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Abstract

We construct explicit examples of Fg lattices occurring in
arithmetic for which the natural Galois action is equal to the
full group of automorphisms of the lattice, i.e., the Weyl group
of Eg. In particular, we give explicit elliptic curves over Q(t)
whose Mordell-Weil lattices are isomorphic to Fs and have
maximal Galois action.

Our main objects of study are del Pezzo surfaces of degree 1
over number fields. The geometric Picard group, considered as
a lattice via the negative of the intersection pairing, contains
a sublattice isomorphic to Es. We construct examples of such
surfaces for which the action of Galois on the geometric Picard
group is maximal.

1. Introduction

In this paper we construct explicit examples of Eg lattices coming from arithmetic
for which the Galois action is as large as possible. Recall that a lattice is a free
abelian group equipped with a Z-valued non-degenerate symmetric bilinear form.
The Eg lattice is the unique, positive definite, even, unimodular lattice of rank 8.
As the notation suggests, it is also the root lattice of the Fg root system (which is
the largest exceptional root system). The Weyl group of Eg, denoted W (Eg), is the
group of automorphisms of the Eg lattice; it is a finite group of order 696,729,600.
Suppose that F is a non-isotrivial elliptic curve over Q(¢). Then the group
E(Q(t))/E(Q(t))tors is free abelian of finite rank and has a natural pairing called the
canonical height pairing (see [20, Theorem I11.4.3]). The group E(Q(t))/E(Q())tors
equipped with this pairing is a lattice, called the Mordell-Weil lattice of E. The
natural action of Gal(Q/Q) on E(Q(t))/E(Q(t))tors preserves the lattice structure.
Let us now give an example of an Fg lattice occurring in arithmetic.

THEOREM 1.1. Let a(t),b(t), c(t) € Z[t] be polynomials of degrees at most 2,4, and
6, respectively, which satisfy the following congruences:

a(t) =70t (mod 105),
b(t) = 84t* + 7t* + 98t + 84t + 98  (mod 105),
c(t) = 65t° 4 42> + 21¢* + 77t% 4+ 63t 4+ 56t + 30  (mod 105).
Let E be the elliptic curve over Q(t) given by the Weierstrass model
y? =23 +a(t)z® + b(t)x + c(t). (1.1)
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Arithmetic Eg lattices with maximal Galois action
Then the group E(Q(t)) is free of rank 8 and as a Mordell-Weil lattice it is iso-
morphic to the Eg lattice. The group Gal(Q/Q) acts on E(Q(t)) as the full group
W (FEsg).

Remark 1.2.

(i) Mordell-Weil lattices of type Es have been extensively studied by Shioda
(see [18, 19]). In fact, Shioda [18, Theorem 7.2] has shown that every Galois
extension of Q with Galois group isomorphic to W (Eg) arises from the Mordell-
Weil lattice of an elliptic curve E/Q(¢). Theorem 1.1 thus gives explicit
examples of this theory.

(ii) If the Mordell-Weil lattice of F/Q(t) is isomorphic to the Eg lattice, then the
240 roots of the lattice are Q(t)-rational points of the form

xr = a2t2 + a1t + ag Yy = b3t3 + b2t2 + b1t + b, (12)

where a;,b; € Q for all i and j. Conversely, any Q(t)-point of this form is a root
of the lattice; see [17, §10]. The field extension of Q obtained by adjoining
all the coefficients a; and b; is a Galois extension of Q with Galois group
isomorphic to a subgroup of W (Es).

Theorem 1.1 can thus be used, in principle, to write down explicit Galois
extensions of Q with Galois group isomorphic to W (Esg): first substitute the
expressions of (1.2) into (1.1). We then obtain a polynomial in the variable ¢,
which is identically zero if (z,y) € E(Q(t)). This will give a series of relations
among the a; and b;. We can then use elimination theory to distill these
relations to a single polynomial in, say, the variable a;. The Galois group
of the splitting field of this polynomial will be isomorphic to W (Es). The
polynomial we obtained by this method is too large to be included here.
Another method for obtaining a polynomial whose splitting field has Galois
group isomorphic to W(Eg) can be found in [13]. This approach uses an
algebraic group of Eg type.

