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HILBERT’S SEVENTEENTH PROBLEM AND
HYPERELLIPTIC CURVES

VALERY MAHE

Abstract

This article deals with a constructive aspect of Hilbert’s seven-
teenth problem: producing a collection of real polynomials in
two variables, of degree 8 in one variable, which are positive
but are not sums of three squares of rational fractions.

To do this we use a reformulation of this problem in terms of
hyperelliptic curves due to Huisman and Mahé and we follow
a method of Cassels, Ellison and Pfister which involves the
computation of a Mordell-Weil rank over R(x).

Introduction

Let P € R[X;,...,X,] be a polynomial. If P is a sum of squares in R(X1,...,X,,)

then P is a positive polynomial (that is, P(z1,...,x,) is nonnegative for every
element (x1,...,2,) € R"). Conversely, when P is a positive polynomial one
can ask whether P is a sum of squares in R(X7y,...,X,). This question is called
Hilbert’s seventeenth problem and was answered positively by Artin in 1927 (see
(1]).

A related question is how to compute the minimal number r such that every
positive polynomial can be written as a sum of r squares in R(Xy,...,X,,). The

answer is not completely known. Hilbert proved that every positive polynomial
P € R[X,Y] is a sum of four squares in R(X,Y) (see [13]). He proved a little more:
every positive polynomial P € R[X,Y] of total degree at most 4 is a sum of three
squares of polynomials. The first of these two results was generalized by Pfister
in the following way: every positive polynomial P € R[X7,...,X,] is a sum of 2"
squares in R(X1,...,X,) (see [25]).

There is no known effective characterization of sums of three squares in R(X,Y).
However, in 1971, Cassels, Ellison and Pfister showed that Motzkin’s polynomial

M(X,Y)=1+X?Y*+ X1Y? - 3X?%y?

is positive (thus a sum of four squares in R(X,Y")), but is not a sum of three
squares in R(X,Y") (see [7]). To prove this theorem, they consider, for each positive
polynomial

F(X,)Y)=1+ AX)Y? + B(X)Y*
with A, B € R(X) such that B(A% — 4B) # 0, the elliptic curve £ defined over
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Hilbert’s seventeenth problem and hyperelliptic curves

R(x) by the equation
—B% = a(a® — 2A(z)a + A(z)? — 4B(z))

and they show that F' is a sum of three squares in R(X,Y") if and only if the elliptic
curve £ has an R(x)-point (a, 3) such that both

a and — (a® —2A(z)a+ A(z)’ — 4B(x))

are sums of two squares in R(z) (i.e., take only nonnegative values on R). A similar
method allowed Christie (in 1976, see [9]), then Macé (in 2000, see [18]), and
then Macé and Mahé (in 2005, see [19]) to construct other families of positive
polynomials in two variables that are not sums of three squares of rational fractions.

Using a totally different strategy (based on the Noether—Lefschetz theorem [11]),
Colliot-Thélene proved in 1993 the existence of positive polynomials in two vari-
ables, of degree in one of the variables even and greater than or equal to 6, that are
not sums of three squares of rational fractions.

Using the method of Cassels, Ellison and Pfister one can only study polynomials
of the form F(X,Y) = 1+ A(X)Y 2+ B(X)Y*; we need the elliptic curve £r above.
In 2001, Huisman and Mahé generalized the construction of £ by introducing
the concept of antineutral point (see Definition 3.1.3). In [15], they showed that
a nonconstant monic squarefree polynomial P(X,Y") of degree in Y divisible by 4
is a sum of three squares in the field R(X,Y) if and only if an R(z)-point of the
Jacobian variety associated to the hyperelliptic curve C defined over R(z) by the
equation 22 + P(z,y) = 0 is antineutral.

In this article we generalize the method of Cassels, Ellison and Pfister using the
results of Huisman and Mahé in order to construct families of positive polynomials
in two variables, of degree 8 in one variable, that are not sums of three squares in
R(z,y). As a corollary we get a positive polynomial with coefficients in Q, of degree
8 in one variable, that is not a sum of three squares in R(z, y) (such an example was
not known before). Using the notion of antineutral point, we also give examples of
products of four sums of three squares in R(z,y) that are sums of three squares in

R(z,y).

1. Notation

All the hyperelliptic curves we consider are smooth and projective. To simplify
our statements we consider an elliptic curve as a genus 1 hyperelliptic curve (i.e.,
we do not assume a hyperelliptic curve to have genus at least 2).

The Jacobian variety associated to a curve C is denoted by Jac(C). For back-
ground on Mumford representation, semi-reduced divisors, reduced divisors and
Cantor’s algorithm we refer to [23] and [5] (see also [10] and [12]). A semi-reduced
divisor with Mumford representation (u,v) is denoted by div(u,v). A linear equiv-
alence class with Mumford representation (u,v) is denoted by <u,v>.

When D is a divisor on a curve C defined over a field k and K is an extension of
k we denote by Supp (D) the support of D considered as a divisor on C x; K.

For every abelian group A and for every n € N* we denote by [n]a (or [n]) the
multiplication-by-n endomorphism of A, by A[n| the kernel of [n]4 and by Ators
the torsion subgroup of A.
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For background on places of function fields we refer to [28] (we use notation
from there; in particular by a function field over a field k£ we mean a transcendence
degree 1 extension of k). When F is a function field and F»/F; is a finite extension
and P is a place of Fy above a place p of F}, we denote by e(P|p) the ramification
index of P above p and by f(P|p) the relative degree.

2. Statement of the results

NoTATION 2.1. Let 1, w and p be real numbers. We assume that |w| and |n| are
distinct. Denote by b; the element
2 _ .2
P = n-w
b=t

In this article we consider the polynomial

P y?) = (y* +1) (" + C (%)) (' + (1+ C (+%)) v* + B (27))
with
B(z):=(z+b1)*—n* and C(z):=2(x+b)+w?—1n*—1.
This polynomial is defined over the field k := Q(n,w,p). We denote by C the
hyperelliptic curve defined over k(z) by the affine equation 22 + P(z2,4?) = 0.

ASSUMPTION 2.2. We assume the following three inequalities:
22
5

AssuUMPTION 2.3. We assume that all the following elements are different from 0:

w>141n, w?—n*>>2w and by >1+ 2

7, P, (w2 - 2)2 — 4, (w2 . — 2)2 — 4n? — 4, (wQ —n?— 1)2 — 4n?,
(w2 —n? = 1)2 —4n* -1 and (w2 — n2)2 — 4.
ASSUMPTIONS 2.4. We assume that none of the following elements is a square in k:
1) (w?— 772)2 —4w? = (w? = n? = 2w) (W2 — %+ 2w),

(

(2) (201 — 2+ w? — ) (W? — 7n? — 2w),

(3) (261 —2+w? = 1) — 17 + 20),

(4) 2(w? —n? —2w)(by — 1 —w),

(5) 2(w? —n? +2w)(by — 1 +w),

(6) 2(201 —2+w? —n?) (b1 — 1 +w),

(7) 2(201 —2+w? —n?) (b — 1 —w),

(8) ((by—1) 2 )" —w?) ((w? —n2)2 — 4w?),

9) 2 (w?—n?) (W? —n? —2w) ((w+ 1)% — n?)" (for each n € {0,1}),
(10) 2 (w? —n?) (w? —7n*+2w) ((w—1) = n?)" (for each n € {0,1}),
(1) (b =1 =)™ (= 1" =) (@ +1)° = 7)™,

(for each (ni,n2,n3) € {0,1}3 —{(0,0,0)}),
(12) 2 (w? —n2) (2b1 — 2+ w2 — 7%,
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1—n1

(13) 2™ (w? —n? 4 2w) (b1 — 1 + w) (w? — 772)n1 (2b1 — 2+ w? —n?)
X (w—=1=m)""" (w—14n"
(for each nq1, ny € N),
(14) 287 (w? = n? + 2w) (w? — 772)n1 (261 — 24+ w? — 172)711
X (w—=1=m)""" (w—14n"
(for each ny, ny € N),
(15) b2 —n*> and
(16) 2b; +w? —n? — 1.

REMARK. When we refer to a hypothesis by giving the associated number between
two parentheses, we mean the corresponding hypothesis in Assumptions 2.4.

THEOREM 2.5. We use Notation 2.1. Then, under Assumptions 2.2, 2.3 and 2.4,
the polynomial P(x%,y?) is positive but is not a sum of three squares in R(x,y).

Proof. Denote by C the hyperelliptic curve defined over R(x) by the affine equation
22 4+ P(2?,y?) = 0.

Proposition 3.1.4 asserts that P(x2,y?) is a sum of three squares in R(z,y) if and
only if Jac(C) has an antineutral point. From Corollary 4.3.6 we know that Jac(C)
has no antineutral torsion point. Theorem 2.5 follows from the finiteness of the
group Jac(C)(R(z)) (this finiteness is a consequence of Theorem 5.4.3; to check its
hypotheses we use Propositions 6.6, 6.7, 6.8 and 6.9). O

COROLLARY 2.6. Consider the two polynomials

14063 196743825 27835
2 :
+ 59 T+ 1936 and C(z) := 2z + .

