at+a =7y, (2)

then the mean-square order of convergence of these linear two-step Maruyama
schemes is 0.5; see [3].

One particular two-step Maruyama scheme, which we will consider in detail as
an illustrative example, is the Adams—Moulton-2 scheme

Xotin) = (6 +  a(Faltinn)) + 150(Xn(6) - fpaXalio)) T 6)
+ 2V (K@) (W (tisr) = W (1)), i=1,...,n—1

see, for example, [2]. Here we provide the second initial value by a drift implicit
Euler step; that is,

T

Xn(th) = Xo+ Ea(yn(tl)) + Z W (Xo)W(ty).

j=1
Note that this Adams—Moulton-2 scheme is a drift implicit method, which is well
defined for n > N, = 2L,T, where L, > 0 is the Lipschitz constant of the drift
coefficient a. Moreover, its coefficients are given by ag = 1,a7 = —1,as = 0,
Bo= 2.0 =5.6=—%, 7% = 1,72 = 0 and satisfy Dahlquist’s root condition

and the consistency condition (2).

THEOREM 2.4. Let a,b/ € CY(R%;R?) with bounded derivatives for j = 1,...,m
and consider the approzimation scheme defined by (3) and (4). Then for all e > 0
there exists a random variable n. with En.|P < oo for all p > 1 such that

sup | X (t;) — Xn(t:)| < me -n~1/2+e almost surely

1=0,...,n

for alln > N,.
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Proof. All we have to show is that

E sup |X(t;) — Xn(t:)|P < K(p)P -n P/ (5)

1=0,...,n
for each p € N and n > N, Then the assertion follows from Lemma 2.1 if we choose
Zy =0 for n < N,.

For convenience of notation we will drop the subscript n in what follows. In
addition, we will denote constants that depend only on m, d, T, p and a, b’ and
their derivatives by C, regardless of their value.

From (3) and (4) we obtain

-1

X = Xo+ ToC¥0) + 3 Xt + 15K (0) ~ gga(Xte)
+:iw<x<m>< (tiga) = W (1) ©)
for | =1,...,n, with the convention that 30 (...) = 0. Moreover, we have
X(tiy1) = X(t:) + (ga(X(tm)) + %a(X(tl)) - 112a(X(ti1))> % (7)
+ im@ DV (ti1) = W () + Ry + R
with -
B = 2 [ o) - i) dr [ (o) - ax0) ar
— o (X (1)~ a(X (1))
and
R = fj / (X (7)) — b (X (1)) dW(7)
fori=1,...,n—1. Iteratji:lg (7) yields
“{g 8 1

a(X (tit1)) +

3\’%

X(t) = Xo+ (X () + -3 15 Sa(X () - psa(X(ti1)

1

-1 m
+Zzbj(X(ti))( ( i+1) JrZR(l) +ZR(2)

i=0 j=1

forl=1,...,n, where

%”=41¢Xﬁ»—dxm»m.
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Thus we have

X(t) — X (1)

LTI pt 12n &
-1 m
£33 PO (0) — PR (E)] (W9 (10) — W 1)
1=0 j=1
-1 -1
Y RY LY RO
1=0 1=0

Define Uy = sup;_q ;| X (t;)=X (t;)| for I = 0,...,n. Since a is Lipschitz continuous

due to our assumptions, we obtain that

l v—1 m
U <C=Y Ui+ C sup |3 > [V/(X(t:) = b/ (X(t:))] (W (tiga) — W (k)
i=1 v=Lol 520 j=1
ST T p®
+C su Ri1 +C su RZ—2
v:l,? N/ i—0 vfl,P N/ ;
forl=1,...,n. Now

by Jensen’s inequality, so we have

l
1
EU? < OHZEUg’

P
v—1 m
+CE sup 3730 (X () = ¥ (X(0)] (W (i) = W(0)
v=1,...,1 1=0 j=1
v—1 p v—1 p
+CE sup Rgl) +CE sup ZRZ@) (8)
v=1,...,l {55 v=1,...0 |19
fori=1,...,n
Recall that b*7 denotes the kth component of &' and set
m tn—1 '
k(t) = Z/ Z (059 (X (t:)) — 09 (X (8))] Lt 0oy (T) AW (), £ €0, T,
fork=1,...,d.
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Hence we have