1.1.  Del Pezzo Surfaces

A del Pezzo surface X of degree 1 over a number field & is a surface over k that
when base extended to an algebraic closure k of k is isomorphic to IP’% blown up at
8 points in general position.

An Eg lattice naturally arises from a del Pezzo surface X of degree 1 as follows.
Let X3 = X Xgpeck Spec k. The intersection pairing on Pic(Xy) = Z° gives this
group a lattice structure. Let K3 denote the orthogonal complement in Pic(X7)
of the canonical class Kx with respect to the intersection pairing. We give K+ a
lattice structure by endowing it with the form that is the negative of the intersection
pairing. As a lattice, K+ is isomorphic to the Fg lattice. We denote by O(Kx) the
group of lattice automorphisms of K § It is thus isomorphic to W (Es).

There is a natural action of Gal(k/k) on Pic(X7) that respects the intersection
pairing and fixes Kx. We thus obtain a Galois representation

bx: Gal(k/k) — O(Kx).

We will construct explicit examples of X such that ¢x is surjective, that is, such that
the action of Galois on K3 is maximal. Ekedahl [9] and Erné [10] have made the
analogous constructions for del Pezzo surfaces of degree 3 and 2, respectively (for the
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general definition of del Pezzo surfaces, see §2). The reader will see their influence
here. In [18], Shioda also constructs explicit examples for del Pezzo surfaces of
degrees 2 and 3, using the theory of Mordell-Weil lattices.

We can now state our main result.

THEOREM 1.3. Let f be a sextic polynomial in the weighted graded ring Zlx,y, z, w],
where the variables x,y, z,w have weights 1,1,2,3 respectively, such that

f = 4025 + 6325y + 84xy? + 2823y + 422%y* + 49215 + T5y5 + 84212 (1.3)
+ T2dyz + 982%y% 2 + 84wy 2 + 98yt 2 + 35xy2® + 22 + w?  (mod 105).

Then X := Proj (Q[x,y, z,w]/(f)) is a del Pezzo surface of degree 1 over Q and
the homomorphism

¢x: Gal(Q/Q) — O(Kx)
is surjective. Equivalently, if Lx is the fized field of ker(¢x) in Q, then
Gal(Lx/Q) = W (Es).

Letting the polynomials [ that satisfy (1.3) vary, the corresponding fields Lx give
infinitely many linearly disjoint extensions of Q with Galois group isomorphic to
W(Es).

Remark 1.4.

(i) Suppose that k is a finitely generated extension of Q. By Theorem 1.3, there
is a del Pezzo surface X/Q of degree 1 such that Gal(Lx/Q) = W(Es), and
such that & and Lx contain no isomorphic subfields except @ (the proof of
Theorem 1.3 will give a constructive way to find such an X). Therefore Xy, is a
del Pezzo surface of degree 1 over k, and the homomorphism ¢x, : Gal(k/k) —
O(Ky,) is surjective.

(ii) The finite subgroups of GLg(Q) with maximal cardinality are isomorphic to
W (FEsg) (this depends on unpublished results in group theory, see [1]). Thus
our examples have maximal Galois action amongst all rank 8 lattices.

1.2.  Genus 4 curves

We shall now describe certain genus 4 curves that arise from del Pezzo surfaces of
degree 1. These curves have been studied by Zarhin, and our examples complement
his. For details, see [21].

Let X be a del Pezzo surface of degree 1 over a field k£ of characteristic 0. The
surface X has a distinguished involution called the Bertini involution; it is the
unique automorphism of X which induces an action of —I on Ky C Pic(Xy). The
fixed locus of the Bertini involution consists of a curve C' and a rational point. The
curve C' is smooth, irreducible, non-hyperelliptic, and has genus 4.

Let J(C) be the Jacobian of C, and let J(C)[2] be the 2-torsion subgroup
of J(C)(k). The group J(C)[2] is an 8-dimensional vector space over Fy and is
equipped with the Weil pairing

() JO)R] x J(O)[2] — {£1} = Fa.

