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CHARACTER TABLE OF A BOREL SUBGROUP
OF THE REE GROUPS 2F(¢?)

FRANK HIMSTEDT anxp SHIH-CHANG HUANG

Abstract

We compute the conjugacy classes and character table of a
Borel subgroup of the Ree groups 2F,(2?"*+1) for all n > 1
and prove that these Borel subgroups are M-groups. We
determine the degrees of the irreducible characters of the
Sylow-2-subgroups of 2F;(22"*1) and show that the Isaacs—
Malle-Navarro version of the McKay conjecture holds for
2F4(2%"*1) in characteristic 2. For most of the calculations
we use CHEVIE.

1. Introduction

Let 2F;(q?) be the simple Ree group with ¢? = 2271 and n a positive integer. The
character table of 2F4(¢?) is known by work of G. Malle, see [16] and the character
table in CHEVIE [8].

In this paper we compute the (complex) irreducible characters of a Borel sub-
group B of 2Fy(¢?). Some of our methods are similar to those used by H. Enomoto
and H. Yamada in [5]. We construct most of the irreducible characters of B by
inducing linear characters from suitable subgroups. To calculate the values of the
remaining irreducible characters we use tensor products of characters, restrictions
of unipotent characters of 2Fy(¢?) to B and orthogonality relations.

We consider the character table of B as a starting point for the construction of
the irreducible characters of the maximal parabolic subgroups of 2F4(¢?). These
characters might be helpful in getting new information on the decomposition num-
bers and the degrees of low-dimensional representations of 2F4(¢?) in non-defining
characteristic along the same line as in [9] or [21].

We have implemented the character table of B as a generic character table in the
MAPLE [4] part of CHEVIE [8] and we use MAPLE-programs for restricting and
inducing class functions. The use of CHEVIE allows us to easily compute scalar
products of class functions and provides tests for the obtained character tables.
For calculations with elements of 2Fy(q?), we use computer programs written by
C. Kohler and the first author in GAP [6].

In [20], B. Szegedy has shown that the Borel subgroups of most of the classical
groups over finite fields of odd characteristic are M-groups, that means, all irre-
ducible characters can be obtained by induction from linear characters of suitable
subgroups. Our constructions of the irreducible characters of B imply that the same
is true for the Borel subgroups of 2F,(¢?).
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As an application of the character table of B we determine the degrees of the
irreducible characters of a Sylow-2-subgroup U of 2F4(¢?) and for every degree we
compute the number of irreducible characters of U with this degree.

Finally, we consider the McKay conjecture for 2F4(¢?). In [13] Isaacs, Malle and
Navarro reduce the McKay conjecture to a question about finite simple groups:
They show that every finite group will satisfy the McKay conjecture if every finite
non-abelian simple group is good. By counting characters of B and ?F4(q?) which
are fixed by certain automorphisms, we prove that the groups 2 F4(q?) are good for
the prime 2.

This paper is organized as follows: In Sections 2 and 3, we fix notation, state
some properties of 2Fy(g?) and give a short description of some conjugacy classes
of 2F;(g?). In Section 4, we determine the character table of the Borel subgroup B.
In Section 5, we prove that B is an M-group and determine the degrees of the
irreducible characters of the Sylow-2-subgroup U. Section 6 deals with the McKay
conjecture for 2F(¢?) in characteristic 2. Details on conjugacy classes and character
tables are given in an appendix. A CHEVIE file with the generic character table of B
is available from http://www.lms.ac.uk/jcm/12/1ms2008-001/appendix-a/.

2. Notation and group-theoretical properties of 2Fy(q®)

We choose the notation similar to that in [17] and [19]. Let V be a Euclidean
vector space with scalar product (-,-), let {e1,ea,e3,e4} be an orthonormal basis
of V and let ® be the set consisting of the 48 vectors

1
€, e +ej, §(ei+ej+ek+el),

where i, 7, k, 1 € {£1,£2,+3, x4}, ||, |4], |k, || are different and e_; = —e; for all 4.
The set ® is a root system of type Fj and the set A := {ry,ro, 73,74} with the
simple roots

rii=€eg—€3,Toi=€3 — €4, T3 =€4, 4 = %(61 —eg—e3—e€4)
is a basis of ®. We fix a total ordering on V' (and hence ®) as in [17, (3.1)]. The
positive roots are the simple roots r1, 79, r3, 74 and
T i=1T1+To, T :=To+ T3, "7 i=T3+T4, T8 : =11 +7r2+ T3, g =1y +2r3,
rioi=r2+rs+ra, rini=7r1+r2+2r3, r2 =711 +r2+r3+ 714,
T3 i =1ro+2rs 41y, r14 =71+ 2r9+2r3, ri5 ;=11 + 12+ 2r3+ 1y,
Ti6 :=T2+2r3+ 214, 117 =11+ 202+ 23+ 14, Tig =71 + 72 + 213+ 214,
rig =11+ 2r9 +3r3 + 14, 190 ;=11 + 212 + 2r3 4+ 214,
ro1 i=11 + 219 4+ 313 + 214, roo =11 + 219 + 4rg + 21y,
rog3 =11 4 3ro +4r3 + 2ry, rog = 211 + 3rg + 4rg + 2r4.
Let L be a simple complex Lie algebra of type Fy and let {h,|r € A} U {e,|r € O}
be a Chevalley basis of L (in the sense of [2, Theorem 4.2.1]).

We fix an integer n > 0 and set # = 2" and ¢q := V22! € Ry(. Let F2 be a
finite field with ¢ elements, F its algebraic closure and G = (z,(t)|r € ®,t € F)
the Chevalley group over the field F constructed from the Lie algebra L. So G is
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a simple simply connected algebraic group of Dynkin type Fj, defined over F.
For r € ® let A(r) := (r,r) be the length of r. Let r +— 7 be the permutation of
order 2 of ® as in [17, (1.4)]. By [17, Theorem 2.7], there is a map F' : G — G
sending () to z(t*™?) and we get G = 2F,(¢?). We will consider the following
F-stable elements of G (see [17, p. 407]):

(651 (t) = $3(t9)$2 (t)xs(t9+1)7 047(t> = {E13(t6>$14(t>,
as(t) = ae(t?)xo(t), ag(t) = w12(t?)21s(t),
az(t) = x4tz (1), ag(t) = x15(t%)wa0(t),
as(t) = zr(tas(t)z2(t),  aio(t) = w7(t9)aes(),
Oé5(t) = l‘g(te)xlﬁ(t)xgl(t0+l), all(t) = l‘lg(te)l‘Qg(t),
Oéﬁ(t> = :Clo(te xll(t>$19(t6+1> Oém(t) = X921 (t9)$24(t)

with ¢t € Fg2 (here and in the following, we write x;(t) for x,,(t)). For group elements
x,y let [z,y] := 271y loy. The commutator relations are given in Table 1 where
j(i) =2,8,12,11 corresponding to i = 1,4, 5, 6 respectively.

Table 1 (Shinoda [18, (2.3)]): Commutator relations in 2F4(g?).

For t,u € Fy2, we have:

a1 (1), as(w)] = aa(tu)as (207 u20)ar (20720 ary ($40F5020 T ) qp (140134,20+2),
o (), aa(u)] = (2o (F20u)ars (220 ) g (20 Yaur (20 1020+
g (£20F2020H ) o (120+142042)
[1(t), a6(u)] = az(tu),
[1(t), ag(u)] = ag(tu)ar; (t20F2u)ae (120 u??),
[e1(t), ()] = ano(t**u)ons (£ u)ana (tu®),
[Oél(t)7a10(u)] = all(tu)7
[aa(t), as(u)] = as(tu®)og(tu)or (t20u)as (tu?? ) ag (120 u0 ),
[aa(t), as(u)] = ar(tu)arr (t20u20H)ayy (tu2012),
[oa(t), s ()] = aso(tu)ans (7 u)ana (tu),
[042 (t)7 Qg (U)] = all(tu)7
jas(t), as(w)] = as(tu),
s (), ag(u)] = ag(tPu)ag(tu®®)ars (tu® 1),
[as(t), a7(u)] = ao(t*Pu)aso(tu),

)]

las(t), an1(u)] = auz(tu),
)] ag(tu),

10 (t29u)a11 (tu29)a12(t29+1u),

B
W~
=
:_/
Q
3
<
=
I

[aa(t),cn0(u)] = az(tu),
[as (1), ag(u)] = aio(tu),
[as(t), az(u)] = ai1(tu),
[ag(t), ag(u)] = aia(tu),
laz(t), as(u)] = auz(tu),
[ (1), s (u)] () (t20u + tu??).
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Note that the relation for [as(t), as(u)] in [18, (2.3)] contains a mistake. All
commutators [c;(t), j(u)] not listed in Table 1 are equal to 1. Furthermore, for
i=1,4,5,6 we have

()i (u) = ag(u + t)oypy (tu?).