2
v—1 m d
sup |30 V(X (4) — B (X ()] (W (tis1) — WO ()| =57 sup [ME(1,)[2,
v=1,...,1 i=0 j—1 kZlv:l,...,l
and, in addition
v—1 m P
E sup V(X (1) = V(X (1) (W (tiga) — W (1))
V=5t =0 j=1
d
<CYE swp (M0
=1 v=1,...,
Note that the quadratic variation of M* is given by
m +tn—1
t) = Z/ Z |bk’J bkyj (Y(ti))|2]‘[ti7ti+l)(7) dT? te [OvT]
j=1

By the Burkholder—Davis—Gundy inequality we have
E sup |M¥(£,)]” < CE[(M*) (1),

[RRRE}

and, again, an application of Jensen’s inequality and the assumptions on b’ yield

m t, n—1
E sup |[MF@t,)P <C / E b7 (X I (XN 11y, (7)) dT
U:LgJI (to)] ; ; Z | (X ()] Lty tisn) (1)
t, n—1

<Cy [ T BIXC) - X[ Ly dr
j=1790 =0
1 -1
- P

<C- ;EU :

Hence it follows that

v—1 m -1
) 1
E sup |3 > (/(X(1) =0/ (X ()W (tia) =W/ (k)| <O EUY
V=L i=0 j=1 i=1
and inserting this in (8) yields
v—1 P v—1 P
EU} < ( ZEUPJrE sup ZRE” +E sup > RP ) 9)
=1 v=lL. i=0 v=1,...,l |30

forl=1,....n
For the first remainder term we obtain by Jensen’s inequality

v—1 p n—1
E sup Rz('l) <nPl E Rz('l) P
v=1,...,l ; ; | |
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Since
(1 tit1 2
7 Z | ) (K)o
k=
d tit1 2
+C / a"(X (1)) — a™(X(t;)) dr
k=11t
4 2 1
+ O [at (X (1) — " (X ()|
k=1
fori=1,...,n—1and
d th 2
ROP <3| [ e ) - b x(en) ar
k=1170
we obtain again by Jensen’s inequality and
E|X(t) - X(s)P <C-|t—s[P/?,  s,t€0,T], (10)
that
ERD P < =90/
fori=0,...,n— 1. Thus we have
v—1 P
(1) —p/2
su R; < Cn™P/%, 11
P ; i (11)
For the second remainder term, set
m tn—1
= Z/ Z bk’j - bk’] (X(tl))] ]‘[ti,ti+1)(7—) aw? (7—)’ te [OvT]a
j i=0
for k=1,...,d. We obtain
v—1 m 7+1 , P d
E sup Z/ ) = V(X (t:)dW(r)] <CD E sup [N¥(t,).
v=1,.0 50 j=1 7t k=1 V=Ll
Since
p/2
m t; n—1
E sup |[N'P<CE / VI (X (7)) = BRI (X (1)) P 1y, 0,0y (T) dT
e Wir<B|3 T3] (XDt t000(7)
m t;n—1
<cy | > BIX() = X(0) L ()
j=1

< C'n—lﬂ/2

by the Burkholder-Davis—Gundy inequality, Jensen’s inequality and (10), it follows
that

v—1 p
E sup ZRZ@) < Cn7P/2, (12)
v=1,....n i—0
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By inserting (11) and (12) in (9) we obtain

1
1
EU < C=Y EU! +Cn 7?2
l n ; i +Cn
Hence (5) follows by a discrete version of Gronwall’s lemma; see, for example, [12,
Lemma 1.3]. O

Thus for this approximation scheme too, the mean-square order of convergence
and the pathwise order of convergence coincide up to an arbitrarily small ¢ > 0.

Alternatively, the above theorem can be shown by a reformulation of the Adams—
Moulton-2 scheme as a perturbated one-step scheme and a combination of [15,
Theorem 2.1] and Lemma 2.1. If ay = 0, other two-step Maruyama schemes can be
treated in a similar way. However, the above proofs do not apply if as # 0. Here a
different method is required to control the error; see, for example, [3].