The pairing ( , ) is an alternating nondegenerate bilinear form. The Galois group
Gal(k/k) acts on J(C)[2] and preserves the Weil pairing. The following lemma
describes the structure of J(C)[2].
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LeMMA 1.5 ([21, Theorem 2.10 and Remark 2.12]). There is an isomorphism of
Gal(k/k)-modules

J(O)2) = Kx /2K,
which preserves the corresponding Fo-valued pairings.

Recall that K+ = Fg, so the Galois action on J(C)[2] factors through the group
W (Es)/{£I}. We may thus use our examples from Theorem 1.3 to give examples
of such curves with maximal Galois action.

PROPOSITION 1.6. Let f be a sextic polynomial in the weighted graded ring Z[z, vy, 2],
where the variables x,y, z have weights 1,1,2 respectively, such that

[ =402° 4+ 632°y + 84xty? + 28233 + 422%y* + 492y° + 75y° + 8422
+ T23yz 4+ 9822y 2 + 84z 2 + 98y*z + 35xyz? + 23 (mod 105).

Define the curve C := Proj(Q[z,y, z]/(f)) and let J(C) be its Jacobian. The curve
C' is smooth, geometrically irreducible, non-hyperelliptic, and has genus 4. There is
an 1sometry

J(C)[2] = Es/2Es

under which the group Gal(Q/Q) acts as the full group W (Eg)/{+£I}.
The Jacobian J(C) has no non-trivial endomorphisms over Q, i.e.,

End(J(C)g) = Z.
In particular, J(C) is an absolutely simple abelian four-fold.

Proof. Let fi := f+ w? € Z[z,y, z,w]; for the del Pezzo surfaces associated to
f1 in Theorem 1.3, the automorphism [z : y : z : w] — [z : y : 2z : —w| is
the Bertini involution. The curves in the proposition are in the fixed locus of the
Bertini involution of the appropriate del Pezzo surface. That the Galois action is
maximal is then a consequence of Theorem 1.3 and Lemma 1.5. The last statements
of the proposition follow from [21, Theorem 4.3]. O

1.3.  Qverview

Let us briefly outline the contents of this paper.

In §2, we summarize some of the basic theory of del Pezzo surfaces, focusing on
the aspects relevant to our application. In particular, in §2.5 and §2.6 we describe
how given a del Pezzo surface of degree 1 as a blow-up of P%, one can write down
an explicit (weighted) sextic polynomial defining this surface; i.e., the anticanonical
model.

In §3, we prove a useful criterion to determine whether a subgroup H C W (Es)
is actually the full group W (Es). Applied to a del Pezzo surface X/Q of degree 1,
it gives a criterion for the representation ¢x to be surjective (Proposition 3.2). In
particular, to show that ¢x is surjective, it suffices to give a model X' /Z of X with
certain kinds of reduction at three special fibers. For example, one of the conditions
is the existence of a prime p for which Ay, is a del Pezzo surface of degree 1 and
Pxy, Gal(F,/F,) — O(Kﬁ%) has image of order 7.

In order to construct the surfaces of Theorem 1.3, we first construct three del
Pezzo surfaces of degree 1 over the finite fields F3, F5 and F;, with the properties
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required by Proposition 3.2 (this explains the congruences modulo 105 = 3-5-7). To
prove Theorem 1.3, we then exhibit a scheme X /Z whose generic fiber is X/Q, and
whose special fibers at 3,5, and 7 are isomorphic to the del Pezzo surfaces already
calculated (see §6).

Our surfaces over Fg and F5 will be given explicitly as the blow-up of 8 points in
the projective plane (see §4.1 and §4.2). For our example over F7, we simply write
down a candidate surface and then verify that it satisfies the required properties
by applying the Lefschetz trace formula (see §5.3).