For any field K, we denote its multiplicative group by K *. Fix an F-stable max-
imal torus T of G, normalizing all root subgroups X, = {z.(t)|t € F} of G. We
parametrize the elements of T in the same way as in [19, (1.4)]: Let X := Z®
be the root lattice of G with respect to T. There is a natural isomorphism be-
tween the abelian groups T and Hom(X,F*) (see [3, Section 1.11 and Proposi-
tion 3.1.2 (i)]) and we write h(z1, 22, 23, 24) for the element of T corresponding
to x € Hom(X,F*) with x(e;) = z; (i = 1,2,3,4). We mention that there is an
alternative parametrization of the elements of T (which in fact we use for our
GAP-programs): Let {v1,72,73,74} be a Z-basis of the cocharacter group Y dual
to A. By [3, Proposition 3.1.2 (ii)], we have T 2 Y ® F* as abelian groups. Every
element of Y @ F* can be written uniquely as Z?:l v ® A; with A; € F* and we
write (A1, A2, Az, Ay) for the corresponding element of T. The maps transforming
one parametrization into the other are given by:

(A1, Az, Az, Ag) = R(ATAZAZAT, A1 Ao Az, AoAs, A3)  and
h(z1, 22, 23, 24) — (22251, 232471, 24, (zlzglzglzgl)lﬂ).

The action of F on T is given by F(h(z1, 22, 23,21)) = h(2028, 20257, 2828, 2827%)

and TF consists precisely of the elements of the form h(z1, 250—17 227239_1) with
z € F 5 (see [19, (1.4) and (3.1)]). As in [18] we usually only write h(z1, 22) instead

ofh(zl,zle 12, 22071,

Table 2 (Shinoda [18, (2.4)]): Action of T on the root subgroups.

For 21,29 € quz , u € Fp2, we have:

h(z1,22) - a1(u) - h(z1,20)" 1 = al(zg_wu),
h(z1,29) - aa(u) - h(z1,22) "1 = ao(23%),
h(z1,22) - ag(u) - h(z1,20)" 1 = ag(zfe 1z2_1u),
h(z1,22) - ag(u) - h(z1,20)" 1 = a4(zfe_1z%_29u),
h(z1,22) - as(u) - h(z1,22)"1 = a5(zf_20u)7
h(z1,22) - ag(u) - h(z1,22)" 1 = a6(zf9_1z§9_1u)7
h(z1,22) - az(u) - h(z1,20)"1 = a7(21297122u)7
h(z1,22) - ag(u) - h(z1,20)" 1t = ag(zlzglu),
h(z1,22) - ag(u) - h(z1,20)" 1 = ag(zlzé_wu),

h(z1,22) - aio(u) - h(z1,22)"1 = alo(zlzge_lu),

h(21722) all(u) . h(2172’2>71 = all(zlzgu)7

h(z1, z9) - ara(u) - h(z1,20) ™0 = a12(22u)

For r € @, let n, be the element in N := Ng(T), given by [2, Lemma 6.4.4].
Then N is generated by T and the elements n, for r € A. We have a canonical
homomorphism with kernel T from N onto W, the Weyl group of the root system ®,
mapping n, to the reflection w, of V' at the hyperplane orthogonal to r. This allows
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us to identify W with N/T. As N and T are F-stable, this homomorphism induces
an action of F' on W. Define n, := n,,n,, and ny := np;Npy = Ny Mg Ny Ny . Then
N¥ is generated by T and the elements n, and n,. The factor group W' :=
N /T¥ is isomorphic to a dihedral group of order 16.

We have nqoi(t)n, ' = oy, ;) (t) and npa; ()t = O, () (1) Where n, (i) and
ny(i) are defined by Table 3, see also [18, (2.2)]. Note that for ¢ # 0, the elements
g - az(t) -nyt, np - ay(t) -ny * and ny - ag(t) - ny ' cannot be written as a product
of the o; (1 =1,2,...,12).

Table 3: Action of W on the root subgroups.

i |1 2 3 45 6 7 8 9 10 11 12
na(i) | 4 8 1 6 5 9 2 7 10 12 11
np(4) 7 6 5 4 3 11 10 9 8 12

The action of W on T is given by Table 4.

Table 4: Action of W on T.

For h = h(z1, 22, 23, 24) € T, we have:

-1 _
Ny h'nrl - h(Z]_7Z3,ZQ7Z4),
Npy - homp > = h(21722,Z4723)1,
—1 _ —
Ny ~hon b = h(z1,22,23,2; ),
-1 3,5,%5,% ,5,3,°%,"% ,3,°3,5,°% 3,5 3.3
ey - hong = h(2f23252f,272525 224 2,27 %9 22324 2,20 %9 " 23 22 ).

In particular: n,-h(z1, 22) -n; ' = h(2{28, 20 25%) and ny-h(z1, 22) -ny * = h(z1, 25 Y)

(see also [18, (2.4)]).

Following [15], we fix some notation in Table 5 to parametrize conjugacy classes
and characters: Let @, be the additive group of all rational numbers with a de-
nominator not divisible by p. We fix an isomorphism of groups ¢1 : Q, /Z — F* as
in [3, Proposition 3.1.3], and the embedding @2 : Q, /Z — C*, L — e>™7/5. (We
describe the elements of Q,//Z via representatives = in Q, (r,s € Z, p 1 5)). Let
¢n, denote the nth cyclotomic polynomial in ¢, for example: ¢1 = q—1, ¢o = g+ 1,
¢z =¢q"—¢* + 1.

For any finite group H let (-, )y be the usual scalar product on the space of class
functions of H and let Irr(H) be the set of (complex) irreducible characters of H.
We denote the trivial character of H by 1 or 1. If x is a character of a subgroup H;
of H we write x for the induced character, and if y is a character of H we write
X, for the restriction of x to the subgroup H; of H.

3. The conjugacy classes of 2Fy(q?)

The conjugacy classes of G = 2F4(¢?) were determined by K. Shinoda in [19].
To fix notation and because we will use these conjugacy classes when restricting
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Table 5: Notation for generic roots of unity.

neQy/Z ¢1(p) € FX p2(p) € C*
% 53 €3
1 ~
y Eq Eq
1 ~/ /
a*+v2¢+1 ¥s ¥s
1 =1 "
q2_\/§q+1 QOS @8
1 T /
(2+V2q+1)(q>-1) 8 8
1 T "
(62 =v2¢+1)(¢? 1) 8 8
1 ~/ /
V2P a7 v/ 2q+1 Y24 P24
1 =11 "
V2P e —V2q+1 24 24
1 -
. a Cn
1 -
qn+1 gﬂ gﬂ
1 ~
P Pn Pn

characters from 2F4(¢?), we give a short description of these classes.

We call semisimple elements s1, so € G equivalent if and only if their centraliz-
ers Cg(s1) and Cg(s2) are GF'-conjugate. Let s1, so be elements which are equiva-
lent to each other. After conjugation in G we can suppose Cq(s1) = Cg(s2) =: C.
Then, s; and sy are contained in all maximal tori of C'. Hence, we may always as-
sume that two equivalent semisimple elements are contained in the same F-stable
maximal torus of G.

For each F-stable maximal torus T of G there is g € G such that T9 = T and
n:=g 'F(g) € N = Ng(T). The action of F on T corresponds to the action of the
map (Fn'): G — G,z +— "F(z) on T (i.e. F({)9 ="F(#9) for all € T) and this
action is already determined by w := nT € W = N(T)/T, so that we can write
(Fw™!) : T — T, t — “F(t). The GF-classes of F-stable maximal tori of G are
parametrized by the F-conjugacy classes of W (cf. [3, Proposition 3.3.3]). Thus,

we can describe the GF-classes of maximal tori of GF by the sets T} := T R
of fixed points of (ij_l) on T, where w; runs over a set of representatives for the
F-conjugacy classes of W. Representatives w; (i = 1,2,...,11) for the F-conjugacy
classes of W are given in [19, Table III], in particular:

wy =1, Wo=wWr, W3=Wry, Wi=WryWrsWp,.

In this article we will only deal with the maximal torus T7. But since we plan to
study characters of maximal parabolic subgroups of 2F4(¢?) in subsequent work,
we give a short description of all conjugacy classes of 2F4(¢?) having non-empty
intersection with one of the proper parabolic subgroups of 2F,(¢?). For this reason
we also describe the tori 15, T3, Ty. The sets T := T(Fwi_l) of fixed points are given
by Table 6.
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Table 6: Some maximal tori of 2F4(g?).

Ty = {h(z1, 22971 29, 22071 | 28 o =2 o =1}
T = {h(
T5 = {h(

(

2 3 2 2 4 2
Ty = {h 520 +29+1 L40°+20 —1 420 —1 L, —40%+20 )|Z(q +V2q+1)(¢*>—1) _ =1}

2 2 2 3 2 4
40" +29 +1 20 +297172729 +29+172749 +20 +1) |Zq -1 _ 1}

520%— 29+1 4937692+4971 520°—-1 27494+292>| (*—V2q+1)(¢*-1) =1}

A set of representatives for those conjugacy classes of 2F4(¢?) having non-empty
intersection with one of the proper parabolic subgroups is given in Tables A.1
and A.2 in the Appendix, see [19, Tables II, IV, V]. In this table ¢ is an element
of Fy2 such that the polynomial X2~! + X?~! 4 ¢ does not have a root in Fe.
Such an element ¢ exists because the map Fp — Fp2, 2 — 2201 4+ 29-1 is not
injective, hence not surjective. Note that there is a mistake in [19, Table II]: the
representative ug is conjugate to u; for certain values of ¢q. This is why we choose
a different representative for the class c¢; g.