22
Then the positive polynomial with coefficients in Q
P y?) = (¥ +1) (y* +C (22)) (y* + (1 + C (2?)) y* + B (2?))

is not a sum of three squares in R(x,y).

B(z) ==z

Proof. Apply Theorem 2.5 with 7 := 23, w := 34 and p := 547. O

COROLLARY 2.7. We use Notation 2.1. Under Assumptions 2.2, if n, w, and p are
algebraically independent over Q, then the polynomial P(x?,y?) is positive but is
not a sum of three squares in R(x,y).

In [25], Pfister showed the product of two sums of 2™ squares is a sum of 2"
squares. In general a product of two sums of three squares is not a sum of three
squares. Looking for antineutral torsion points we give examples of products of four
sums of three squares in R(x,y) that are sums of three squares in R(z,y).

PROPOSITION 2.8. Let «, 3, v € R(x)* be three nonzero rational fractions. Con-
sider the three rational fractions

a=1+a’(1+p6%)(1+~7),
b:=1+a*(1+p**(1++%) and
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ci=1+a*(1+8%)(1++2)~%

Then the polynomial P(x,y) = (y*> +1)(y*+ a)(y*> +b)(y* + ¢) is a sum of three
squares in R(x,y):

2 2
P(z,y) = (W +afy(1 =By + 6+7)(Y* + 1))

* ((G_%ﬁ +afy(l =By — (B+7)y)(y* + 1))2
+ (W + 1) +a—Bya—1))°.

HEuRISTIC. Denote by C the hyperelliptic curve defined over R(z) by the affine
equation 22 + P(z,y) = 0. Proposition 2.8 is obtained by choosing the coefficients
a, b, ¢ such that Jac(C) has an antineutral point T of order 4:
e Proposition 4.2.1 and Proposition 4.2.2 give conditions on a, b, ¢ for the exis-
tence of the point T

e Proposition 3.2.1 gives conditions on a, b, ¢ for the antineutrality of T'.

3. Sums of three squares and antineutral points

3.1.  The results of Huisman and Mahé

Let ¥ be the Galois group Gal(C(x)/R(x)) = Gal(C/R) and o be its nontrivial
element. Let R(m) be the group of nonzero elements of R(z) which are a sum of
two squares in R(z).

Let D be a geometrically integral smooth projective curve over R(z) with odd
genus. Let D' := D Xp(,) C(z) be its complexification and p : D' — D be the
projection. The Galois group X acts naturally on D’. This action induces an action
of ¥ on the Picard group Pic(D’).

The projection p induces a morphism p* from Pic(D) to Pic(D’). The image of
p* is contained in the subgroup Pic(D’')* of -invariant elements of Pic(D’). To
characterize the image of p*, we define a group homomorphism

§: Pic(D')* — HY(Z,C(x)(D')* /C(z)*).

Let cl(A) € Pic(D')* be the class of a divisor A. Because of the Y-invariance
of cl(A), the divisor A — 0*A is the principal divisor associated to a function
f € C(x)(D')*. The principal divisor of R(z)(D) associated to fo(f) is 0. Thus
fo(f) is an element of R(x)*. The element d(cl(A)) is chosen as the class of f in
H' (S, C(x)(D')* /C(x)*).

LEMMA 3.1.1. The following is an exact sequence:

s

0 — Pie(D) —2— Pie(D')* —2> H'(S,C(z)(D')* /C(x)*) — 0.

REMARK. The map § is a coboundary map; it can be defined by looking at the
long exact sequence associated to the short exact sequence:

0 — C(2)(D')* /C(z)* — Div(D') —L= Pic(D') —= 0.
NOTATION 3.1.2. We use the notation above. The map
1+o : C)(D)* — R(x)(D)*
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induces a monomorphism
n: H'(Z,C(x)(D)*/Clx)*) — R(@)/ 2]y,

We denote by @ : Pic’(D')* — R(z)*/ R(m) the restriction of the map no ¢ to
Pic’(D')*>.

DEFINITION 3.1.3. An element 8 € Pic®(D')> is said to be antineutral when w(f) =
—1.

PROPOSITION 3.1.4. Let P(y) € R(z)[y] be a squarefree nonconstant monic totally
positive polynomial of degree divisible by 4. Let D be the hyperelliptic curve defined
over R(x) by the affine equation 22 + P(y) = 0. We use Notation 3.1.2 (relative
to D). Then P(y) is a sum of three squares in R(x,y) if and only if Pic®(D')> has
an antineutral element.

Proof. See [15, Theorem 6.5]. O

3.2.  An effective version

Let k be a subfield of R. Denote by k' the field k(i). Let ¥ be the Galois group
Gal(k'(x)/k(z)) = Gal(k'/k) and o be its nontrivial element. Let Q € k(z)[y] be a
monic polynomial such that (y? + 1)Q(y?) is squarefree. Let C be the hyperelliptic
curve defined over k(z) by the affine equation

C:2°+ (¥ +1)Q(y*) =0

and let C’ := C X () k'(x) be its complexification.

Let g be the degree of the polynomial Q. Assume that g is odd and d :=
—Q(—=1) € k(z) is nonzero. Let C be the k(z)-hyperelliptic curve given in coor-
dinates (s,t) by the affine equation

C:2= s - dpoq( - (=2))

and let C' :=C X p(z) k'(x) be its complexification. The two curves C" and C’ have
a k'(z)-rational point. The map

v K@) — K (2)(C')
A(y72’) — A (Z s+d 2idt

s—d’ (s—d)9t1

1 1

is an isomorphism. Denote by w the k’(z)-automorphism ¢~ o v o 0 o 4~
of k¥'(x)(C"). This automorphism sends s to % and ¢ to (—1)¢ ffﬁf The k' (x)-
automorphism w induces a k/(z)-automorphism @ of C’ and a k’(x)-automorphism
Q of Jac(C").

REMARK. The curve C’ has two k'(z)-rational Weierstrass points: (s,t) = (4,0) and
(s,t) = (—1,0). The map ~ is obtained by considering a map from C’ to C’ that
sends (,0) to infinity and (—4,0) to (0,0).

REMARK. The degree of the polynomial & (s—d)*Q(— (%)2) is odd. In particular

the Mumford representation can be used to compute in the group Jac(C')(K'(z))
(which can be identified with the group Pic?(C’)).
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REMARK. We consider the case k = R. The group X acts on Jac(C') in two different
ways:

e the natural action under base change of ¥ on C Xg(z) C(x) induces an action

o,z of o on Jac(C'); we also denote by o s the corresponding action of o on
Div?(C);

e looking at C as a C(z)/R(x)-form of C, the natural action under base change
of ¥ on C xg(y) C(z) can be transported into an action o,c of o on

Jac(C'); this action is the action of ¥ on Jac(C') associated to the 1-cocycle

¥ — Autc(y)(Jac(C’)) whose value at o is Q (see [3]); we also denote by o,¢
the corresponding action of o on Div’(C’).

The action of ¥ on Jac(C’) involved in the definition of antineutral points is the
action o,c.

PROPOSITION 3.2.1. We use the notation above and Notation 3.1.2. We put 7 :=
oow. Let B = <u,v> be a C(x)-point of Jac(C) such that u(0) # 0. Denote by v
the unique polynomial of degree less than or equal to deg(u) such that ©(0) =0 and

¥ = v mod u.
1. The point B is invariant under oyxc if and only if one of the two following
conditions holds:
(a) either deg,(u) is even and

S 07() = o(u(O)u(s) and — (5)"" 7(0) = vmod .,

(b) or the degree of u is g and

s\9+1 B 9

(3) T7(0) =0 and o(u(0))(f —0°) = su(s)sIT(u(s)).

2. If B is invariant under o.c and the degree of u is strictly less than g, then
w(f) is the identity element.

8. If B is invariant under oxc and the degree of u is g, then (B is antineutral if
and only if u(0) is a sum of squares in R(x). Moreover if B is antineutral,

then we have —d9~1 = u(0)h7(h) where h denotes the function ;JEZ’).

Proof. Let D be the semi-reduced divisor div(u,v). The point (3 is invariant under
o4c if and only if the divisors D and o.c(D) = o,5(w(D)) are linearly equivalent.
To study the invariance of § under o,¢, we use Cantor’s algorithm (see [5]).

Let e and € be respectively the quotient and the remainder of the Euclidean
division of deg,(u) + 1 by 2. Using the definition of the Mumford representation for
the two divisors D and @(D) + div(s®), and using the equalities

w(u)zu(?) and w(t—v):(—l)gﬁ—iit—'L}(d—z),

S

we can check that the divisor @(D) + div(s®) is semi-reduced with Mumford repre-

sentation
Ls%u f )
u(0) s )’
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where v denotes the remainder of the Euclidean division of
g+1 d? d?

— (E) v (—) by s%u ( ) .
d s s

Case 1: if the degree of u is strictly less than g. Then the divisor o, 5(0(D))+div(s®)
is reduced. In particular it can be linearly equivalent to D only if it is equal to D.
In that case the degree of u is even (notice that the degree of sQea(u)(g) is even).
If 8 is invariant under o,¢ then D — o, 5(W(D)) = div(s®) and thus w(f3) is the
identity element.