Finally, in §7, we show how given a del Pezzo surface X/Q of degree 1, one can
associate an elliptic curve E/Q(t). As a consequence of the work of Shioda, there is
a lattice isomorphism K5 = E(Q(t))/E(Q(t))tors which respects the corresponding
Galois actions. Working this out explicitly, we will find that Theorem 1.1 is a direct
consequence of Theorem 1.3.
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Notation

We now fix some notation and conventions which will hold throughout the paper.
For a field k, fix an algebraic closure k. For S-schemes X and Y, define Xy :=
X xgY; if Y = SpecB, then we will write Xp for Xspecp. If .# is a sheaf of
Ox-modules on a k-scheme X, then the dimension of the k-vector space H°(X,.%)
of global sections will be denoted by h%(X,.Z).

By a surface, we mean a smooth projective geometrically integral scheme of
dimension 2 of finite type over a field k. Given a surface X over k, we have an
intersection pairing ( , ): Pic(X3) x Pic(Xg) — Z. We write wx for the canonical
sheaf of X, and Kx for its class in the Picard group. We will identify Pic(X) with
the Weil divisor class group; in particular, we will use additive notation for the
group law on Pic(X).

Suppose that k is a number field and that v is a finite place of k. Denote the
completion of k at v by k,, the valuation ring of k, by O,, and the corresponding
residue field by F,. Let F,, € Gal(F,/F,) be the Frobenius automorphism z +— z!F+l.
We will denote the ring of integers of k by Og. If S is a set of places of k, we write
Oy, s for the ring of S-integers of k.

2.  Background on del Pezzo surfaces

We now review some basic theory concerning del Pezzo surfaces. The standard
references on the subject are [16], [7] and [14, IIL.3]. In some cases, we give proofs
of easy ‘folklore facts’ that are not included in these standard references. The reader
acquainted with the theory of del Pezzo surfaces is encouraged to only skim this
section, referring back to it as necessary.

2.1.  Del Pezzo surfaces
DEFINITION 2.1. A del Pezzo surface over a field k is a surface X over k with ample
anticanonical sheaf w;(l. The degree of X is the intersection number (Kx, Kx).
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For a del Pezzo surface X over k of degree d, we have 1 < d < 9. The surface
Xy, is isomorphic to either PL x PL (which has degree 8) or to the blow-up of PZ at
r := 9 — d closed points. Moreover, in the second case, the r points are in general
position; that is, no 3 of them lie on a line, no 6 of them lie on a conic, and no 8 of
them lie on a cubic with a singularity at one of the points.

For r < 8, the blow-up of r distinct closed points of ]P% in general position is a
del Pezzo surface of degree 9 — r over k [7, Theorem 1, p. 27].

2.2.  Structure of the Picard group
Let X be a del Pezzo surface over k of degree d < 6. The Picard group Pic(Xy)
is a free abelian group of rank 10 —d = r + 1, and has a basis 1, . . ., ., £ such that
(Ei,éj) = —(5”‘, (éi,Z) =0, (ZZ) =1, and —Kx = 30— Zéi.
i=1
If X5 is the blow-up of IP’% along a set of closed points {P, ..., P.} which are in
general position, then we may take €; to be the class of the exceptional divisor e;
corresponding to P; and ¢ to be the class of the strict transform of a line ¢ in ]P’%
not passing through any of the P;. The divisors e; are isomorphic to IF%.

DEFINITION 2.2. Let Ky be the orthogonal complement of K x in Pic(Xy) with re-
spect to the intersection pairing. We give Ky the structure of a lattice by endowing
it with the form that is the negative of the intersection pairing.

The lattice K}( is isomorphic to the root lattice of type Ay x As, Ay, D5, Eg, E7
or Es (where r is the sum of the subscripts) [16, Theorem 23.9]. The group O(Kx)
of lattice automorphisms of Ky is isomorphic to the Weyl group of K+ (see [16,
Theorem 23.9 and §26.5]).