2.3.  Euler—Maruyama method for stochastic delay equations

Now we will consider a different type of stochastic differential equations, namely
It6 stochastic delay differential equations of the form

dX(t) = a(X(t), X (t —8))dt + ibj(X(t),X(t —38))dWi(t), te0,T],

X(t) =4(1), te[-0,0], (13)

with a constant delay § > 0, initial path ¢ : [-4,0] — R? and a,b’ : R? x R? — R?
forj=1,...,m.

One of the simplest approximation schemes for equation (13) is the Euler method;
see, for example, [1]. We will again consider only an equidistant discretization t; =
(i/n)-T for i = 0,...,n and, moreover, assume that the step size T'/n is an integral
divisor of the delay § > 0; that is, § = ms - (T//n) with ms € N.

Then the Euler-Maruyama approximation of the delay equation (13) is:

X (tior) = Xot:) + a(Xn(ts), Xon(ts — 5))% (14)

+ Z V(X (t:), Xn(ti = 8)) (W (tig1) — W (t:))

for i =0,...,n — 1 with
X,(0) = ¥(0), Xu(ti —0) =(ti —9), t; <. (15)
Determining the error of this approximation scheme in the pth mean and apply-
ing Lemma 2.1 yields the following result.

THEOREM 2.5. Let a,b/ € C'(R? x R%:R?) with bounded derivatives for all j =
1,...,m, ¥ € CY?([=6,0];R?) and consider the approzimation scheme defined by
(14) and (15). Then for all e > 0 there exists a random variable n. with Eln.|P < co
for all p > 1 such that

sup | X (t;) — Xn(t:)| < me -n~1/2+e almost surely

1=0,...,n

for all n € N.
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Proof. Under the above assumptions it is well known (see, for example, [10]) that
the unique strong solution of the initial value problem (13) satisfies

E sup [X()P <o0 (16)
—6<t<T
and
E|X(t) - X(s)] < K(p)- [t —s|"/? (17)

with appropriate constants K (p)>0foralp>1
Again we have to show that

E sup [X(t:) - Xa(t:)]” < K(p)?-n?/? (18)

1=0,...,n
for all p € N. Then the assertion follows from an application of Lemma 2.1. For the
proof of (18) in the case p = 2, see [11].

For convenience of notation we will again drop the subscript n and we will
denote constants that depend only on m, d, T, p, 1 and a, b’ and their derivatives
by C, regardless of their value. Furthermore, we will use the notation A;W7 =
Wi(tip1) —Wit;) fori=0,....,n—1,5=1,...,m

Iterating (14) yields

+ IS V(X (), X (t; — 0)) AW (19)
for I =1,...,n. For the exact solution we have

X(tir) = X(t:) + a(X(t:), X (L —5))

i X(t; —6)AW7 + RY + p? (20)
with
RY = /:H a(X(r), X( — 0)) — a(X (&), X (t; — 8)) dr
and
R = zm:/t WX (), X (7 = 8)) = V(X (1), X (t: — 8)) dW(7)
fori=0,...,n—1.
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From (20) we obtain

X(t) = Xo+ — Z X(t; = 9))
-1 m
+ DTV (X (), X (t; — 6) AW
1=0 j=1
-1 -1
+> RV +3RY. (21)
i=0 i=0
Then combining (19) and (21) yields
. T =1 I
X)) —X(t) = . a(X(t;), X (t; —0) — a(X(t;), X (t; — 9))
i=0
-1 m o
+Y O [P(X (), X (8 — 6)) — ¥ (X (t:), X (t; — 6))] AW
i=0 j=1
-1 -1
+3 R+ RP
i=0 i=0
for 1 =1,...,n. Thus, with U; = sup;_, ;| X (t;) — X (t;)], it follows that
1
EUf <C— ZEUf
v—=1 m P
+CE sup > [V(X(t), X(t;i —6)) — b (X (t:), X (t; — 6))] AW/
v=1,...0 550 =1
v—1 P p
+CE sup Rl(-l) +CE sup Z R(2) (22)
v=1,...,1 i—0 v=1,...,1 i—0
Now define
M (t) =
m +n—1 ) )
>/ D 617X (0 = 9) = 0 (0. X s = 00)] 10 (1) 007 1)
J
fort € [0,7] and k = 1,...,d. Clearly, we have
v—1 m P
E sup Do (X (1), X (ti = 6) — b (X (1), X (t: — 6))] AW
v=1,..1 3250 j=1
d
<CY E sup |MF(t,)P
; 8 17p7l| (t)[”.
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Since

tn—1

:2/ ZW” X (t;—8)) =059 (X (1), X(ts = 6))* 1,411 (7) dr

for t € [0,T], we obtain from the Burkholder-Davis—-Gundy inequality, Jensen’s
inequality and the assumptions on &’ that