The unipotent elements x, ', " occuring in Table A.2 depend on the congruence
class of # modulo 3 and are defined as follows:

= xp, (1), (1)217(70) 2+, (13, ()222(75")  and

o' = wp, (s, ()17 (1) 2y, (1) 20, (1) 222(77%)  and
2= xp,(1°) 2, ()17 (72) 20, ()20, () 222 (737,

where

B1=8,02=10,71 =18, =9 if § =1 mod 3,
ﬁ1:6762=127’71:11,’)/2=16 ifg=-1 HlOd?)7

for details see [19, (3.3)].

4.  The character table of a Borel subgroup B

Let B be the F-stable Borel subgroup TU of G where U is the product of all
root subgroups of G to positive roots, and let B := B¥ be the corresponding Borel
subgroup of G

Using the relations in Tables 1-4 and the permutation character lg one can
determine the conjugacy classes of B and the class fusions from B to G. The
calculations are similar to those for the Borel subgroup of Steinberg’s triality
groups >Dy4(q), see [7, Section 3.8]. We give a short description of the conjugacy
classes of B. The group B is the semidirect product of 7= TF and the unipotent
normal subgroup U = U¥. Every x € U can be written uniquely as

x = oy (dy)oe(d2)as(ds) - - - ar2(di2)

with d; € Fg2. The elements of 1" form a set of representatives for the semisimple
conjugacy classes of B and we parametrize these classes according to Table A.3 in
the Appendix. A list of all ¢*+22¢%+ 13 conjugacy classes of B is given in Table A.4
in the Appendix. The parameter sets I, I, ..., I1g and the parameters t, in the
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representatives for the conjugacy classes of type cj 3¢ and ¢ 37 in Table A.4 are
defined as follows: For every a € IFqX2 we choose an element ¢, € Fj2 — {029 +aclce

F,2}. For group elements z,y € G we write  ~¢ y if x and y are conjugate in G.
We define:

L =1, := I; = Fpe —{0,1},
Iy:=1Is == {ac€Fpz—{0,1}| X* +aX +a has aroot in Fz2},
Ii:=1I5 = {a€Fpz—{0,1}| X* + aX + a has no root in F},
Is :={a € F; |az(Dag(a)as(l) ~¢ as(1)ag(1)},
Iy:={a€Fy;|ax(las(a)as(l) ~¢ as()as(l)as(1)},
Lo ={a€ quz |z (L)ag(a)as(1) ~a az(1)as(¢)as(1)},
Ly =Ty ={2>+z|xeF,e {0, 1}}
Iy :={ac F;z | oy (1)
Liz:={ac F;z | oy (1)
Iis:={ac sz |y (1)o
Iig := {aEF |ar(1)as
The next lemma will be used to calculate the values of several characters of B.
LEMMA 4.1. The following holds:
(@) [{(u,v) € Fg2 x Foiy [v** +uv + u?*? = 0} = 0,
(b) H(u,v) € Fgz x F2 [ 0% +uv + >t +u =0} = ¢* — 1.
Proof. (a) Using the substitution y = uv'=2%
[{(u,v) € Fpz x Frs |v? +uv + 0?2 =0} =

we get

u,v) €Fpa x FX |1+ uv' =20 4 420+2p720 — )| =
q q
{(y,v) € Fgo x F5 [1+y +y*°+2 = 0}].

Suppose there is y € F,2 with y?12 4y + 1 = 0. Then there is = € IE‘ with

y = 220~V Plugging in, we get =2 4+ 2%’~2 + 1 = 0 and hence 1 + 22 + 22 = 0.
Raising this equation to the 20th power and adding up we get 2% = 22% and thus
x =0 or x =1, a contradiction.

(b) Using the substitution y = uv

H{(u,v) € Fype XIF | 0% + uv + 2 fu =0} =
{(u,v) €Fry xFrp |1+ w72 4 201220 T = 0} =
{(y,v) € F% x % |14 y+ 522 4 0~ly = 0} =
{(y,v) €Fo xF5 |y + 1444 407t = 0} =
HyeFys [y +1+y> £ 0} =
@ —1-yeFL|y" P +y+1=0}=¢-1

1-20 we have

since the set occurring in the last equation is empty as we have seen in part (a). O
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Now, we start to construct the irreducible characters of B. For abbreviation,
set m := (5 such that w is a generator of IFqXQ. Fix a nontrivial linear character
¢ : F,2 — C* of the additive group of F 2 such that {u?+u|u € Fp2} C ker(¢) and
¢(1) = —1 (this is possible since 1 & {u? + u|u € F2}). By Problem (2.1) in [12]
we have:

> 6(t)=0 and (1)
tel o
> o) =1 (2)
tquXz
Furthermore:
p(u?) = ¢(u) for all u € Fe (3)

since {u*+ulu € Fpe} C ker(e). For i =1,2,...,12,let U; := {a;(t) |t € Fp2} and
U" := U;U;41 - - - Upa. Note that each U* is a normal subgroup of B. Each element
of B can be written uniquely as

h(z1, z2)a1(d1)az(dz)as(ds) - - - a12(diz2)

with 21, 20 € IFqX2, di,ds,...,di2 € Fp2 CF. The irreducible characters of B can be
constructed as follows:
For k,1=0,...,¢> — 2, let gx;(k,1) be the linear character of B defined by

h(r', 7)) on (dy)aa(dy)os(ds) - - - aqa(dia) — CFHIL
For k=0,...,q% — 2, define a linear character of C7(a(1))U by
ha (i) (dy) g (da)as(ds) - - - oo (dia) — CFo(dy).

Inducing this character to B, we obtain px, (k).
For k =0,...,¢* — 2, define a linear character of Cr(a3(1))U by

h3(i)0[1(d1)0¢2(d2)0[3(d3) ce Oélg(dlg) — ék(b(d?,)

Inducing this character to B, we obtain pxs(k). Let pxg be the character of B
induced from the following linear character of U:

aq(di)as(d2)as(ds) - - - ara(dia) — ¢(di + ds).

Let pxo(k), k = 0,...,¢°> — 2, be the character of B induced from the following
linear character of Cr(a4(1))U?:

h4(i)0[2(d2)0¢3(d3)0[4(d4) te Oélg(dlg) — %k¢(d4)
Let pxyo be the character of B induced from the following linear character of U?:
OéQ(dQ)ag(dg)Cm(d;;) A a12(d12) — Qb(dg + d4)

Let px1,(k), k = 0,...,¢> — 2, be the character of B induced from the following
linear character of Cr(as(1))U3:

h5(i)a3(d3)a4(d4)a5 (d5) ce 0512(d12) — Cék(b(df’))

Let px1o(k), kK = 0,...,¢> — 2, be the character of B induced from the following
linear character of Cr(ag(1))U3:

he(i)as(ds) o (da)as(ds) - - - arz(dia) — G5 é(de).

9
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Let xos(k), k = 0,...,¢> — 2, be the character of B induced from the following
linear character of Cr(a7(1))U3:

hy(i)as(ds)au(da)as(ds) - - ara(diz) = G é(dr).
Let pXy, be the character of B induced from the following linear character of U3:
az(ds)aa(da)as(ds) - - - ara(diz) = ¢(ds + dr).
Let px3g be the character of B induced from the following linear character of U U®:
az(da)as(ds)as(de)ar(dr)as(ds) - - - ara(diz) — ¢(dr + ds).

Let pxs9(k), k = 0,...,¢> — 2, be the character of B induced from the following
linear character of Cr(ag(1))Us US:

hs(i)az(dz)as (ds)as(ds) - -~ ag(dy) - - ara(diz) = (376 (do).
Let px4o be the character of B induced from the following linear character of U U®:
az(d2)as(ds)ag(ds)ar(dr)as(ds) - - - arz(diz) — ¢(dz + do).

Let px4o(k), k = 0,...,¢> — 2, be the character of B induced from the following
linear character of Cr(a10(1))Us Uy Ug US:

ho (i)as(ds) s (da) e (de ) ous (ds ) g (do)aro (dao) - - - cvrz(daz) — (3 d(dao).

Let px,3 be the character of B induced from the following linear character of
Us Uy Ug US:

asz(dz)ay(ds)as(ds)os(ds)og(do)aio(dio) - - - ar2(diz) — ¢(ds + dio).

It is not difficult to compute the values of the above characters using (1), (2)
(3) and Lemma 4.1. We demonstrate how to determine the values of pyos(k)
k= O, N ,q2 — 2, on the conjugacy classes C1,32, C1,33, 61’34(&), 61’35(a), 61’36(a),
c1,37(a) of B: The set

)
)

{Rir ww == h(x" , Day(w)az(w) i =1,...,¢> =1, u,v € Fpe}
is a set of representatives for the right cosets of Cr(az(1))U? in B and for all
a € qug and dg € F2 the element "w.v (az(1)as(a)as(1)as(ds)) is equal to
as(-.. ) o (V20 + ww 4+ 6?02+ u) a0 ().