2.3.  Galois action on the Picard group

Let X be a del Pezzo surface over k. For each o € Gal(k/k), let &: Speck —
Spec k be the corresponding morphism. Then idx x& € Aut(X7) induces an auto-
morphism (idx x&)* of Pic(X7). This action of Gal(k/k) on Pic(X7) fixes the
canonical class Kx and preserves the intersection pairing. Therefore it factors
through the action on K )157 inducing a group homomorphism

bx: Gal(k/k) — O(Kx)

o — (idx X&)k

2.4.  Weighted projective spaces

We quickly recall some basic definitions for weighted projective spaces; a good
general reference is [8]. Fix a field k and positive integers qo, . - . , gn- Let k[xo, ..., x,]
be the polynomial ring in the variables zg, ..., z, graded with weights qo, ..., ¢n,
respectively. We define the weighted projective space Pg(qo,...,q,) to be the k-
scheme Proj(k[zg, ..., zy]).

The Z-grading on the variables zg, . . . , z,, givesrise to an action of G,, on AZH =
Spec(k[zo, . .., x,]) via the k-algebra homomorphism
k[zo, ..., 2n] — K20, ..., 2n] ® k[t t71]

T 1 Q9.
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The open subscheme U = A7\ {0} is stable under this action. The universal
geometric quotient U/G,, exists and coincides with Px(qo, ..., qn). The set of k-
valued points of P (qo,- .., ¢n) can be described as

Pe(gos - an)(F) = (B = {(0,...,0)})/ ~,

where (ag, . .., an) ~ (a}, ..., al) if there exists a A € k- such that a; = A%a}, for all
i. We denote the equivalence class of (ag,...,a,) by [ag : ... : a,]. A homogeneous
ideal I of k[xg,...,z,] (with respect to the above grading) determines a closed
subscheme V(I) := Proj(k[zo,...,x,]/I) of Px(qo,...,q,). The set of k-valued
points of V(1) is

V(D (k) ={[ao: ... : an) € Prlqo, .-, qn)(k) :
f(ao,-..,a,) =0 for all homogeneous f € I}.

2.5.  The anticanonical model
Besides the blow-up description, there is another useful model of a del Pezzo
surface. For any k-scheme X and line bundle . on X, we may construct the
graded k-algebra
R(X, %)= P H (X, 2°™).

m=0

When . = wy', we call R(X,wy') the anticanonical ring of X. If X is a del Pezzo
surface over k, then X = ProjR(X,wy') [14, Theorem II1.3.5]. The k-scheme
Proj R(X,wy') is known as the anticanonical model of X.

PROPOSITION 2.3. Let X be a del Pezzo surface of degree 1 over a field k, and let
x,y, z,w be variables with weights 1,1,2,3 respectively. Then there is an isomor-
phism of graded k-algebras

R(X,wy') = klz,y, z,w]/(f),
where [ is a sextic in klx,y, z, w]. The surface X is thus isomorphic to the smooth
sextic hypersurface V(f) in Pg(1,1,2,3).

Conversely, if [ € klx,y, z,w] is a sextic polynomial such that V(f) is smooth,
then V(f) is a del Pezzo surface of degree 1.

Proof. See [14, Theorem II1.3.5]. O

We now briefly outline how, given a blow-up model of a del Pezzo surface X of
degree 1 over a field k, one can find a sextic polynomial f as in Proposition 2.3;
details can be found in [6, pp. 1199-1201] and [14, Theorem III.3.5].

Fix a graded k-algebra R = @,,50 Rm that is isomorphic to R(X,wx'). In
Proposition 2.6 below, our algebra R will be expressed in terms of the blow-up
description of X. By [14, Corollary II1.3.2.5], for each integer m > 0

m(m+1)

dimy(Ry,) = h°(X,wy™) = — Tt

(1) Choose a basis {z,y} for the k-vector space R;.
(2) The elements 22, zy, y* of Ry are linearly independent. Since dimy(Rs) = 4,
we may choose z € Ry such that {22 xy,y?, 2} is a basis of Rs.
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(3) The elements 3,22y, vy, y3, x2,yz of R3 are linearly independent. Since
dimg (R3) = 7, we may choose w € Rz such that {23, 2%y, zy?, 93, 22, y2, w}
is a basis of Rj3.