Case 2: if the degree of u is equal to g. We consider

1. w the remainder of the Euclidean division of —v by Su(s) ;

2. v the remainder of the Euclidean division of — (%)g+1 a(v)(%) by sde(W g (u).

The divisor o,5(w(D)) — D is equal to

div (U(ul(o)) deg(u)a(u) d_2) @') — div(s~1) — div(su(s), ) =
div (W deg(u) i (1) (% ) div (Su(s)7 ) + div (st:(vs)> '

Thus o,5(w(D))—D is principal if and only if the two reduced divisors div (f o w)

su(s)?
and div (msdeg(“)a(u) (%) ,T}) are equal. If o(u(0))(f —9?) = su(s)s?7(u(s)),
then applying 7 we show that v = w holds if and only if (g)g+1 7(®) = v holds.

If 3 is invariant under o,c then o(u(0))~1 = #ﬁiu)(s) is o-invariant (it is

a T-invariant element of C(x)) and o4 (D) — D = div ( ”(” )) In that case, since

a(u(0)) ( D ) T (f*—”) = —1, the image w(/3) is the class of —u(0). O

seu(s) seu(s)

4.  Finding antineutral torsion points

4.1.  The 2-primary torsion subgroup

The following Proposition helps us to restrict our study of the existence of an
antineutral torsion point to the search for an antineutral 2-primary torsion point.

PROPOSITION 4.1.1. We use the notation of Proposition 3.1.4. Then Pic’(D')* has
an antineutral torsion element if and only if Pic° (D')* has an antineutral 2-primary
torsion element.

Proof. Assume the existence of an antineutral torsion element D of Pic’(D’)”. The
order of D is 2”m with m € N odd and n € N. The morphism 7 o § takes values in
the group R(z)*/|2 R @) which has exponent 2. Thus the image of a double under
1o ¢ is the identity element. The integer m being odd, D and mD have the same
image under n o §. As a consequence, the 2"-torsion point mD is an antineutral
point. O
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4.2.  The image of the multiplication-by-2 map

Let K be a characteristic 0 field and K be an algebraic closure of K. Let H be a
hyperelliptic curve defined over K by an affine equation H : y? = f(z) where f(x)
is a monic separable polynomial of odd degree.

Let g be the genus of H. The polynomial f(z) has degree 2g+1. Let cvq, ..., aag41
be the roots of f in K. Denote by oo the point at infinity of the curve H and by
P; the point (e, 0). Let W := {Py,..., Pagy1,00} be the set of Weierstrass points
of H. Denote by Divly, (H) the set

{D € Div(H) | deg(D) = 0 and Suppz(D) N W = 0}.

Denote by L the algebra K[T]/(f(T)) and by L the algebra K[T]/(f(T)). The
class of a polynomial u € K[T] (respectively u € K[T]) in L*/L*? (respectively in
ZX/ZXQ) is denoted by [u]. o

We consider an element D of Div, (H xx K) (which is defined in the same
way as Diviy (H) except that we replace K by K). We write D = Y icr MiQi with
Q; ¢ W a point of H x x K. We define a map ¢z, : Divly (HxxK) — L™ /L by
sending D to the class

D) = i@ -1 < 7/2

icl

Letting_Gal(F/K) act trivially on the class [T] € " /ZXQ we define a structure
of Gal(K/K)-module on L. We can think of L as the set of Gal(K /K )-invariant
elements of L. Doing this we deduce from ¢z a map ¢z, : Diviy (H) — L*/L*2.

PROPOSITION 4.2.1. We use the notation above. Then the map ¢34 induces a mor-

phism w3 : Jac(H)(K) — L*/L*? with kernel 2Jac(H)(K) and with image con-
tained in the kernel of the norm map Ny, : L*/L*? — K*/K*2.

Proof. See [26, Theorems 1.1 and 1.2]. O

REMARK. The morphism 7y, can be described in terms of the Mumford repre-
sentation. Assume D € Div’(H) is a semi-reduced divisor i.e. D can be written

D= Z ni(Q; — co) with n; € N and @; a point of H defined over K such that:
iel
o 2(Qi) # x(Q;) foralli#j;
e n; €{0,1} when y(Q;) =0.
The Mumford representation for D is the unique couple (u,v) of elements of k[T
such that:

o u(T) =] [(T - 2(Q:)" and v(@(Q:)) = y(Qu);
iel
e the degree of v is strictly less than degp(u);
e the polynomial u(T') divides v(T)? — f(T).
If the Mumford representation for D is (u,v) then my sends the linear equivalence
class of D to the class [(—1)4ey(T)| € L* /L*2.

To apply Proposition 4.2.1 we use the following characterization of the squares in
a quadratic extension.
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PROPOSITION 4.2.2. Let ko be a field of characteristic different from 2. Let § be
an element of kg which is not a square in ko. Denote by k the quadratic extension

k= ko[U]/(U? - 6).
1. Let « and B be two elements of kg. We assume that a is nonzero. Then aU + (3
is a square in k if and only if there exist v, n € ko such that

8+
Nk/ko(aU—Fﬂ):'yQ and 77:772.

2. Let B be an element of kg. Then (3 is a square in k if and only if B or 603 is a
square in kg.

4.3. A family of Jacobian varieties without antineutral torsion point

NOTATION 4.3.1. Let B and C be two elements of R(z). We consider the polynomial
P(z,y?) == (y* + 1)(v® + C)(y* + (1 + C)y? + B) which is assumed to be square-
free. Let C be the hyperelliptic curve defined over R(z) by the affine equation C :
22 + P(x,y%) = 0.

We use the notation of Proposition 3.2.1 relative to the curve C. In particular
we introduce d := (1 — C)(B — C) and the three polynomials

—(s+d)?+ (s — d)?

g1(s) == —1d =s,
(s d)? +C(s —d)?
g2(s) == -1 and
s+ d)*—(1+C)(s+d)?(s—d)? + B(s — d)*
g3(8) :== 50 .

We denote by o be the complex conjugation. The curve C' := C xp(y) C(z) is
birationally equivalent to the curve C' := C x r(z) C(7) with C the hyperelliptic curve

defined over R(z) by the affine equation C : t* = g1(s)g2(s)g3(s). For every index
i =1,2,3, we denote by k; the algebra C(z)[T]/(g:(T)). Let

w5+ Jac(C)(C(x)) — k' ki % ko /ky? X ks /2

be the morphism obtained by applying Proposition 4.2.1 to the curve C. We denote
by mz, : Jac(C)(C(z)) — k;/k® the ith coordinate of 7.

PROPOSITION 4.3.2. We use Notation 4.3.1. We assume B, C and (1 + C)? — 4B

are not squares in C(xz). Then the 2-torsion subgroup of Jac(C) (C (z)) is generated
by the two points <g1,0> and <go,0>.

Proof. The hypotheses imply that the three polynomials g1, g2 and g3 are irre-
ducible. This is sufficient since the 2-torsion points are the points <u,0> with u
a divisor of g1g2g3 of degree less than or equal to the genus g of the curve C (see
[23]). O

PROPOSITION 4.3.3. We use Notation 4.3.1. We assume B, C and (1 + C)? — 4B

are not squares in C(x). If <g1,0> is a double in Jac(C) (C(x)), then either
(B-C) € C(x)** or C(B-C)ecC(z)*%
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Proof. The image of an element of 2Jac(C) (C (z)) under g o i trivial. In particu-

lar, if <g1,0> is a double in Jac(C) (C (x)), then the class of —T in ks is a square.
The result is a reformulation of this condition obtained by using Proposition 4.2.2
together with the isomorphism

g2 : C(o)[U]/(U? —4C(B—-C)*) — ko
U — T+ (14+C)B-C).
O

PRrROPOSITION 4.3.4. We use Notation 4.3.1 and the notation of Proposition 3.2.1.
Then
e the point <s — d,8d3> is an 8-torsion element of Jac(C) (C (z));

e the double [2]<s —d,8d>> is not o.c-invariant but [4]<s —d,8d>> is equal to
<g192,0>.

Proof. Use Cantor’s algorithm (for the addition in Jac(C')(C(z))) and Proposition
3.2.1. |

PROPOSITION 4.3.5. Let B and C' be two elements of R(x). Let C be the hyperelliptic
curve defined over R(x) by the affine equation

24+ + D)2 +0)yr + 1+ C)y?+B)=0.

We assume that B, C, C(B —C), B—C, (B—C)(1—C) and (1+ C)? — 4B are
not squares in C(xz). Then the 2-primary torsion subgroup of Jac(C)(C(x)) is finite.

Proof. Since C, 1 — C, B— C, B and (1 + C)? — 4B are different from 0, the
polynomial P(z,y?) := (y*> + 1)(y* + C)(y* + (1 + C)y? + B) is squarefree.

We use Notation 4.3.1. Following Propositions 4.3.2 and 4.3.4, the 2-torsion sub-
group Jac(C) (C (x)) [2] is generated by <gi,0> and <g; g2, 0> = [4]<s—d,8d>>. In
particular, since <gi,0> is not a double, Jac(C) (C (z)) [8] is generated by <gi,0>
and <s — d,8d%>

The image of n; <gl, 0>+ ng<s —d, 8d>> under g, i d1d"2 . Since d is not a
square in ki, a given 8-torsion point is a double if and only if it is a 4-torsion point.
As a consequence every 2-primary torsion element of J ac(C) (C (z)) has order 8. In
particular the 2-primary torsion subgroup of Jac(C) (C (z)) is finite. O

COROLLARY 4.3.6. We use the notation and hypotheses of Proposition 4.3.5. Then
the group Jac(C)(R(x)) has no antineutral torsion point.