Hence by the definition of induced characters (see [12, p. 62]), the value of px,3(k)
on a conjugacy class of B with representative as(1)as(a)ag(1)as(ds) is

-1

Z Z ¢((U29 + w _|_u29+2 _|_u)ﬂ,(2971)i') _

/=1 u,vE]Fq2

-1

Z Z (0?4 uv + u*+? + u)ﬂ'i/).

/=1 u,vE]Fq2
By Lemma 4.1 (b), the number of pairs (u,v) € F,2 with v* +uv +u*+2 +u =0

10
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is ¢ —1+2=¢?>+ 1. So, by (2) we have

-1

> MM +uv+ ) =

y I —
/=1 u,vé]Fqg

@+ (@ =D+ ("= (@ +1)- (1) =¢*
This gives the value of pxa5(k) on the classes ¢; 32, ¢1.33, ¢1,34(a), ..., c1.37(a).

Since (5X;,BX;)B = 1 for j = 8,10,24,38,40,43 and (px;(k), sx;(k))p = 1
for j = 2,5,9,11,12,23,39,42 and k as in Table A.5 in the Appendix the above
characters are irreducible.

Next, we construct the remaining irreducible characters x of B with U3 C ker().
Equivalently, we complete the character table of the factor group B/U? = TU,Us.
The group Ly := (TU Us,np) = Cr(ai(1)az(1)) x (Ur,np) = Zga—y x Sz(q?) is
a Levi subgroup of the parabolic subgroup P, of 2F4(¢?) and TU U, is a Borel
subgroup of Lj. The character table of Sz(¢?) is contained in the CHEVIE library
so that we can write down explicitly the irreducible characters of L. In particular,
we see that Ly has two families of g2 — 1 irreducible characters of degree % (¢2—1).
Restricting these characters to TU Uz we obtain characters (k) and ¢/ (k), k =
0,1,...,¢> — 2 of TU U, such that, for every k, the characters 1 (k) and v’ (k) are
complex-conjugate to each other. Inflating the ¢ (k) and ¢’(k) to B gives us the
characters pxs3(k), px4(k) for & = 0,1,2...,¢*> — 2. Computing scalar products
with CHEVIE we see that these characters are irreducible. This completes the
determination of the irreducible characters y of B with U3 C ker(x).

Let xg := BX3(0) - BX5(0) and px7 := 5x4(0) - BX5(0).

For k = 0,1, we define the two linear characters

Pk 02(1)iag(d3)a4(d4) ce a12(d12) (g (—l)lk(b(df, + d@)

of (a2(1))U? and let py,3 := ¢ and pxq, = pP. ‘
Next, we construct X5, BX1gs---s BX22- We fix e4 = e?m/4 ¢ C. For k = 0,1
and [ = 0,1,2,3 we define a linear character of {a;(1))U? by

Kl - al(l)iag(dg)oz4(d4)a5 (d5)a6(d6) cee 012(d12) — 62} (k ~dg +dy +ds + d@).

Using (1), (2), (3) we can compute the values of ¢P and can then verify that
(eB oB)p =1 for all k,l. So we get eight irreducible characters pxs, - - -, BX22-
Number the elements of F 2 in some way, say F,2 = {z1,22,23,..., 2,2} with
x1 = 0. Let pxo5(k), k= 1,..., 4>, be the character of B induced from the following
linear character of U3: ag(ds)as(ds)as(ds) - - a1a(diz) — ¢z - d3 + ds + d7). Tt

is not difficult to compute the values of EZ; BXa25(k). Using CHEVIE it is then

easy to verify (ZZil BX25(I€)7ZZ2:1 BX25(k))B = ¢%. Hence, the pyos(k) are ¢°
different irreducible characters.

Next, we construct the characters gxo6(k), BXa7(k), BX44(k)s BXa5(K), BX51(K),
BXs2(k). The subgroup H := TUUsU4UsUgUy - - - Uyo of B is the semidirect prod-
uct H = TU4U8 X U1U2U5U6U7U9U10U11U12 where TU4U8 is isomorphic to TUlUQ.
So by the construction of pxs3(k), px4(k), TUsUs has two families of ¢* — 1 irre-
ducible characters of degree ¢(¢*> — 1)/v/2. By abuse of notation we denote these
characters in the same way as for TU Uy by (k) and ¢/ (k), k = 0,1,...,q¢*>—2, re-
spectively. For every k the characters ¢ (k) and ¢’ (k) are complex-conjugate to each
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other and we have ¢(k)(1) = q(¢> — 1)/v/2, ¢(k)(as(1)) = —¢/V2, P(k)(aa(1)) =
igV/2, (k) (as(1)ag(1)) = —ig/v/2 and (k) (ha(i)u) = (5F4p(k)(u) for all u € U4Us.
Inflating ¥ (k) and ¢’ (k) to H and inducing up to B we get the characters gyq¢(k),
BXa7(k). For every k, by construction, the characters gxo6(k), xo7(k) are complex-
conjugate to each other.

Similarly, we construct the characters pxy(k), x4s(k), & = 0,1,...,¢* — 2,
from the Subgroup TU3U4U5U6USU9U10U11U12 = TU6U11 X U3U4U5U8U9U10U12
and the characters pxs;(k), BXs2(k), & = 0,1,...,¢°> — 2, from the subgroup
TU1U2U5U6U7U10U11U12 = TU5U12 X U1U2U6U7U10U11. For every k, the char-
acters pxu4(k), Bxus(k) are complex-conjugate to each other and the same holds
for BX51(k), BX52(k).

The determination of the values of the characters pxo6(k), BX27(k), BX44(E),
BXa5(k), BXs1(k) and pxs.(k) is a non-trivial task. First, we only deal with the
characters pxas(k) + BX27(K), BX4a(k) + BX4s5(k) and BXs1(k) + BX52(k) so that
we can ignore the imaginary parts of the character values.

Using only the definition of induced characters and Lemma 4.1, it is not difficult
to determine the values of gxog(k)+ BX27(k), BXaa(k)+BX45(K), BX51(E)+BX52(K)
except for the values of gx56(k)+ X7 (k) on the conjugacy classes ¢1 46(a), ¢1,47(a),
c1,48(a). For a € Ig U Iy U I we get

(BXa6(k) + BXar(K))(a2(1)ag(a)as(1)) = (Ma — 1)v2¢%,

where M, := [{z € Fp |2?°"! + a2?® + 1 = 0}|. To determine the missing values
of the character pxo6(k) 4+ BXo27(k) We use the two irreducible unipotent characters
aXo and gx5 of degree q(q® —1)(¢> + 1)%(¢* — ¢* +1)/V2 of G = 2F4(¢?) (see the
remarks in Section 3). In particular, ¢y, and gys are complex-conjugate to each
other.

Using CHEVIE we can calculate (pX44(k) + BX45(k), BX44(k) + BXu5(k))B =
2 and (Bxs51(k) + BXs52(k), BX51 (k) + BX352(K))B = 2. The obvious bounds 0 <
M, < 20 + 1 imply (Bxas(k) + BX27(k), BX26(k) + BX27(k)) = 2 for all k. So
the characters pxo6(k), BX27(k), BX4a(K), BX45(K), BX51(k), BX52(K) are different
irreducible characters for all k. Furthermore, we can compute the scalar products

((ex2)B: (6x2)B)B = ((6X3)B, (6X3)B)B = 4 and ((¢X2)B, (¢X3)B)B =0 and
(Bx3(0) + BX4(0), (GX2)B + (GX3)B)B = 2,
(BX44(0) + BX45(0), (ex2)B + (6X3)B)B = 2,
(BX51(0) + BX52(0), (eX2)B + (6X3)B)B = 2.

So, (¢X2) B is a sum of four different irreducible characters of B and the same holds
for (¢x3)p. Furthermore, (a¢xs)B, (¢Xx3)p have no constituent in common. Thus,
(¢X2)B+ (e X3)B is a real-valued character and is a sum of eight different irreducible

characters. Furthermore, px3(0), 5Xx4(0), BX44(0), BX45(0), BX51(0), BX52(0) are
constituents of (¢x5) B+ (cX3) B, each with multiplicity one. Again using the bounds

0< My <2041, we get (BX26(0) + BX27(0), (6x2)B + (6 X3)B)E > 0 and therefore

(cX2)B + (GX3)B = > BX;(0). (4)
i€{3,4,26,27,44,45,51,52}

From (4) we can compute the missing values of gxq6(k) + BX27(k) (note that the
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missing character values are values on unipotent elements and therefore do not
depend on k). As a consequence we get:

3 ifa eI,
M, =|{z €Fp |2 +ar? +1=0}={1 ifacly, (5)
0 ifa€ L.