(4) Since dimy(Rg) = 22, the 23 elements

{w6 25y, 22, xsys :c2y4 2y ys s :c3yz :c2y2z oz,

Yz, 2?22 ay2? yP 2, 23 2w, P yw, oyPw, vPw, zzw, yzw, w?}

must be linearly dependent over k. Let f(z,y,z,w) = 0 be a nonzero linear
relation among these elements.

(5) Viewing f as a sextic polynomial in weighted variables x,y, z,w, we have an
isomorphism of graded k-algebras, R(X,wy') = R = k[xz,y, z,w]/(f).

Remark 2.4. If k is a field of characteristic not equal to 2 or 3, then in step (5)
above, we may complete the square with respect to the variable w and the cube
with respect to the variable z to obtain an equation involving only the monomials

6 5, 4,2 33 2.4 5 6 4, 3 2,2 3, .4, .3 2
{x 7$ y7$ y 7$ y 7x y 7xy 73/ 7$ z7x yz7x y z7xy z7y z?’z 7w }'

LEMMA 2.5. Let X be a del Pezzo surface of degree 1 defined over a field k. The
linear system |—K x| has a single base point O, and this point is defined over k.
We call O the anticanonical point of X. If X is the locus of a sextic f(x,y,z, w)
in Pr(1,1,2,3), then the linear system |—K x| gives rise to the rational map

X Pl [r:y:z:w— [z:y]

Proof. For the first statement, see [7, p. 40]. If X is a sextic f(x,y,z,w) = 0 in
Py (1,1,2,3) then the functions z and y form a basis for H(X,wy") (see [15, Proof
of Theorem 3.36(6)]). O

2.6.  Blow-up and anticanonical models

The following proposition shows how, given a del Pezzo surface X of degree 1
as a blow-up of P?, one may recover information about the action of Galois on
Pic(X%), as well as the anticanonical ring, in terms of the blow-up data.

PROPOSITION 2.6. Let k be a perfect field. Fiz a Gal(k/k)-stable set
S = {P17...,Pg}

of eight distinct closed points in IP’Q = Proj(k[zo, 1, 72]) that are in general position.

Let & C ﬁpz be the coherent zdeal sheaf associated to the closed subset S of P} with
its reduced-induced subscheme structure. Let X be the del Pezzo surface of degree 1
over k obtained by blowing up P% along .&.

(i) For each o € Gal(k/k), the order of ¢x (o) is equal to the order of the action
of o on the set S, the trace of ¢x (o) is equal to the number of P; fized by o,
and the determinant of ¢x (o) is equal to the sign of the permutation of the P;.

(ii) There is an isomorphism of graded k-algebras,
R(X,wy") = €D HO(PF, 7™ (3m)).
m=0

The vector space HO(IF’%, J™(3m)) is the set of homogenous degree 3m poly-
nomials in klxg,x1, 23] that have m-fold vanishing at each P;.
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Proof. Let m: X — P? be the blow-up of P? along .#, and let &; be the class of the
exceptional divisor e; of X3 corresponding to F;. Then

Pic(X7) = Ze1 & - - & Zeg ® ZL,

where Gal(k/k) fixes the class £ of £ and permutes the e; the same way it permutes
the P;. On the other hand, Pic(X7) = Ky @ Z - Kx, and Gal(k/k) acts via ¢x
on Kx and fixes Ky. Part (i) follows by comparing these two descriptions of the
action of Gal(k/k) on Pic(X7).

Let .# C Oy be the ideal sheaf of e,U- - -Ueg with the reduced-induced subscheme
structure. We claim that the invertible sheaf

I @0y 7 (O (3))

is isomorphic to the anticanonical sheaf of X. To prove this it suffices to work
over an algebraic closure k, in which case the invertible sheaves 7*(Opz (3)) and .¥

correspond to the divisor classes of 3¢ and —(€; + - - +@s) in Pic(X7), respectively.
The claim is then immediate since —Kyx = 3¢ — (e + - - - + &) € Pic(Xp).