Proof. Using Proposition 3.2.1, we check that no 8-torsion point is antineutral (for
a computation of the 8-torsion subgroup, see the proof of Proposition 4.3.5). O

5. Simplifying some Mordell-Weil rank computations
5.1.  An application of the Lang—Néron theorem

THEOREM 5.1.1 (Lang, Néron). Let k be a field. Let F be the function field of a
variety defined over k. Let A be an abelian variety defined over F. We assume that
no abelian subvariety B of A can be obtained by extension of scalar from an abelian
variety defined over k and of dimension at least 1. Then the group of rational points
A(F) is finitely generated.
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Proof. See [17, Theorem 4.2]. O

COROLLARY 5.1.2. Let B and C be two elements of R(x). Let C be the hyperelliptic
curve defined over R(x) by the affine equation

2+ @+ D+ CE) W+ (1+ C?)y? + B(z?)) = 0.

We assume the polynomials B(z?), C(2?), C(2?)(B(2?) — C(2?)), B(z?) — C(2?),
(B(2?) — C(z%*))(1 — C(2?)) and (1 + C(2?))? — 4B(2?) are not squares in C(z).
Then the abelian group Jac(C)(C(x)) is finitely generated.

Proof. No abelian subvariety A of Jac(C) of dimension at least 1 can be defined
by extension of scalar from an abelian variety defined over C. In fact, if such a
variety did exist, then the 2-primary torsion subgroup of A(C) would be a set of
infinite order (since C is algebraically closed) and we would have a contradiction
with Corollary 4.3.5. Thus the hypotheses of Theorem 5.1.1 are satisfied. O

5.2.  Involutions and Mordell-Weil rank

The group of rational points of a given Jacobian variety defined over a field k
can be computed using divisor class groups of function fields. For the convenience
of the reader we recall the definition of the divisor class group Pic(F/k) of a given
function field F/k.

NoOTATION 5.2.1. We use notation and definitions from [28]. Let k& be a character-
istic 0 field. Let F' be a function field of full constant field % (i.e., a finite extension
of k(a) for some transcendental element v € F such that k is algebraically closed
in F). Denote by M/, the set of places of F/k.

We denote by Div(F/k) the group of divisors of F/k, i.e. the free abelian group
generated by Mg/, and by Div'(F/k) (or Div?(F)) the subgroup of divisors of
degree 0 of F/k, i.e. the subgroup of divisors

Z npP € Div(F/k) such that Z np = 0.
PeEME/k PeEMFp/k

When F/k is a function field and f is an element of F', we denote by divp/(f)
the principal divisor

associated to f. We denote by Pr(F/k) the group of principal divisors of F/k, by
Pic(F/k) the quotient group Div(F/k)/Pr(F/k), and by Pic’(F/k) (or Pic’(F))
the quotient group Div’(F/k)/Pr(F/k).

LEMMA 5.2.2. We use the notation above. Then the order of the 4-torsion subgroup
of Pic°(F/k) is finite.

Proof. The field F' is the function field of some geometrically integral smooth pro-
jective curve D defined over k. Since Pic’(F/k) can be injected in Jac(D)(k), Lemma
5.2.2 follows from the finiteness of the order of Jac(D)(k)[4]. O

NOTATION 5.2.3. Let F' be a function field with full constant field k& and let F5 be
a finite extension of F' with full constant field k2. When p is a place of F/k, we
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denote by Cnp,/p(p) the divisor Ze(PhJ)P € Div(Fy/ks). By linearity we get a
homomorphism Plp

Cnp,/p @ DiV(F/k) — Div’(Fa/k).

The homomorphism Cnpg,,r induces a group homomorphism CNg,,r from the
quotient Pic’(F/k) to the group Pic®(Fy/ks).

When p is an automorphism of a field F, we denote by F* the subfield of
p-invariant elements of F'.

PROPOSITION 5.2.4. Let k be a characteristic O field. Let P(T) € k[T] be a noncon-
stant polynomial and let H be the hyperelliptic curve defined over k by the affine
equation 2z + P(y) = 0. Denote by ¢ : k(H) — k(H) the hyperelliptic involution.
Let p : k(H) — k(H) be an involution distinct from the identity map and from
t. We assume that the two involutions ¢ and p commute.

Then the homomorphism ¢ := 4o (CNk(H)/k(H)wp X CNk(H)/k(H)p) has a finite
kernel and its image contains 2Pic’(k(H)/k).

Proof. We divide the proof into four steps.

Step 1. Let p be a place of k(H)P. Since k(H)/k(H)? is a degree 2 Galois extension
with Galois group {Id, p},

1. for every place P above p the ramification indexes e(P|p) and e(p(P)|p) are
equal (see [28, Corollary II1.7.2]);

2. p induces a bijection from the set of places above p into itself.

In particular every element of the image of Cny(s) k(e is p-invariant.

Step 2. Let D be a divisor of k(H)” such that Cny(zg) /rr)e (D) = divieg i (f) for
some function f € k(H). Following Step 1, the divisor Cny ) k) (2D) is equal
to
Crgry sirye (D) + p(Crgergy jrerye (D)) = divigagy i (fo(f))
= Oy 0y /(e (diviergye ke (£p(£)))

The injectivity of Cny(p) /krye gives 2D = divi(ye ke (fp(f)). This shows that the
kernel of C' Ny, 3)/x(#)e is included in the 2-torsion subgroup of Pic’ (k(H)? /kP).

Step 3. Notice that Step 1 and Step 2 are still true when p is replaced by ¢ o p. Let
(ap, aop) be an element of Ker(yp). Then C'Nyrg) /i(ryron(@iop) = —C Nir) /(r)e(tp)
is t-invariant (since it is both p-invariant and ¢ o p-invariant; see Step 1). Thus its
order is at most 2. Applying Step 2 for 2c, and 2«,., together with Lemma 5.2.2,
we show there are only finitely many choices for o, and ;o).

Step 4. Let D be a degree 0 divisor of k(H)/k. Then D + p (D) is in the image of
Cniry si(rye and D+ o p (D) is in the image of Cny ) /k(#)eor - In particular the
linear equivalence class of D + p (D) + D + v o p (D) is in the image of ¢. Since
p (D) + top (D) is principal, the image of ¢ contains the linear equivalence class
of 2D. O
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LEMMA 5.2.5. Let D be a smooth projective geometrically integral curve defined
over R(x). Assume that D has a C(x)-point. Then the following inclusions hold:

2Jac(D)(R(z)) C Pic®(R(z)(D)) C Jac(D)(R(z)).

Proof. Let D' := D Xg(,) C(z) be the complexified of D. Denote by ¥ the
Galois group Gal(C(z)/R(x)) = Gal(C/R). Following Lemma 3.1.1 we have an
exact sequence

5

0 — Pic(R(z)(D)) —— Pic(C(x)(D"))® —>> H(S,C(x)(D')* /Clz)*).

Using p* we identify Pic(R(x)(D)) with a subgroup of Pic(C(z)(D’))*. The ex-
ponent of H(3,C(x)(D')*/C(x)*) is 2. Thus ker(d) = Plc(R( )(D)) contains
2Pic(C(z)(D'))*. To conclude we notice that Jac(D)(R(x)) = Pic®(C(z)(D'))*. O

PROPOSITION 5.2.6. Let P(T) € R(x)[T] be a nonconstant polynomial and C be
the hyperelliptic curve defined over R(z) by the affine equation 2% + P(y*) = 0.
Assume that C has a C(x)-rational point and that Jac(C)(R(x)) is finitely generated.
Consider the two following R(x)-hyperelliptic curves

Ct:t* +sP(s)=0 and C :B*+ Pa)=

Then the Mordell-Weil rank of Jac(C)(R(x)) is the sum of the Mordell-Weil ranks
of the groups Jac(CT)(R(z)) and Jac(C™)(R(x)).

Proof. Apply Lemma 5.2.5 for C, C* and C™, and Proposition 5.2.4 to the involution
p :R(@)(C) — R(z)(C), Ay, z) — A(—y, 2). O

PROPOSITION 5.2.7. Let k be a characteristic 0 field and f(z,y) € k(x)y] be a
polynomial of odd degree in y. Denote by C the hyperelliptic curve defined over
k(z) by the affine equation 22 = f(x2,y). For each § € k(z)* denote by Cs the
k(z)-hyperelliptic curve given by the affine equation t*> = odee, () ¢ (x, %) Then
the Mordell-Weil rank of Jac(C)(k(x)) is the sum of the Mordell-Weil ranks of
Jac(Cy)(k(x)) and Jac(Cy)(k(x)).