The values of px44(k), BX45(k), BX51(k) and pxse(k) can then be obtained using
only the definition of induced characters and (4). Finally, we get the missing values
of pxag(k) and pxor(k) from

(ex2)B = BX3(0) + BX26(0) + BX44(0) + BX51(0) and
(ex3)B = BX4(0) + BX27(0) + BX45(0) + BX52(0).

Let pxag := BX2(0) - BX26(0), BX29 := BX2(0) - BX27(0). Furthermore, we define
BX30 = BX3(0)  BX26(0), BX31 = BX4(0) - BX26(0), BX32 = BX3(0) - BX27(0) and
BXs3 = BX4(0) - BX27(0)-

Number the elements of F2 in some way, say Fp2 = {x1,22,23,...,24,} with
x1 = 0. Let pxy1(k), k=1,...,q° be the character of B induced from the following
linear character of U, U5:

aa(dg)as(ds)ae(de)ar(dr)as(ds)ag(dy) - - - a12(diz) = ¢(x - d2 + d7 + dy).
It is not difficult to compute the values of ZZ; BX41 (k). Using CHEVIE it is then
easy to verify (ZZil BX41(/€)7ZZ2:1 BX41 (k)5 = ¢* Hence, the gy, (k) are ¢*
different irreducible characters.

Let x46 = BX5(0) - BX44(0) and px47 == BX5(0) - BX45(0).

Next, we construct the characters pxas(k), BX49(k). The group H := TUgUy; is
isomorphic to TU;Us in a natural way. So by Clifford theory [12, Theorems (6.11)
and (6.28), Corollary (6.17)] the group UsU;; has two families of ¢? — 1 irreducible
characters of degree ¢/+/2 corresponding to two different orbits under the action of
T on Irr(UsUy1). Choose ¢ € Irr(UgUy1) in the one family and ¢’ € Irr(UgUy1) in
the other family.

Number the elements of F2 in some way, say Fp2 = {x1,22,23,...,24,} with
1 = 0. For k = 1,...,4¢%, let pxus(k) be the character of B induced from the
following character of UsU,UsUsU®:

asz(ds)oy(dy)as(ds) - - - aiz(diz) — ¢(x - d3)(oe(de )1 (din))

and let py,o(k) be the character of B induced from the following character of
UsUsUsUgU®:

as(ds)ay(ds)as(ds) - - - cn2(diz) — (g - d3)’ (o (de) i1 (din)).

Number the elements of F2 in some way, say Fp2 = {x1,22,23,...,24,} with
x1 = 0. Let pxs0(k), kK =1,...,q° be the character of B induced from the following
linear character of Us Uy Us US:

az(ds)ay(ds)os(ds)os(ds)og(do)aio(dio) i (din)ona(diz) — ¢(ay - da + dio + din).
It is not difficult to compute the values of ZZ; BXs50(k). Using CHEVIE it is then

2 2
easy to verify (3°7_, Bxso(k), Dot_1 BXs0(k))B = ¢*. Hence, the pxso(k) are ¢
different irreducible characters.
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Let 5xs3 == BX2(0) BX51(0), BX54 := BX2(0) BX52(0), BX55 := BX3(0) BX51(0),
BXs6 = BX4(0) - BX51(0), BX57 := BX3(0) - BX52(0), BX58 = BX4(0) - BX52(0).

Finally, we construct the irreducible characters gxs4, BX35(k), BX36(k), BX37(K),
which is the most complicated part in computing the character table of B. The
characters gy, for i € {1,2,...,22} U {26,27,...,33} are ¢* + 7¢> + 12 different
irreducible characters of B and have the normal subgroup U;UqU19U11U12 < B in
their kernel, and hence, we can identify these characters with irreducible characters
of B := B/U;UgU19U11Ur2. The characters pxs4, BX35(k), BX36(k), BX37(k) will
be the remaining irreducible characters of B with U;UgU1oU11U72 in their kernel.
So, with the above identification, we want to construct the remaining irreducible
characters of B. We proceed in several steps:

Step 1: The number of the missing irreducible characters.

Using the relations in Tables 1 and 2, we see that B has exactly ¢* + 10¢% + 8
conjugacy classes. Hence, there are exactly 3¢?> — 4 irreducible characters of B
missing. We use Clifford theory to construct these.

Step 2: Preparations for Clifford theory.

The group U := UyUsUsUsU7U® JU7U? is an elementary abelian normal subgroup
of B. So, B acts on U and Irr(U) by conjugation. Using the relations in Tables 1
and 2, it is not difficult to compute representatives for the orbits of B on Irr(U).
In particular, we see that, for x € F 2, the characters

9o 1 U — C,aa(dz)as(ds)as(dg)os (ds)UrU? — ¢( - da + dg + ds)

are pairwise non-conjugate under the action of B and the missing irreducible char-
acters of B are exactly those covering one of the ¢, for z € F.

Step 3: Structure of the inertia subgroups.
All the ¢, have the same inertia subgroup in B, namely

H = U,UsUsUsUsUsU7U° JURU”®.

Using the relations in Tables 1 and 2, we see that Hisa special 2-group with center
Z(H) = U. So we want to find the irreducible characters of H covering one of the
.. We use the theory of character triples (see [12, Chapter 11]).

Step 4: Number of ¢, which are covered by 1 or 4 irreducibles of H, resp.

Using [12, Exercise (11.10), (11.12) (c) and (11.15) (b)], we see that for every
x € Fgp2 there are exactly 1, 2 or 4 irreducible characters of H covering ¢,. Since
¢ vanishes outside of U we can compute the values of the induced character ¢
explicitly and can verify (o, o)z = ¢* for all z € F 2.

Suppose there is z € Fgp2 such that there are exactly 2 irreducible characters
of H covering ¢,. Let x1,x2 € Irr( H) be these two characters. . By [12, Exercise
(6.2)] there is f € N such that o7 = f- (x1 + x2) and thus (o7, ©F g =212
This is a contradiction, since 2 occurs with even multiplicity in ¢*, but with odd
multiplicity in 2 - f2.

This shows: For every x € 2 there are exactly 1 or 4 irreducible characters

of H covering ¢,. Since we already know that there are exactly 3¢? — 4 irreducible
— 2
characters of H covering one of the ¢,, it follows that there are % elements

x € Fy2 such that there is exactly one irreducible character of H covering ¢, and
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27
there are 2q3 4

covering ¢.

elements x € [F» such that are exactly 4 irreducible characters of H

Step 5: g.

Again using [12, Exercises (11.10), (11.12) (c) and (11.15) (b)], we see that g is
one of the irreducible characters of U which is covered by exactly one irreducible
character of H.

Step 6: Families of characters.

The group L := (T,Us,n,) acts on Irr(H) and Irr(U) by conjugation. For abbre-
viation, let S := {¢, |z € Fp2} C Irr(U). Using the relations in Tables 1-3, it is
not difficult to see that the characters ¢, in S belong to four different orbits un-
der the action of L, say (’)0, 01,035,053 and we can choose the notation such that

SN0y = {0}, [SNOL| = =2, |SNOs| = L —1, |SNOs| = L. The cardinalities
[SNO;|,i=0,1,2,3, the results of Step 4 and the fact that ¢g 1S covered by exactly
one irreducible character of H imply that the characters in S N O3 and ¢ are the
only ones of the ¢, which are covered by exactly one irreducible character of H.
Each of the remaining ¢, is covered by four irreducible characters of H. (Note that
for ¢> = 8, we have |SN O] = |SNOs]. In this case we choose our notation so that
the o, € SN O3 are covered by exactly one irreducible character of H.)

Step 7: Construction of characters.

We have seen in Step 6: For every ¢, € OgUOj3 the induced character o  has exactly
one irreducible constituent, say .. Thus, there is f € N with ¢ = f - x,. Then
we have ¢* = (gpwﬁ, wxﬁ)ﬁ = f2 and hence, f = ¢%. Since H is the inertia subgroup
of ¢, in B Clifford theory tells us that q%g)? is the only irreducible character
of B covering ¢,. Number the elements x € F, with <pm € O3 in some way,
Sy T1,T2,...,T(g241)/3- Let pxz, be the inflation of 2ch to B and let pxs;(k),
k=1,2,...,(¢* +1)/3, be the inflation of 2<‘0$k to B.

The remaining irreducible characters of B and B, respectively, can be constructed
similarly: For every ¢, € O; U Oy the induced character cpxﬁ has exactly four
irreducible constituents, say xz.1,-- -, Xz,4. Since H /U is abelian, we can apply [12,
Exercise (6.2)], which implies that there is f € N with o = f- (o1 + Xe2 +
Xz.,3 + Xz.4). Then we have ¢* = (cpmﬁ7 gpmﬁ)ﬁ =4 f? and hence, f = g. Since H is
the inertia subgroup of ¢, in B, Clifford theory tells us that q%cpf is a sum of four
different irreducible characters of B and these are the only irreducible characters
of B covering ¢,.