We thus have the following isomorphisms of graded k-algebras (we shall write
P? instead of P% to avoid clutter),

R(X,wy") = P HO(X, ( ®ox 7 (0p2(3))*™)

m2=0

=~ P HUX, I @0y 7 (Op2(3m)))

m=0

= @HO S 7 ( f ®ox 7 (Op2(3m))))

m2=0

= B HO(P?, m(57)(3m)),
m=0
where the last isomorphism follows from the projection formula [12, Exercise I1.5.1].
The morphism Op2 — 7, Ox coming from 7, is an isomorphism of Op2-modules
(this can be checked on stalks, using the fact that 7 gives an isomorphism between
X —771(S) and P? — S, and that a regular function on e; must be constant). We

will identify Op2 and 7.Ox, and in particular, we may view 7, (.#) as an ideal of
O]P’Q .

The ideal sheaves w*(j ) and .# both correspond to closed subschemes of P?
with support {Py, ..., Ps}. Since .# corresponds to the reduced-induced subscheme
structure on { Py, ..., P}, we find that . (#) C .#. The ideal sheaf 7*(.#) has sup-
port e; U---Ueg. Since .# corresponds to the reduced-induced subscheme structure
on e; U---Ueg, we find that 7*(#) C .# and hence

I =m.71(F) C (I

(the equality follows from the projection formula). Therefore 7.(.#) = .#. For any
m > 1, we have m,(#™) = m,(.#)™ (these sheaves have support {P1,...,Pg} so
it sufﬁces to check on the stalks at each P;). Thus m,(#™) = m,(#)™ = #™ for
each m > 1, and hence

R(X,wy") = €D HO(P?, 7™ (3m)). O

m=0
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2.7.  Reductions of del Pezzo surfaces

LEMMA 2.7. Let v be a finite place of a number field k. Suppose that X is a smooth
O,-scheme such that X := Xj,, and Xp, are both del Pezzo surfaces of the same
degree d < 6. Given o € Gal(k, /k,), restrict o to the maximal unramified extension
of ky in ky and let & € Gal(F,/F,) be the corresponding automorphism of residue
fields. There exists an isomorphism of lattices

B: Kx = Ky,
such that for any o € Gal(k, /k,) we have
¢x(0) = B b, (7).

Proof. Fix an integral divisor V of X. Let V be the Zariski closure of V in X.
Since V is an O,-scheme, we may consider its reduction VF,U. Extending V +— V]Fv
by additivity defines a group homomorphism «: Pic(X) — Pic(AF,) called the
specialization map (see [11, §20.3]). By [11, Corollary 20.3], « preserves intersection
pairings. From our description of the intersection pairing on Pic(X7 ) in §2.2, we
find that the intersection pairing is nondegenerate and hence « is injective.

We claim that a(Kx) = Ky, . There is a commutative diagram [11, §20.3.1],

Pic(X)

Pic(X) - Pic(XF,),

where j: X — X and i: Ay, — X are the morphisms coming from the respective

fiber products. Thus it is enough to show that j*(Kx) = Kx and i*(Kx) = Kx;, .
Since pull-backs commute with tensor operations [12, Ex. I1.5.16(e)], it suffices to
prove that

Vxj0, X0, ko = Q). and Dy /0, X0, Fu = Qh, /5

these isomorphisms follow from the compatibility of relative differentials with base
extension [12, I1.8.10]. Therefore a(Kx) = K. .

Since a preserves intersection pairings and a(Kx) = Kx, , we have an injection
of lattices

Bi=algL: Ky — K;%Fv.
Since X and A, are del Pezzo surfaces of the same degree, we know that 3(K )
and K /J\;[F are isomorphic lattices. However, the root lattice K /J\;[F has no sublattice
isomorphic to itself. So S(K )Jg) =K /J\;[F , and thus ( is an isomorphism.