Proof. Apply Proposition 5.2.4 to the the involution of k(z)(C) preserving k, y and
z, and sending x to —x. O

5.3. A 2-descent
5.3.1.  The application of a result of Christie

PROPOSITION 5.3.1.1. Let ko be a subfield of C. Let f € ko(x)[y] be a squarefree
polynomial of odd degree and C be the hyperelliptic curve defined over ko(x) by
the affine equation 2% = f(y). We assume that the 2-primary torsion subgroup of
Jac(C)(C(x)) is finite. Then Jac(C)(C(x)) is equal to Jac(C)(K (x)) for some finite
extension K of k.

Proof. For every C(z)-point P of Jac(C) denote by Kp the smallest subfield of C
containing ko and such that P is defined over Kp(z). If Kp is not a finite extension
of ko, then Kp is a finite extension of ko(t1,...,t,) with ¢1,...,t, algebraically
independent over kg. In that case, by specializing tl, ..., t, over C, the point P gives
uncountably many C-points of Jac(C). This is a contradiction because Jac(C)(C(z))
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is finitely generated (as in the proof of Corollary 5.1.2, apply Theorem 5.1.1). Thus
K p is a finite extension of k.

The group Jac(C)(C(z)) is generated by a finite family (P;)7_; (see Corollary
5.1.2). The smallest subfield K of C containing all the fields Kp, is a finite ex-
tension of ko and the group Jac(C)(K (x)) contains all the points P;. In particular
Jac(C)(C(x)) and Jac(C)(K (x)) are equal. O

For a better understanding of the field K defined by Proposition 5.3.1.1, we use
the following result of Christie.

PROPOSITION 5.3.1.2 (Christie [9]). Let T be a finite group and A be a finitely
generated free abelian group on which T' acts. Assume the triviality of the action
of I on A/2A. Then A has a basis (a;)!_, such that 7(a;) € {—ai,a;} for every
Tel.

PROPOSITION 5.3.1.3. Let k be a subfield of R. Let f € k(x)[y] be a polynomial of
odd degree 2g + 1. Let C be the hyperelliptic curve defined over k(x) by the affine
equation z? = f(y). Denote by J the Jacobian variety associated to C. Assume that

1. the 2-primary torsion of J(C(x)) is finite, and
2. the action of Gal(C/k) on J(C(x))/2J(C(x)) is trivial.
For each d € k* denote by C4 the hyperelliptic curve defined over k(zx) by the affine

equation z* = d*9T1 f(4). Then the Mordell-Weil rank of J(R(x)) is 0 if and only
if for every positive element d € k* the k(x)-Mordell-Weil rank of Jac(Cq) is 0.

Proof. Since the 2-primary torsion subgroup of J(C(z) is finite, Corollary 5.3.1.1
asserts the existence of a finite extension K of k such that J(C(z)) = J(K(z)). The
Galois group T' := Gal(K/k) is finite. Following Theorem 5.1.1, the free abelian
group A := J(K(z))/J(K(z))tors is finitely generated.

Let o be the complex conjugation. Since the group I' := Gal(C/k) contains o, the
actions of I' and o commute (use Proposition 5.3.1.2). Thus I" acts on the subgroup
A7 of og-invariant elements of 4. The action of ' on A/2A4 is trivial. The quotient
A being a free abelian group, the intersection A2 N2A4 is equal to 2.47. This implies
the triviality of the action of T on A7 /2.A°.

Assume that the Mordell-Weil rank of J(R(x)) is different from 0. Applying
Proposition 5.3.1.2 to A° and I' we obtain a basis (a;)!_; of A such that
7(a;) € {—ai,a;} for every 7 € T'. Let P; € J(K(z)) be an element in the class a;.
Let m be the exponent of J(K (z))tors- The point mP; is fixed by a subgroup I'; of
T of index at most 2. The field K¢ of elements in K invariant under the action of
I'; is an extension of k of degree at most 2, i.e. is equal to k(y/d;) for some d; € k*.
Since o belongs to I';, the field k(1/d;) is contained in R. In particular d; is positive.

IfT'; =T, then mP; is an element of J(k(z)) = Jac(C1)(k(x)) of infinite order.
Assume the existence of 7; € T" such that 7;(a;) = —a;. Then d; is not a square in k.
The degree of f being odd, the curves C and Cy4, have a k(z)-rational point above
the point at infinity of P'. Applying Proposition 5.2.4 for the involution 7; we get
the existence of an element of infinite order in Jac(Cy1)(k(z)) x Jac(Cq,)(k(2)).

Conversely, when for some positive element d € k* the group Jac(Cq)(k(x)) has
an infinite order element P;, a change of variable over k(+v/d) sends P to an infinite
order element of Jac(C)(k(v/d)(x)) C Jac(C)(R(x)). O
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5.3.2. A first study of the image of m¢
Let k be a characteristic 0 field. For each monic polynomial P(y) € k(z)[y] denote
by Kp the algebra k(z)[y]/(P(y)) and by yp the class of y in Kp.

Let f € k[z][y] be a squarefree monic polynomial of odd degree and let C be
the hyperelliptic curve defined over k(x) by the affine equation 22 = f(y). Let
f(y) = Il,c7mu(y) be the decomposition of f(y) into monic prime elements of
k(z)[y]. For each | € I we assume that 1; belongs to k[z][y]. Let f’(y) be the usual
derivative of f(y). For each index | € I denote by Tj the class f'(yu,) of f'(y) in

Ky, = k(@)[yl/(u(y))-

PRrROPOSITION 5.3.2.1. We use the notation above. Let | be an element of I. We
consider a semi-reduced divisor div(u,v) € Div’(k(z)(C)) such that u is coprime
to f.

Then the finite places of K,,, at which u(y,,) has odd valuation are in the support

Suppg, (11) of div(Th).

NoTATION 5.3.2.2. We use the notation of Proposition 5.3.2.1. Let u = ]_LelpZ
be the decomposition of u into monic prime elements of K, [y] (it exists since u is
monic). Consider an index 7 € I. Denote by K, ,, the field K,,[y]/(pi(y)) and by
Yp, the class of y in K, ;.

LEMMA 5.3.2.3. We use Notation 5.3.2.2. We consider a finite place p of K, such
that vy (pi(yy,)) # 0. If P is a place of K, ., above p such that vp(T;) = 0, then
the valuation vp(yp, — yu,) is even.

Proof. Assume that vp(yp, — y,,) is nonzero (if vp(yp, — y,,) = 0 the result is
straightforward). From our hypotheses we know the coprimality of p; and f. Follow-
ing the definition of the Mumford representation we have f(y) = v(y)? mod p;(y).
In particular vp(f(yp,)) is even. Since py(y) divides f(y), the element f(y,,) is
equal to 0. Taylor’s formula gives

F@9) = Goe = v (T + (o = ) 29+(QZ —u)’))

where f; € K, satisfies vy (f;) > 0 (because f € k[z][y]). Lemma 5.3.2.3 is obtained
by applying the parity of vp(f(yp,)) and the parity of

vp (Tl + (yp, — y,” ( Z FiYp: = Ypu) ))

(which is equal to either vp(17) or vp((yp, — ym) 9); use the triangle inequality) to
equation (1). O

Proof of Proposition 5.3.2.1. We use Notation 5.3.2.2. Let p be a finite place of K,
at which p;(y,, ) has odd valuation. Assume that v, (7}) is equal to 0. For each place
P of Kp, ,, above p, the valuation vp(T;) = e(P|p)v, (1) is equal to 0. Following
Lemma 5.3.2.3, for each place P above p, the valuation vp(yp, — y,,) is even. A
classical computation shows that vy (NKMM/KM (Yp: — Yy, )) is equal to

Z f('PhJ)’UP(ypl - yuz)

‘P place of Ky, ,, above p
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(see [30] for the Dedekind rings case). Thus v, (pi(y,,)) is even. This contradicts
our choice for the place p. O

5.3.3.  The action of the Galois group modulo the doubles

Let k¥ C R be a field and C be a hyperelliptic curve over k(z) such that the
2-primary torsion of Jac(C)(R(z)) is finite. To compute the Mordell-Weil rank
of Jac(C)(R(x)), we want to do a 2-descent by applying Proposition 5.3.1.3. The
hypotheses of Proposition 5.3.1.3 are not satisfied in general. Proposition 5.3.3.1
gives conditions on C under which Proposition 5.3.1.3 can be applied.

PROPOSITION 5.3.3.1. Let k be a subfield of R. Let f(y) € klz][y] be a squarefree
monic polynomial of odd degree 2g + 1. Denote by C the hyperelliptic curve defined
over k(z) by the affine equation 2> = f(y). We assume the existence of 2g elements
e1,...,e9-1,H of k[z] and the existence of a polynomial p(y) € k[z][y] of degree 2

such that
2g—1

fy) = p) ] - He).
i=1

We also assume:

o the discriminant A(f) of f(y) splits into linear factors over k,

o the discriminant A(p) of p is equal to H*Q*D with D € k[z] a polynomial of

degree 1 and Q € klx],

o A(f) = Q%*Q1 with Q1 € k[x] coprime to Q, and

e D(«) is a square in k for every root a € k of H.
Denote by L the algebra C(z)[t]/(f(t)). Let me : Jac(C)(C(z)) — L*/L*? be the

morphism defined by Proposition 4.2.1. Then the action of Gal(C/k) on the image
of me is trivial.