Label the irreducible constituents of the @? with ¢, € O; in some way, say
BX35(k), kE=1,2,...,4-(¢* —2)/6. Analogously, label the irreducible constituents
of the ©B with ¢, € O in some way, say BXas(k), k=1,2,...,4-(¢* —2)/2. By
inflation, we get the irreducible characters pxs5(k), k =1,2,...,4- (¢*> —2)/6 and
BX36(k), k=1,2,...,4-(¢*> —2)/2 of B.

Step 8: Computation of character values.

The values of gyxs4 can be computed directly using only the definition of induced
characters and (1) and (2). The values of pxs5(k), BX36(k), BX37(k) on the unipo-
tent classes ¢ 46(a), ¢1,47(a) and ;1 45(a) depend on the parameter a and we do
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not have a generic description of these classes. But, using orthogonality relations

J— 2
applied to B, it is possible to determine the values of the sums Zi:(% —2/6 4 X35 (k),
2 2
2':(% —2)/2 BX36(k), I(Cq:1+1)/3 BX37(k). This completes the construction of the ir-

reducible characters of B.

THEOREM 4.2. The character table of the Borel subgroup B is given by Tables A.5
and A.6 in the Appendiz.

Proof. Computing scalar products with CHEVIE we see that px;(k,1), ..., BXss
are ¢* + 22¢® + 13 irreducible and pairwise different characters. O

We point out that we are not able to describe all values of all irreducible char-
acters of B. This seems to be a usual phenomenon for generic character tables of
parabolic subgroups (see for example [5]). For example: we cannot describe all val-
ues of pxo5(k) generically because an inspection of small values of ¢ shows, that the
values of pxo5(k) on the classes ¢1 34(a), c1.35(a), c1,36(a), c1,37(a) depend on the
parameter a and we do not have a generic description of these classes. For fixed ¢
(not too large), there is no difficulty in computing the values of all irreducible
characters of B using only the above definition of the characters.

5. M-groups and characters of Sylow-2-subgroups

In this section we show that the Borel subgroup B is an M-group and determine
the degrees of the irreducible characters of a Sylow-2-subgroup of 2F4(q?).

THEOREM b5.1. The Borel subgroup B is an M -group, that means, all irreducible
characters of B can be obtained by inducing linear characters from suitable sub-
groups.

Proof. We show that px;(k) is monomial, i.e., induced by a linear character. By
construction U2 C ker(pxs(k)), so we can identify px;(k) with an irreducible
character of the factor group B := B/U3. The group B is a direct product B
Cr(on(1)az(1)) x Bs, where Cr(aq (1)az(1)) = Z,2—1 and Bs, is a group of order
q*(¢® — 1) isomorphic to a Borel subgroup of Sz(q?). So there is a linear character
Ak € Irr(Cr(a(1)az(1))) and ¢ € Irr(Bs,) such that px5(k)(hd) = Ap(h)y(b) for
all h € Cp(a1(1)az(1)) and b € Bg,. In particular, ¢ has degree %(q2 —1). We

have Bs, = Z,»_1 x U where U is a group of order ¢*. Clifford theory (see [12,
Theorem (6.11), Corollary (6.17), Corollary (6.28)]) implies that v is induced by
an irreducible character of degree % of U. Since U is a 2-group and hence an M-
group we get that ¢ and then px;(k) are monomial. Analogously, px4(k), BXag(k),
BX27(K), BX4a(K)s BXa5(k)s BX51(E), BX52(k) are induced by linear characters.
By definition, pxs = BXx3(0) - BX5(0) = ¢ - ¢'B where ¢ is a character of
the group Cr(as(1)as(1))U and ¢’ is a character of Cp(as(1))U. Mackey’s tensor
product decomposition [14, Corollary 11.6.4] implies that px4 is induced by an
irreducible character of degree % of U = Cp(a1(1)az(1))UNCr(as(1))U. Since U
is a 2-group and hence an M-group it follows that pxg is induced by a linear
character of some subgroup of U. Analogously, X7, BX2s: BX29, - --» BX33> BX46s

BX47, BX53> BX54s - - -5 BX5s are induced by linear characters.
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The characters pXs4, BXs5(k)s BX36(k), BX37(k) are induced from the subgroup
U,UxU4UsUsU® which is a 2-group. Similarly, px.s(k), BX49(k) are induced from
the subgroup UsU,UsUsU®. Therefore, all these characters are monomial.

The remaining irreducible characters of B are monomial by construction. O

THEOREM 5.2. The degrees of the irreducible characters of the Sylow-2-subgroup U
of 2F4(q?) are given by Table 7. In particular, the number of conjugacy classes of U
is 8¢5 + 12¢* — 32¢% + 13.

Table 7: Degrees of the irreducible characters of U.

Degree  Number of irreducible Degree  Number of irreducible
characters characters
1 ¢t ¢ 4 -t -2
% 24 -2 qf ¢° —2¢* +1
¢ - 5 2°—2q"
3
\‘17? 2% — 242 qj ¢ —q
< 8q* — 16¢% + 8 NG 2¢* — 2¢2
4 10
< (8¢5 —14¢* + 4> +2) | L 4¢* —8¢* +4

Proof. The torus T acts on the set of conjugacy classes of U and on Irr(U) by
conjugation and the number of orbits of T' on each of these sets is 8¢ + 45 (this
follows from the fact that B has exactly 8¢? + 45 unipotent conjugacy classes, see
Table A.4 in the Appendix, and Brauer’s Permutation Lemma [11, Satz V.13.5]).
Let ¢ € Irr(U), I, be the inertia subgroup of ¢ in B and x € Irr(B) an irreducible
character of B covering . By Clifford theory [12, Theorems (6.11) and (6.28),
Corollary (6.17)] we know that the 2-part of the degree x(1) is equal to the degree
(1) and that the 2’-part of the degree x(1) is equal to [B : Iy], the size of the orbit
of 1 under the action of T'. The claim now follows from Table A.6 in the Appendix
and the fact that the number of orbits of T' on Irr(U) is 8¢* + 45. O

6. McKay conjecture for 2F4(q?)

In [13], Isaacs, Malle and Navarro reduced the McKay conjecture to a question
about finite simple groups. They showed that the conjecture is true for every finite
group if every finite non-abelian simple group satisfies certain conditions. In this
section, we prove that these conditions hold for G' = 2F4(¢?).

Let O = Out(G). Then O = (a) and Aut(G) = G x (), where « is a field auto-
morphism of order 2n + 1. We write Irry/ (B) and Irra/ (G) for the set of irreducible
characters of odd degree of B and G, respectively. Since B is a-invariant we get an
action of O on Irry/(B) and Irry/ (G). Our main task is to show that Irrg/ (B) and
Irro/ (G) are isomorphic O-sets. Our approach is similar to that in [10]: we want to
use [12, Lemma (13.23)], so we have to count fixed points of subgroups H < O.

LEMMA 6.1. Let t|2n+ 1 and H = (o). The number of fized points of Irry (B)
under the action of H is 2%,
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Character table of a Borel subgroup of the Ree groups 2Fy(q?)

Proof. We get Trrar(B) = {5, (5,1} U {Bxa(k)} U {5x5(k)} U {55} from Ta-
ble A5 in the Appendix. From Table A.6 in the Appendix we see: gx,(k,1)* =
X1 (2K, 2%1) where we interpret the character parameters k,! modulo ¢* — 1 (see
the remarks on character parameter groups in Section 3.7 of the CHEVIE manual).
So we get: gx; (k,)* = px, (k1) if and only if 2k = k and 2] = [ mod ¢*>—1. This
is equivalent with the fact that k,l are multiples of gfj. So the number of fixed
points of H on {px;(k,1)} is (2* — 1)2. Similarly, the number of fixed points of H
on {px,(k)} is 2" — 1 and the same holds for the fixed points on {gx5(k)}. Finally,
we see from the character table of B that pxg is fixed by H. So the number of fixed
points of Irre/ (B) under the action of H is: (28 — 1)% +2(2! — 1) + 1 = 2%, O

LEMMA 6.2. Let t|2n + 1 and H = (a'). The number of fized points of Irre (G)
under the action of H is 2%,

Proof. Let Irt**(G) denote the set of semisimple irreducible characters of G. From
the character table of 2F4(¢?) in the CHEVIE library we see that Irre/(G) =
Irr**(G). Let S(G) be the set of all semisimple conjugacy classes of G.

We can assume that « is the restriction of the endomorphism of the algebraic
group G which is given by z,(t) — x,(t?) (which we also denote by «). Since «
raises every element of the maximally split torus T to its 2nd power we see that o!
acts on the semisimple conjugacy classes of G like the 2'th power map (this does
not mean, that o maps every semisimple element of G to its 2¢th power).

Since G = 2F 4(q?) is isomorphic to its dual group (in the sense of [3], Section 4.4,
p. 120), the number of fixed points of o' on Irre(G) = Irr**(G) is equal to the
number |S(G)*'| of fixed points of a on S(G). By Remark (a) after [1, Lemma 4.1],
we have |S(G)*'| = |S(2F4(22))|. From [3, Theorem 3.7.6] we get |S(2F4(2%))] =
22, O

THEOREM 6.3. For ¢ = 22"t1 > 8 the group 2F4(q?) is good for the prime 2 in
the sense of [13, Section 10].