E s IM’“( to)[”

,,,,,

< CE[M®)(t)P*

t; n—1

<C Zl/o Z E|bF7 (X (t;), X (t; — 0)) — b (X (t:), X (t; — 8))[PLyp, 4, (1) dT

t; n—1

<O [ 3 [BIXE) =X + BIX = 9) = Xt =] e (7

-1
1
<C=) EU!.

Thus we have

v—1 m
E i ZZ [V (X (t:), X (t; — ) — b (X (t;), X (t; — 6))] AW
1=0 j5=1
=
< = 14
<- ZEUZ
=0
and inserting this in (22) yields
-1 v—1 p v—1 p
EUP < ( > EUF+E sup SRV +E sup SR ) (23)
i—0 v=1,...,1 i—0 v=1,...,1 i—0
forl=1,...,n
In view of (17) we have
v—1 p P
E su RO) +E su R(2 <Cn_”/2, 24
1):1,.1.).,71, ; ! v= 1,p7 ; ( )

which can be shown to be completely analogous to (11) and (12) in the proof
of Theorem 2.4. Hence (18) follows from (23), (24) and the discrete version of
Gronwall’s lemma,; see, for example, [12, Lemma 1.3]. O

In [7] the Milstein method for stochastic delay differential equations is intro-
duced, which has mean-square order of convergence 1.0. A similar consideration
yields that this Milstein scheme also has pathwise order of convergence 1 — ¢ for
arbitrary € > 0.
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Figure 1: Example (25): pathwise maximum error vs. step size for four sample paths.

3. Numerical examples

In this section we illustrate our results with three numerical examples. The first
example that we consider is the one-dimensional linear stochastic differential equa-
tion

dX(t) = 05X (8)dt + X () dW(t),  X(0) =1 (25)

with exact solution
X(t) = exp(W(2)).

Figure 1 shows the maximum error in the discretization points (that is,

sup,_ X(t;,w) — X, (t;,w which for brevity we call in the following ‘path-
pz_O,...,n‘ ( ’ ) ( ’ )|)7 Yy gp

wise maximum error’, for the Euler-Maruyama (—), the Milstein (— - —) and the
Adams—-Moulton-2 (— —) scheme versus the step size for four different sample paths
w € Q.
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Figure 2: Example (26): pathwise maximum error vs. step size for four sample paths.

Since we use log-log-coordinates, the dotted lines correspond to the convergence
orders 0.5 and 1, respectively. The errors of the Euler—-Maruyama and Adams—
Moulton-2 schemes differ only for large step sizes. This is quite natural, since both
schemes coincide for equations without drift, and equation (25) is mainly deter-
mined by its diffusion part. Moreover, the pathwise convergence rates of all three
approximation schemes are in good accordance with the theoretically predicted
rates.

As second example we consider the linear equation

dX(t) = —5X (t) dt + X () dW (1),

X(0) =2, (26)

with exact solution
X(t) = 2exp(—5.5t + W (t));

see Figure 2. Since the behaviour of equation (26) is dominated by its drift part,
the Adams—Moulton-2 scheme turns out to be superior for moderate step sizes.
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Figure 3: Example (27): pathwise maximum error vs. step size for four sample paths.

Compare, for example, [3]. The convergence rate of the Milstein scheme is in
very good accordance with its predicted rate.
The third example is the linear one-dimensional stochastic delay equation

dX(t) = X(t—05)dW(t), X({t)=1, te[-05,0]. (27)

Here the exact solution is given by

t
X(t)=14W(t), t €[0,0.5], X(t)=14+W(t)+ W(r—0.5)dW(7), t € (0.5,1],
0.5

which we discretize with very small step size in order to estimate the maximum
error in the discretization points of the Euler-Maruyama scheme (—) for this delay
equation.

Figure 3 shows the pathwise maximum error for four different sample paths. The
dotted line corresponds to the convergence order 0.5. Again the pathwise conver-
gence rate is in good accordance with the theoretically predicted rate.
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