LEMMA 5.3.3.2. We keep the notation and hypotheses of Proposition 5.3.3.1. We
assume that p is irreducible. We denote by K, ¢ the algebra C(x)[y]/(u(y)) and by
Yu the class of y in K, c. We denote by s the element % Then the minimal
polynomial of s over C(xz) is y*> — D(x). Thus Clx,s| is a unique factorization
domain and its fractions field is K, c.

LEMMA 5.3.3.3. We keep the notation and hypotheses of Lemma 5.3.3.2. Let o € k
be a root of the resultant Resr(f'(T), u(T)) such that Q(«) # 0. Let 8 be a prime
element of Clz,s] such that Nk, ./c@)(8) = Mz — ) for some constant A € C.
Then the valuation vg is invariant under the action of Gal(C/k).

Proof. Since it belongs to Clz, s|, the element  can be written as 8 = S1s + 5o
with o, 1 € C[z]. The degree of D is 1 and A(z — ) is equal to Ne(a)(s)/c(2) (8) =
B35 — 33D. Thus (B and (3 are in C and 33 = $7D(a). Lemma 5.3.3.3 is proven by
noticing that if D(a) is a square in k then A3 belongs to k[z, s] for some A € C*.
The resultant Resr(f'(T), u(T)) is equal to A(u) Hfﬁ;l w(He;) with A(p) =
H2Q?D. Hence o is either a root of H or a root of D or a root of [[-7;" u(He;). If
« is a root of H or a root of D, then D(«) is a square in k. Assume H(«) # 0 and
w(He;)(e) = 0 for some index i. Applying Taylor’s formula to u(T) at He; we get

w(T) = (T — He;)* + (T — He;)y' (He;) + p(He;).
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From this equality we deduce A(y) : it is equal to (u/(He;))* — 4u(He;). In partic-
ular,

D(a) = Ap) () :<u'(Hei)(a))2

(H(a)Q(a))?

is a square in k. O

LEMMA 5.3.3.4. We keep the notation and hypotheses of Lemma 5.3.3.2. Let o € k
be a root of Q and 3 be a prime element of C[x, s| such that Nk, ./c(2)(8) = Mz—a)
for some constant A € C*.

Let div(u,v) € Div®(C(x)(C)) be a semi-reduced divisor with u coprime to f and
let o be an element of Gal(C/k). Then the valuation vg(u(y,)o(u(y,))) is even.

Proof. The polynomial ;1 admits y,, as a root in K, ¢ and is totally split over K, c.
Denote by ¢ the unique C(z)-automorphism of K, ¢ = C(x)(y,) sending y,, to the
other root of p. Since Bu(3) = Nea,s)/c(z)(B) = Az — a), the set of prime factors
of N(z — ) is {3, ¢(8)}. Thus, x — a being o-invariant, the sets {o~(3),0 L ou(3)}
and {3, (0)} are equal. When vg = v,-1(g) the result is straightforward.

Assume that v,-1(5) = v,(3) = v,-1(g). Since it divides @ the polynomial
f'(He;) is coprime to & — a. Following Proposition 5.3.2.1 this implies the par-
ity of the valuations v, (u(He;)) and vg(u(He;)) = e(fle — a)vp—a(u(He;)).

Denote by K, ,,c the algebra K, c[y]/(u(y)). By definition of the Mumford rep-
resentation,

2g—1
F@) =w-vu)y—tly) [[ - Hes)
i=1
is a square modulo u. In particular the valuation at § of
2g—1
Ny e/Ke (F @) = u(y)u(u(y,)) [ u(Hes)
i=1

is even. Since vg(u(He;)) is also even, we get the parity of vg(u(y,)u(c(y,)). This
is enough to conclude because v,-1(g) = v,-1(g)- O

Proof of Proposition 5.3.3.1. For every prime factor p € C[z][y] of f denote by K,
the field C(x)[y]/(p(y)) and by y, the class of y in K, c. Under the hypotheses of
Proposition 5.3.3.1 the field K, ¢ is the fraction field of a unique factorization
domain O, ¢ (see Lemma 5.3.3.2).

Let div(u,v) € Div®(C(z)(C)) be a semi-reduced divisor with u coprime to f, let
p be a prime factor of f and let o be an element of Gal(C/k). We prove that the
class of u(y,)o(u(yy)) in K, is a square. Since every element of O = C* is a
square and since Oy, ¢ is a unique factorization domain it is sufficient to show that

va(u(yp)o(u(yy))) is even for every prime 8 € O, c.

Assume the existence of a prime element 5 € O, ¢ such that vg(u(y,)o(u(yy))) =
v3(u(yp)) +vo-1(5)(u(yp)) is odd. Eventually replacing 3 by o~*(3) we can assume
that vs(u(yp)) is odd and that v,-1gy(u(y,)) is even. Following Proposition 5.3.2.1
the norm Ng . /c(x)(8) is a divisor of N, ./c(2)(f' (yp)) = rvesr(f'(T),p(T)). In
particular Nk, ./c(x)(8) divides A(f). Since A(f) splits into linear factors over k
the norm Nk, . /c(2)(8) is equal to A(z — «) for some A € C* and some « € k.
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Case 1: if the degree of p is 1. Then [ is equal to A(x — «). In particular the
valuations vg and vs(g) are equal. This is in contradiction with the definition of 3.

Case 2: if p = p is an irreducible polynomial of degree 2. Then we apply Lemma
5.3.3.3 and Lemma 5.3.3.4. O

COROLLARY 5.3.3.5. We use Notatz'on 2.1. We assume that the elements n, w, p,
w?—n?, 2b1 —24w?—n?, (w2 —n* — 2) 47] (w? —n?) —4w2 (w? —n? — 1)2—4772,
2y +w?—n2—1, b2 —n2 and (by — 1)> —w? are nonzero. For each § € k(x)* denote
respectively by C;’ and Cy the two following k(x)-hyperelliptic curves:

Cf 122 =yly —0)(y — 6C(2))(y*> — 6[1 + C(a)]y + 6°B(x)) and

Cs 2" =y(y® = [(1 - C(2))* = 2(B(z) — C(a))ly + 6*[B(z) — C(x)]*).
Then the R(x)-Mordell-Weil rank of Jac(C) is zero if and only if for every positive
element ¢ € k* the k(x)-Mordell-Weil ranks of JaC(CZr), JaC(CZ;), Jac(C;) and
Jac(C¢,) are zero.
Proof. Following Proposition 5.2.6, the Mordell-Weil rank of Jac(C)(R(x)) is the
sum of the Mordell-Weil ranks of Jac(C*)(R(z)), Jac(C™)(R(z)) with

Ct: 2 =a(a—1)(a—C@?) (o = [1+ C(a?)]a + B(a?)) ,

T =a(e® - [(1-C?)® - 2(B(e?) - C(@?)]a + (B(z?) - C(2?))?) .
Applying Proposition 5.2.7 to C* and then to C~ we show that the R(z)-Mordell-
Weil rank of Jac(C) is zero if and only if the groups Jac(C; ) (R(z)), Jac(C})(R(z)),

C; (R(x)) and C; (R ( )) are finite. To prove Corollary 5.3.3.5 we apply Proposition
5.3.1.3 to C;, C;, C; and C;; we check the hypotheses of Proposition 5.3.1.3 by

x

using Propomtlon 5.3.3.1 and Proposition 4.3.5 (to apply it, use the results from
subsection 5.2). O

5.4. Richelot’s isogenies

PROPOSITION 5.4.1. Let K be a characteristic O field. Let J and J be two abelian
varieties defined over K. We assume that J(K) is ﬁmtely generated. We assume

the existence of two isogenies p : J — J and § p: J — J such that pop=[2]7
and o @ = [2];. Then the K-Mordell-Weil rank of J is zero if and only if

J(K)/B(I(K)) = J(K)wors/G(T(K))  and  J(K)/o(J(K)) = (K )sors/(J(K)).
NOTATION 5.4.2. We consider the following data:
e a characteristic 0 field k;

e a monic squarefree polynomial f € k[z][y] with odd degree;

e a decomposition f = H P;(y) of f into prime elements of k(z)[y].
i=1
Let H be the hyperelliptic curve defined over k() by the affine equation 22 = f(y).
We denote

e by K; the field k(x)[y]/(P;(y)) and by y; the class of y in Kj;
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e by my : Jac(H)(k(z)) — [[i_, K;*/K;** the morphism obtained by applying
Proposition 4.2.1 to H;
e by mi: Jac(H)(k(x)) — K/K? the ith coordinate of 7.
The norm map N, k() associated to the field extension K;/k(x) induces a
homomorphism Ny, gy @ K /K* — k(z)* /k(z)*?. We denote by Zy; the
composite map N, /j(2) © Tr,i- We denote by

Zpe : Jac(H) (k(2)) — [ k(x)" /k(z)**
i=1

the homomorphism with ith coordinate 3 ; (for i € {1,...,7}).