Proof. Note that 2F4(¢?) has trivial Schur multiplier. Let A := B x (a) (where «
is the field automorphism of G as before). From Lemmas 6.1, 6.2 and [12, (13.23)],
we know that there is an A-equivariant bijection ()* : Irre(G) — Irre/(B). The
verification of the remaining properties for 2F4(¢?) to be good is analogous to the
proof of [10, Theorem 6.1]. O

In particular, the McKay conjecture for p = 2 is true for 2F4(q?).
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Appendix A.

Table A.1 (cf. Shinoda [19, Table IV]): Parametrization of those semisimple con-
jugacy classes of 2Fy(q?) having non-empty intersection with one of the proper

parabolic subgroups of 2 Fy(¢?).

Representative Parameters Number of
Classes
hy := h(1,1,1,1) 1
o= — 1) 2_
ho(i) = h(1,1, &, E207 1)) i—o0,..., -2 -2
i#£0
— o 1 — 7
ha (i) == h(Céycéw 1)1.<§20+1)1,C§) i=o0,..., 2 -2 q £ 2
i#£0
-~ _ i =7 = —1)4 4 2
ha(i, ) = (&, EO711 & g(20-1i) i=0,..., 2 —2j=0, ..., -2 a'=10¢%+16
many exceptions
hg = h(ez. ey~ e5 170 79 1
o 1—0vs —(—1_ PP 2 _
he (i) 1= n(€h, &51 01 (1m0 g 00y P=0,.. .4 a2
i %0, L 2@+
hp (i) 1= h(54(1493+292+1)'i’5£292+29—1)i’ i=o0, ..., Ao ﬂ4;42113
(— 2 P 3 2 .
E(TR07 20D £ ma67 4207+ 1)i) i# (@ -1l 1=0,..., >
i# (@241 1=0,..., a® -2
. 2 2 _
hg(i) = h(1,1, ¢¢%, ¢~ ") i :#0 ..... 0 — V3q a®=v2
7 0

2 P ERPYY] EPTY
hg (i) 1= hw;/g/(29 _20“)1’%/(49 60< 4460 1)17

Lt - vaed

_ 2 _ . _ap4 PA
w/8/(29 1)177’[)/8/( 407 +20 )7,) i (qg i, l=o0,..., a2 — V2q —242 +2v2q)
i# (a2 —V2g+ 1)L, 1=0,..., 2 — 2
- 2, 2
hio() == h(1, 1, 34, 359 %) i=0,..., a® +V2q Cy2g
i #£0
_ 2 P 3 2 _ ;
h11 (i) — hwé@s +20+1)i (4654207 —1)i i gt 4 V3B _ Vg2 1t + vagd
0902 —1Vi 1l —ap4 25,
GO T p(— 407426701 iA @2 -1, 1=0,..., a2 + V3q 242 — 2v/3q)
i# (@2 +V2q+ 1), L=0,..., 2 -2

Table A.2 (K. Shinoda [19, Tables II, V]): Those conjugacy classes of 2 F;(¢*) hav-
ing non-empty intersection with one of the proper parabolic subgroups of 2Fy(¢?).
(For a definition of the element ¢ € F 2 occurring in the representative for ¢;,9 and
the group elements x, z’, 2" in the representatives for ¢s 2, ¢5 3, ¢5.4 respectively, see
Section 3. Note that z,2’,2” depend on the congruence class of § mod 3.)

Notation Representative [C2p,(42)]

c10 1 (g +1)(* - 1)+ 1) - 1)
1 a12(1) g+ 1) - 1)

€1,2 a1o(1) (q* — 1)

1,3 as(1)anz(1) 2¢"(q* +1)(¢* — 1)

C1,4 as(1) 2¢"(¢" +1)(¢* = 1)

L5 ar(1)as(1) q'°

c1,6 as(1)ar(1) q**
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Character table of a Borel subgroup of the Ree groups 2Fy(q?)
Representative

Notation

Table A.2 (continued)
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111111111111 A N Ao e T I T I Y-S = S T TR Y
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(" +1)(¢* = 1)

2¢+1)(¢° — 1)
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(¢* -
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Character table of a Borel subgroup of the Ree groups 2Fy(q?)

Table A.3: Parametrization of the semisimple conjugacy classes of B.

Representative Parameters Number of
Classes

hi = h(1,1,1,1) 1

ha(i) = h(C3, &30V 1,1) i=0,...,~2  ¢-2
i#0

ha(i) i= (G, G207V GO EHOTARD P —2 =2
i#£0

h ( ) (C27 S 1)17Cé7~£2‘9—1)i) 7::07"'7(]2_2 q2_2
i#£0

hs (i) := h(1,1,¢3, 7707 i=0,...,¢° 2 ¢ -2
i#0

he(i) = h(C3, &0 VLG, G i=0,....4 2 £ —2
i#0

hr(i) := h(Ch, CS20~ D1, (07201 F-407440-1iy g 29 ¢ —2
i#£0

hs(i) = h(C(% 1)i C(49L40+1)z C C(29 1)1) i=0,.. .7q2 _9 q2 _9
i#£0

ho (i) = h(CSI 207 A HA0-DI & FROD i g? — 2 @ -2
i#£0
i,j=0,...,¢> =2

hao(i, ) = h(C, G200, &, E5° 717 i,j#0 ¢* —10¢* + 16
j# +i,+(20 — 1)i
i # (20 —1)j

Table A.4: The conjugacy classes of B. (The parameter a in the representatives
for the conjugacy classes of type C1,29, C1,30, C1,34, C1,35, C1,36, C1,37, C1,45, C1,46,
C1,47, C1,48, C1,59, C1,60, C1,61, C1,65, C1,66, C1,67 runs through the sets 117 IQ, ey
116 respectively with |Il| = |L| = |I;| = ¢ - 2, |13| = |L| = |I5| = || =

22 1 >+v2

| = [I1| = |l = & = 1, [Is] = 552, |hol = 552, [he| = |Ie| = 5721,
|Iis| = |I15] = £ 74‘/_‘1. The sets I, ..., I1g are deﬁned in Section 4.)

Notation Representative |Cg] Fusion in G

c1.0 1 (¢* =17 cio

c1,1 a12(1) ¢ —1) e

c1,2 a11(1) QQQ(QQ -1) €11

c1,3 a1o(1) (" —1) 1,2

C1,4 a9 (1) (" —1) C1,2

C1,5 ag(l) (¢ —1)

C1,6 ag(l)au(l) ql8 C1,2
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Table A.4 (continued)

Notation Representative |Ch| Fusion in G
c17 az(1) ¢ —1) e
c1,8 ar(1l)asg(l) q'° C1,5
€19 (1) 2¢"(¢* = 1) c1a
c1,10 as(1l)aii(1) 2q14(q2 -1) e
1,11 ag(1)ag(l) 1 1,6
c1,12 as(1) 20" = 1) 14
c1,13 as(1)on2(1) 2¢"(¢* = 1) ci3
1,14 as(1)ar(1) 1 c1,6
C1,15 a5(1)a6(1) 2q12 C1,7
C1,16 055(1)056(1)058(1) 2(]12 C1,8
17 as(1) 2¢°(¢* = 1) 14
C1,18 ag(D)anr(1) 2¢"2 c1,6
c1,19 aa(L)as(1) 2¢"(¢* = 1) e
C1,20 a4(1)a8(1)a11(1) 2(]12 C1,6
c1,21 a4(1)a6(1) 2q10 c1,7
C1,22 054(1)056(1)0511(1) 2(]10 C1,8
C1,23 as(1) *(¢* - 1) C1,2
C1,24 az(1)onr (1) q“ c1,5
1,25 as(1)as(1) 2¢"? c1,6
1,26 a3(1)as(1)a11(1) 2¢"? C1,6
C1,27 053(1)056(1)059(1) 2(]12 C1,4
C1,28 053(1)056(1)059(1)0511(1) 2(]12 C1,3
Cl,zg(a) ag(l)aa(l)ag(a) 2q12 C1,6
Clyso(a) 053(1)056(1)059((1)&11(1) 2(]12 C1,6
1,31 az(1)as(1) 10 c1,6
€1,32 as(l)as(1)as(1) 2¢*° c1,8
C1,33 053(1)055(1)056(1)058(1) 2(]10 C1,7
01,34(a) 053(1)055((1)&6(1) 2(]10 C1,7
ci,35(a)  asz(Das(a)as(1) 2¢*° c1,8
Clysa(a) 053(1)055(a)0t6(1)058(ta) 2(]10 C1,7
01,37(a) 053(1)055(a)0t6(1)058(ta) 2(]10 C1,8
c1,38 az(1) (¢ —1)  cn
1,39 az(1l)aiz2(1) q'c c1,2
C1,40 052(].)059(].) 14 C1,5
1,41 az(1)as(1) 12 c18
C1,42 052(].)056(].) 2(]14 C1,4
C1,43 052(1)056(1)0511(1) 2(]14 C1,3
C1,44 az(1)as(1)ao (1) 1 C1,6
01,45(a) 052(1)056((1)0¢9(1) q14 C1,6
01,46(a) 052(1)056((1)0¢8(1) q12 C1,7
61,47(a) az(l)ag(a)as(l) q12 C1,8
01,4g(a) 052(1)056((1)0¢8(1) ql2 C1,9
1,49 az(1)aa(1) 2¢° 1,10
C1,50 az(l)a4(1)a5(1) 4q8 C1,11
C1,51 az(Daa(Das(Das(1)  4¢° C1,12
C1,52 az(1l)as(1) 2¢° €1,13
1,53 az(1)az(1)as(1) 24° €114
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Representative

Notation

Table A.4 (continued)
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Table A.5: Parametrization of the irreducible characters of B.

Number of Characters

(¢ —1)°

Parameters
-1

Degree

Character
BX1 (k7 l)

.7q2—2
.7q2—2

k1=0,..

k=0,..

.7q2—2 q2—1

k=0,..

Lt =2 -1

k=0,..

.7q2—2 q2—1

k=0,..

BX5 (k)
BXe

(¢ —1)°

+<

BX7

BXs

P?-1)  k=0,....,¢=2 ¢ -1

BXQ(k)
BX10

*(¢° —1)°

.,q2—2 q2—1

-1 k=0,..

BX11(k)
BX12(k)

BX13

i

N
[ B ! i i A} A} A} A} i i i

[a]

~
S

k=0,..

a*(¢® - 1)

Tl Tole ol Tl = Tolw Yol ol Vol = Tolw N+

BX14

BX15

BX16

BX17

BX18

BX19

BX20

BX21

BX22

.7q2—2 q2—1

k=0,..

a'(¢® —1)°

BX24

k=1,..

¢ —1)?

~—

BX25 (k)

— i
(.
[a] [al]
(=, [ — — —
N A
(.
[a] [al]
SN
S <o
I
RO
2] ™ ~ ~
(SR e SR e e
I (. L
RIS o T
= 222
N Ql N Ql
HE S S sl ln

BXa2s8

BX29

BX30

BX31
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Number of Characters

-1
-1

.,q2—2
.,q2—2

Parameters
k=0,..
k=0,..

k=1,...

¢°(¢* —1)?
¢°(¢* - 1)
¢ —1)°
¢ —1)°
-1

Character table of a Borel subgroup of the Ree groups 2Fy(q?)
Degree

Character
BX37(k)

BX3s
Bng(k)

BX32
BX33
BX34
BX40
BX41 (k)
BX42(k)

Table A.5 (continued)

-1
-1

2

2

2
-1
-1

L R e B T e B e B e
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IS [ T T N I |
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([ [ | | 1R |

2 I S
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DI Il N e
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[ T R > W [ I S W R S S G
™ o~ [ R R = R~
L EEEEEEL TS

N O e IO e [ e O e No Ve Ve 92 |42 [ 8 | 2
e SIS S S IS S A S S S S A e

= = SESESESES
m ¥ 1 © N~ © 9 O oA A ® % o © I ®
¥ < & 5 5 <& < ©° o o s o i) s a8 a0
< X X X X X X X X X X x X X X X
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25
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(1- N@vm@W\(ml NQ - N@vm@m\zm NQ - mEm@M\zm NQ - mEva\(m NQ - N@vm@W\(m NQ - N@vm@m\zm sexa
(1= P)gher - 21— P gber g (1= P)gherd (1= P)gher % (1= D) herg (1= D) herg sexd
me\(ml (1- N@vm@m\/m (1= msm@M\/m (1= msm@M\(m (1- NS%W\(W (1- N@vmwm\/m () texa
DN (1 = P)bert (T = P)gber g (1= P)gher g (1 = P)ber g (1= P)bert (a)%xa
o1~ eP)o? 2(1 = gh)P (1= PP (T = P)gh (1= ¢D)gP (T — gD)gP (=) “ex & HHNNHW
NQ - vawv m: - mvvww m: - mvvww NQ - vawv NQ - vawv m: - mvvww rexa
(T—¢b)yP (T—¢b)yb (T—¢b)yb (T—¢b)yb (T—¢b)yP (T—¢b)yb () eexa
NQ - vawvw m: - mvvwww m: - mvvwww NQ - vawvw NQ - vawvw m: - mvvwww cexd
NQ - mswvw NQ - N@vwww NQ - N@vwww NQ - mswvw NQ - mswvw NQ - N@vwww texa
NQ - vawvw m: - mvvwww m: - mvvwww NQ - vawvw NQ - vawvw m: - mvvwww vexa
NQ - mswvw NQ - N@vwww NQ - N@vwww NQ - mswvw NQ - mswvw NQ - N@vwww otxa
NQ - vawvw m: - mvvwww m: - mvvwww NQ - vawvw NQ - vawvw m: - mvvwww Stxa
NQ - mswvw NQ - N@vwww NQ - N@vwww NQ - mswvw NQ - mswvw NQ - N@vwww “txa
NQ - vawvw m: - mvvwww m: - mvvwww NQ - vawvw NQ - vawvw m: - mvvwww otxa
NQ - mswvw NQ - N@vwww NQ - N@vwww NQ - mswvw NQ - mswvw NQ - N@vwww ftxa
NQ - vawv% m: - mvvwwm m: - mvvwwm NQ - vawv% NQ - vawv% m: - mvvwwm vixd
NQ - mswvw NQ - N@vwwm NQ - N@vwwm NQ - mswvw NQ - mswvw NQ - N@vwwm frxa
(1 — vawv (1 — mvvww (1 — mvvww (1 — vawv (1 — vawv (1 — mvvww (s3)etxa
(T—¢b)yP (T—¢b)yb (T—¢b)yb (T—¢b)yP (T—¢b)yP (T—¢b)yb () Frxa
NQ - vamv m: - mvvmw m: - mvvmw NQ - vamv NQ - vamv m: - mvvmw orxa
(T —gP)P (T— D) (T— D) (T =P (T =P (T— D) (o) oxa
(1= 2D (1= ¢P) (1= ¢P) (1= 2D (1= 2D (1= 2P) sxa
(T — Dbgr g (1= Dbt (1= Db (1= Dbgrg (1= Dbgr g (T — Dbgr g xa
m: - vawm\,m NQ - vawm\zm NQ - mvvmm\zm m: - mvvmm\,m m: - vawm\,m m: - vawm\zm oxa
T— b T— b T— b T— b T— b T— b (o) xa
(1= Pybgr g (1 = pybgr g (1 = bybzr g (- Mbert (1 - Dbgr g (1= Dbgr e (X
(T — ghbgr g (T — ghbgr g (T — Dbgr e (T — Dbgrg (T — ghbgr g (1 — Db p g (s)Fxa
ﬁlmv Hlmw Hlmw ﬁlmv ﬁlmv Hlmw (y)exa
1 T T T T 1 (19) 'xa
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Character table of a Borel subgroup of the Ree groups 2Fy(q?)
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9 4 9 z_
b1 A Teby +brag
s _ v z _ z
R 2by — b2y
z _ ¥ 9 z_
Pt 2b% + ,bray

z 14 z _ z
HPT + T hy — Prat

Prag—
st
Prag—
st
mwm\/ml
hT e -
BT
R

[ z 28 _
meLﬁ mmeLﬁww 3%
s _v z _ 9
b1 3y — b7y
s _ v 19 $32%
mvH mmeLﬁww 3%

z id z _ z
H¥ +T7apy — Pret

9 9 g _ c_
HT Ve by + by — brey

z z e _ Z_
W72 + b3 + by —Va.be

c _ 9 g _ z
WPVet — by + by — e by

z z e _ Z_
WPTET Py b — by

(- N@vwwml sexa
(1—,b),b% Lexd

(T- N@vwwm ixe

(1 — va%m\ f9x g
me\(mw: - mwvm vexa
vag N (1 — b)E— ESx g
vag A b(T — b)E— ()sxa
g N (1 = P)§ () Texa

. Av\vcmxm HHNM”W
: (porxa I
: ()s7xa AT
B Lvx g
. wxdg
: (a)¥xd
: ()rrxe
B €vXxX g
: (exa
. () Txe HHNM”W
. ovx g
. A@\vmmxm
. SEX g
. €7 =
COSEXE ) by
. (3)98xa . HMM
Tz
. ge =3
(e1) =X €/(v—gbe)
. veExXg
€EX T

TeEx g

z z c _ 2 _
R SRaEPTS S UL SRS
z z z _ Z_
P72 + by + by — T2 bt
z _ k9 z _ 9 1€
wwwmﬁ wvH + mvH wmmwﬁ X

4 4 4 4
w@wmﬂ+avﬂ+w@ﬂ Iwmmwﬂl oeXd

8¢‘Io

L8°'To

[<20 51

¢ 1o

(panurguod) 9y 9IqR],

41



Character table of a Borel subgroup of the Ree groups 2Fy(q?)
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Character table of a Borel subgroup of the Ree groups 2Fy(q?)
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