THEOREM 5.4.3. We use Notation 2.1. We assume the hypotheses of Corollary
5.3.3.5 are satisfied. For each § € k(x)* we consider the hyperelliptic curves C;r,

(/3\;’, Cys , (/3\5_ defined over k(zx) by the affine equations

g;r c 22 (y + 5(1+2C($)))(y2 _ (5(1—20(90)))2) (y2 _ 52[(1+C(ri)2—43(m)])
Ci 2= (y+6(1+C()))(y* — 46°B(x))(y* — 46°C(x))
Cs 22 =y(y? = 9[(1 - C(2))? = 2(B(z) — C(2))]y + 6*(B(z) — C(2))?)
G 22 =y (y+ 001~ C(@)) (y + 81— C(@))? — 4(B(x) — C@))]) .
We use Notation 5.4.2 for H € {C(;_,CAE,C;,CA;} with:
o PP=y when H=Cy 07"7‘(2(/3:;;
o P1=y+5(1+27c($)), Pzzy—w, Py=y+
and Py = y* — 52[(1+C($4)1)274B($)] when H =Cy ;
o PL=y+6(1+C(x)), Py =y*—46°B(x), Py = y*> — 46°C(x) when H = C; .

If for every positive element ¢ € k* the images of the eight homomorphisms

6(1-C(=))
2

(1]

—
—

Ecg,lvEcgz,lv Co. 1 =Cr, v =Ch =Ct
3
M i= (Ecg’l,EC?,Q.EC?B,EC?A) Jac(Cl) — [[ k(@) /k(@)*>  and
i=1
3
— (= = = = . + 2
HCZ-Z = (chfwl,HCS-WQ.HCS-W?),HCS-ZA) : JaC(C@) — l—Ilk(x)X/k(x)x
i

are respectively the images of the k(x)-rational torsion subgroups of
C;,Cc,,Co,Coyy Jac(CY), Jac(Cly), Jac(Cl) and Jac(CL),
then the R(xz)-Mordell-Weil rank of Jac(C) is zero.

Proof. Following Corollary 5.3.3.5, Jac(C)(R(x)) is finite if and only if for every
positive element ¢ € k* the groups C. (k(z)), Cc,(k(z)), Jac(Cg’)(k(x)), and
Jac(CZ;)(k(x)) are finite (notice that even if the curve Cj is not given by the
same equation as in Corollary 5.3.3.5, both curves are isomorphic over k(z)).
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There is an isogeny (3 Jac(C;) — Jac(C}) of degree 2 (a Richelot isogeny)
such that ker(HC;) = @y (Jac(C ;)( (z))) (with @F the dual isogeny of ) and
ker(ECA;f) = pf (Jac(CS)(k(z))) (see [8, chapters 9 and 10]). Applying Lemma 5.4.1
to ¢ we get that Jac(C;)(k(z)) is finite if and only if the images of I+ and
ECA; are respectively the images of the torsion subgroups of Jac(C;)(k(z)) and
Jac(Cy ) (k(x)).

In the same way, applying Lemma 5.4.1 to a well-chosen 2-isogeny ¢y

C; — CA_ (see [27, sections III1.4 and II1.5]), we show that Cy (k(x)) is finite if and
only if the images of = Se; and ZEz- are respectively the images of the torsion sub-

groups of C; (k(x)) and’ Cj (k(z)). O

6. Checking the triviality of the Mordell-Weil rank

In this section the class in k(z)* /k(x)*? of a given rational fraction o € k(z)*
is denoted by [a].

PROPOSITION 6.1. We use Notation 5.4.2. For each couple i,j € {1,...,r} of
integers such that j # i, we denote by d; ; the rational fraction

dj = GCd(NK Jk(z) ( HPk ) Nk, /k(m)( HPk ))

k#j

Then each element of the image of =y is a class
(|:H/1‘17j:|7"'7 [HMT7]:|)
#1 J#r

for some family (i j)1<i<r, j#i of squarefree elements of klx] such that p;j = pj,
and such that the prime factors of p; ;j are prime factors of d; ;.

Proof. Let 8 be an element of Jac(H)(k(z)) and let div(u,v) be a semi-reduced
divisor on the curve H with linear equivalence class . Following Proposition 5.3.2.1,
the norm Ny, /() ((—1)2°8u(y;)) is equal to 37 [lxcr, Pik where B; € k(x)* and
pik € k[z] are irreducible polynomials appearing in the decomposition of the norm

Nric, /i) (f' (i) = Nk, jo(a) (P[ (yi) HPj (yi))
i
into prime factors. Denote the product [], . 1, Pik DY ;.
For p; ; we take Ged (a;, a5); the leading coefficient of p; ; can be chosen such
that o; and [ ot Mg have the same leading coefficient. Following Proposition 4.2.1

the product [],_, Z3,:(3) is the identity element of k(z)* /k(z)*?2. In particular for
every prime p we have

T
vp(Haj) = v, () mod 2 and thus UP(HNiJ) = v, (a;) mod 2
J#i J#
(notice that ; and «; are squarefree). This implies that [] i i = ~v2q; for some
v € k(x)* (because a; and [];,; pi,; have the same leading coefficient). In other
words E3,;(3) is the class of [, pi ;. O
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NOTATION 6.2. Let P be a place of k(x) and Op be the associated valuation ring.
Let a, 8 be elements of OF. The element « is equivalent to 4 modulo P and modulo
squares (and we write a ~ 3 mod P) if there is v € Op such that o and 3 are
congruent modulo P.

NOTATION 6.3. Let k be a characteristic 0 field. Let A be an element of k(x).
Denote the algebra k(x)[T]/(T? — A) by K and the class of T in K by t. Let P be
a place of k(z), Op be the associated valuation ring, vp be the valuation at P, and
p be a local parameter at P.

PROPOSITION 6.4. We use Notation 6.2 and Notation 6.3. We denote by A the
element p~"?MA € OF. Let u := uo(y?) + yui(y?) € k(z)[y] be a polynomial.
Denote by a the element p~"P Nx/x@ WO Ny (u(t)) € OF. Assume that vp(A)
15 odd.

L. If vp(Nk/kz)(u(t))) is even, then oo~ 1 mod P ;
2. if vp(Ng k() (u(t))) is odd, then o ~ —~Amod P and

vp(A)+1
PEIEL | (4)) < wpuo(4). 2
PROPOSITION 6.5. We use Notation 6.2 and Notation 6.3. We assume
e that the valuation vp(A) is even;
o that p~ 'Y A is not a square in the residual field Op/P.
Then, for every polynomial u € k(x)[y], the valuation vp(Ng k) (u(t))) is even.
PROPOSITION 6.6. We use the notation and assumptions of Theorem 2.5 and

the notation of Theorem 5.4.3. Let ¢ > 0 be an element of k and § be either ¢
or Cx. Then the image of Ecg,l = 56572 18 trivial.

Proof. For a more detailed proof, see [22, Propositions 6.2.5 and 6.2.6].

Let (o, 8) be a k(x)-point of the curve Cy . Following Proposition 6.1, the image
Ecg,1(av 3) is the class in k(z)* /k(x)*? of a squarefree divisor u of §(B — C).

We apply Proposition 6.4 with P the infinite place of k(x),
21 -0)((1-0)?—-4(B-C))
N 4
S(1-C)2—=2(B-0))

5 .

Since ¢ and the leading coefficient of (1 — C)? — 4(B — C) are positive, and since

— deg(A) + 1 5(1—C)2—2(B-C))
)

A:

and u(y) =y —a+

Proposition 6.4 implies that p is monic with even degree (use inequality (2) to study
a and notice that aNg i) (—u(t)) is a square in k(x); here K and ¢ are defined as
in Notation 6.3).

Let 0,v € k[z] be two coprime polynomials such that o = ui—i. The equation of

C; gives the existence of v € k[x] such that
= 126" — 5[(1 — C(2))? — 2(B(x) — C(a))Ju6*6? + 8% (B(x) — C(a)) .
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Reducing modulo 1 — C we get that either
pw~1lmod(1-C) or p~—§B—C)mod (1-C). (3)

When (4, 1) = (¢, B—C') the first relation contradicts hypothesis (1) and the second
relation contradicts the positivity of (. Thus, when § = (, the polynomial y is equal
to 1.

From now we assume that 6 = (x. A reduction at x similar to the reduction at

1 — C gives the relation ==y ~ ¢v=(#) mod 2. When pu = B — C this relation
contradicts hypothesis (11) (with ny = 1 and ny = n3 = 0; see Assumption 2.4).
When p ¢ {1, B—C},

e the relation u ~ 1 mod (1 —C) contradicts either hypothesis (2) or hypothesis
(3);

e the equivalences i ~ —6(B — C) mod (1 — C) and ¥y ~ (V=) mod =
can be written as two equations with solutions in & (see Notation 6.2); tak-
ing the product of those two equations we get a contradiction with either
hypothesis (4) or hypothesis (5).

In particular, equivalences (3) show that the case u ¢ {1, B— C} does not happen.
|

PROPOSITION 6.7. We wuse the notation and assumptions of Theorem 2.5 and
the notation of Theorem 5.4.3. Let ¢ > 0 be an element of k and & be either ¢
or Cx. Then the image of Eﬁg,l is the subgroup of k(x)*/k(x)*? generated by
Ec}f’l(—d(l —(C)%,0) and Egg’l(o, 0).
Proof. For a more detailed proof, see [22, Propositions 6.3.5 and 6.3.6].

Let (o, 8) be a k(x)-point of the curve C; . Following Proposition 6.1, the image
E@; (o, B) is the class in k(z)* /k(z)*? of a squarefree divisor y of

s1-0)(1-0)—4B-C0)).

Since [—0] = Eg- | (=6(1 - C)2,0) and [(1-C)? —4(B-0)] = Eg-1(0,0), we can
assume without loss of generality that p divides 1 — C.

Write B — C' = pi1p2 with p; € k[x] of degree 1. Using a specialization at p;
(analogous to the specialization at 1 — C' in the proof of Proposition 6.6) we show
the existence of m; € {0,1} such that

i~ (=8)™ mod p; (4)

When u is a constant. Equivalences (4) prove Proposition 6.7:
e when 6 = (, we have either p € kX2 or —6u € kX2, that is,

ne Ec}*,l(_é(l - 0)270) ;

e when 6 = (z, hypothesis (11) implies that p is a square in k& (consider the
product of the two equations in k given by equivalences (4)).

When p is divisible by 1 — C. Specializing at 1 — C' (as in the proof of Proposition
6.6), we show that —§(B — C) ~ 1 mod (1 — C). When 6 = ¢, this equivalence
contradicts the positivity of ¢ and (w? —7?)? — 4w?.
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We assume that § = (x. Taking the product of the two equations with solutions
in k given by equivalences (4) (see Notation 6.2) and using the value of ¢ given by
the equivalence —6(B — C') ~ 1 mod (1—C), we get a contradiction with one of the
hypotheses (1), (6), (7) or (8) O
PROPOSITION 6.8. We use the notation and assumptions of Theorem 2.5 and the
notation of Theorem 5.4.3. Let ( > 0 be an element of k and § be either ¢ or (x.
Then the image of HC; is generated by the images of the 2-torsion elements of
Jac(Cy ) (k(z)) under e+

Proof. For a more detailed proof, see [22, Propositions 6.4.7. and 6.4.8].

Let 8 be a k(x)-point of Jac(CZ’). We consider the polynomials f1; ; defined by
the application of Proposition 6.1 to C;’. Without loss of generality we can choose
the polynomials p;; such that p 4 is coprime to 0 and p112 = po4 = 1, ie. such
that

Zet (B) = ([11,301,4], [12,3], 101,302,313 4], [111,4123,4])-
Adding to 8 a 2-torsion point (if needed), we can assume without loss of generality
that

e /13 € kX is a constant,

® [14=¢€14 (x + b, + n)nl with €14 € k* and nq € {07 1},

e (23 € k[x] is a squarefree divisor of §(1 — C')(B — C), and

o pza = €342 (24 by —1+w)"? (x+by—1— w)"av=()
and ng,ng,ng € {0,1}.

with €34 € k>

To prove Proposition 6.8, we specialize the maps EC;’,i at different places of k(z).
The idea is to choose places P of k(x) such that the reduction of the polynomial
A+ C@)\ (2 (0L =C@)\?\/( o [0+ C(x)*—4B()]
(v+ )= ( ) ) (- )
2 2 4
at P is divisible by the square of a nonconstant polynomial.

As an example we can use the fact that y? — (w “isa square modulo

1—C. Since EC;J(ﬁ).EC;ﬁ(ﬁ) is the class in k(x)* /k(z)*? of the resultant

it (ot - (10D

for some polynomial u € k[z][y] of degree at most 2, we have either

p13psa~1mod (1 —C) or pisusa~3d(B—C)mod(1-C) (5)

(the second equivalence may happen in the case when R is divisible by 1 — C and
is obtained by noticing that Z+ 1(5).56;r 4(B) is also the class of 1 303,4).
In the same way, specializing the map

St 0Bt 550 4 Jac(CH)(k(x) — k(z)™ /h(x)*?

at each prime factor of B —C, we prove the existence of two integers ns, n5 € {0,1}
such that
p1ap1a ~0"C™ mod (x +b; —1+w) and

H1,3/1,4 ~ 5”41}1(5)071‘5 mod (1‘ +b; —1— UJ)

(6)
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(notice that the polynomial
( 2 (5(1 - O(x)))2>( o 02[(1+C(x))* — 4B(w)])
Yy —\—7/ 5 Yy -
2 4

is a square modulo B — ().

Taking the product of the two equations with solutions in k given by equivalences
(6), and using a sign argument, we show that n; = (n2 + n4)v,(6) mod 2.

Applying Proposition 6.4 we study the specialization of Ect, 4(B) at the infinite

place of k(x). We get

(772 _ w2)n1+n6vz(6)+n2+n4vm(5)61 1€3.4 € k‘2. (7)

Case (1): p1,4 and ps 4 are constants. Then ny, ny and ngv,(d) are equal to 0.
Taking the product of the equations with solutions in k given by equivalences (6)
we deduce from hypothesis (11) that ng = ns = 0. In particular equivalences (6
imply that p13p14 € kX2 Relation (7) gives pyqpsa € k2. Thus Hc; )

([1e1,3001,4], [p11,3443,4), [p01,403,4]) is the identity element.

~ =

Case (2): § = ¢ and p3.4 is not a constant. Since ny = (n2 + n4)v,(d) mod 2, the
polynomial 11 4 is constant. We have ps 4 = €34 (x + b1 — 1 +w). Taking products
of the equations with solutions in k given by equivalences (5), relation (7) and
equivalences (6) leads to a contradiction with either hypothesis (9) or hypothesis
(10).

Case (3): 6 = Cx and p11.4 € k™ but ps 4 is not a constant. Considering the product
of the equations with solutions in k& given by equivalences (6), we deduce from
hypothesis (11) that ny = no = ng = ny = ns = 0. Taking products of the equations
with solutions in k given by equivalences (5), relation (7) and equivalences (6) we
get a contradiction either to the positivity of ¢ and (w? — n?)((w? —n?)? — 4w?) or
to hypothesis (12).

Case (4): p1,4 is not a constant. Since ny = (n2 + nq)v,(§) mod 2, we have § = (x,
and ne and ny have a different parity. Taking the product of the equations with
solutions in & given by equivalences (5), relation (7) and equivalences (6), and using
a sign argument, we contradict hypothesis (13) (when ns is odd) and hypothesis
(14) (when nq is even). O

PROPOSITION 6.9. We use the notation and assumptions of Theorem 2.5 and the
notation of Theorem 5.4.3. Let ¢ > 0 be an element of k and § be either ¢ or
Cx. Then the image of = Ser is generated by the images of the 2-torsion elements of

Jac(Cé )(k(x)) under E Zer-

Proof. For a more detailed proof, see [22, Proposition 6.5.5].
Let 3 be a k(z)-point of Jac(C, ). Proposition 6.1 applies and asserts the existence

of
e 112 € k[z] a squarefree divisor of §((1 + C)? — 4B),
e (13 € k[x] a squarefree divisor of §(1 — C'), and
e (23 € k[x] a squarefree divisor of §(B — C)
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such that ECA; (6) = ([,ul,glul,g], [ﬂ1’2ﬂ2’3], [,ul’glug’g]). Addlng <y + 5(1 + C), 0> to
B (if needed), we can assume without loss of generality that p; o is a divisor of 0.

For each prime factor p of B — C, we deduce the coprimality of i sp2 3 and p
from hypothesis (11) (apply Proposition 6.5, with P the place with local parameter
p, to the study of E@;’g). In particular ps 3 is a divisor of 6.

Assume for now that ¢ is equal to (x. Applying Proposition 6.5 with A :=
5%2B and P the place with local parameter x (use hypothesis (15)), we show that
vz (p1,2p42,3) is even. In the same way, applying Proposition 6.5 with A := §2C and
P the place with local parameter x (use hypothesis (16)), we prove that v, (11 342,3)
is even. In particular the valuations v, (p1,2), vs(11,3) and v, (ue,3) have the same
parity.

Now suppose we are in the general case (so § may be different from (). Replacing
Hij by x~ ! ;5 (if needed) we can assume without loss of generality that p; » and
w23 are constants and that pq1,3 =€ or 13 = €¢(1 — C) for some € € k*.

Applying Proposition 6.4 with P the infinite place of k(z) to the study of
Eg+ 3 we show that iz 3 € k>*2. Moreover an application of Proposition 6.4 with
A :=46°B and P a place with local parameter one of the prime factors of B gives
pi 223 € kX2 Thus g opr 3 has the same class in k(z)* /k(x)*? as either 1 or
1-C.

Assume that p op1 3(1 — C) € k(z)*2. Let p be a prime factor of B — C. As in
the proof of Proposition 6.8, expressing the image ECA;& (ﬁ>E€;3(ﬁ> as a resultant

Res, ((—1)dcg<“>u(y), (y? — 46°B) (42 — 4520))

(where u(y) € k[z][y] is a polynomial) and noticing that (y? —46%B)(y? —46%C) is a
square modulo p and that C'is not a square modulo p, we show that the equivalence
p1.2p01.3 ~ 1 mod p holds. In particular n? — w? — 2w and 1? — w? + 2w are squares
in k (use the property p1 2u13(1 — C) € k(z)*?). This contradicts hypothesis (1).
As a consequence ECA; (ﬂ) = ([,LLLQILLL:;], [,LLLQILLQ,g], [ﬂl’gﬂg’g]) is the identity. O
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