Take any o € Gal(k,/k,). For an integral divisor V of X, one finds that o(V), =

7(Vr,); equivalently, o commutes with the respective Galois actions. It is then an
immediate consequence that B¢x (o) = ¢x;, (7). O
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LEMMA 2.8. Let X be a del Pezzo surface of degree d < 6 over a number field
k. Let S be a finite set of places of k. Let X be a smooth Oy s-scheme for which
X = X, and let v ¢ S be a finite place of k such that Xp, is also a del Pezzo
surface of degree d. Then there is a lattice isomorphism 0: K+ = K/J\;[Fv and an

automorphism o € Gal(k/k) such that
¢x(0) = 07 o, (Fy)0.

Proof. In the notation of Lemma 2.7, choose o € Gal(k, /k,) with @ = F,,. Applying
Lemma 2.7 with Xp_, we know there is a lattice isomorphism 3: K%k = K%F for
which ’ '

¢x,, (0) = 87 O, (F) -

Now fix an embedding ¢: k < k,. This gives an inclusion Gal(k, /k,) — Gal(k/k),
and hence we may also view ¢ as an automorphism of k. The embedding ¢ induces
an isomorphism ~v: Pic(Xy;) = Pic(XEv) which preserves the intersection pairing
and the canonical class. Therefore 7| k% 1s a lattice isomorphism from K +to K )J-(kl
such that

bx () = (11xc0) 60, ()]

The lemma follows by setting 6 := (3| K& O

3. Group theory
We wish to find a del Pezzo surface X of degree 1 with surjective homomorphism
bx: Gal(k/k) — O(Kx).
To accomplish this, we will need a convenient criterion to determine whether a
subgroup of O(Kx) = W (Es) is the full group.

The Weyl group W (Es) may be viewed as a subgroup of GL(Es) = GLg(Z), so we
can talk about the trace, determinant, and characteristic polynomials of elements
(or conjugacy classes) of W(FEg). The order of a conjugacy class is the order of any
element in the conjugacy class as a group element; this should not be confused with

the cardinality of a conjugacy class which is the number of elements it contains.
The goal of this section is to prove the following group theoretic proposition.

PROPOSITION 3.1. Let H be a subgroup of W (Eg). Suppose that the following con-
ditions hold:
i. there exists an element in H of order 7,
ii. there exists an element in H of order 3 and trace 5,
iii. there exists an element in H of order 3 and trace —4,
iv. there exists an element in H with determinant —1.
Then H = W (E3g).
In terms of our application to del Pezzo surfaces, we have the following criterion.

PROPOSITION 3.2. Let X be a del Pezzo surface of degree 1 over a number field
k. Let S be a finite set of places of k, and let vi,va,v3 & S be finite places of k.
Suppose there exists a smooth O s-scheme X such that the following conditions
hold:
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Xr,, , X¥,,, and Xr,, are del Pezzo surfaces of degree 1,
¢x.. (Fy,) has order 7,

vl

(v) ¢X[Fv3 (Fy,) has order 3 and trace —4.
Then ¢x: Gal(k/k) — O(Kx) is surjective.

Proof. By the assumptions of the proposition and Lemma 2.8, there are 01, 09,03 €
Gal(k/k) such that ¢x(o1) has order 7, ¢x(02) has order 6 and determinant —1,
®x (02)? has order 3 and trace 5, and ¢x (03) has order 3 and trace —4.

Recall that K is isomorphic to the Eg lattice, and O(Kx) = W(Eg). Thus
applying Proposition 3.1, we find that ¢x (Gal(k/k)) = O(Kx). O

Remark 3.3. Let X be a del Pezzo surface of degree 1 over a number field k. Using
the Chebotarev density theorem, it is easy to see that if ¢x is surjective, then there
is a model X and places vy, v, v3 satisfying the conditions in Proposition 3.2.

Let W™ (Es) be the subgroup of W(Es) consisting of the elements with positive
determinant. We have an exact sequence

det

1— WH(Eg) » W(Fs) <> {£1} — 1. (3.1)

Since —1I is an element of W (FEjg), there is an exact sequence
1= {+I} - WHE) 5 G — 1, (3.2)

where G := W (Fg)/{£I} and ¢ is the quotient map. In [3, Ch. VI §4 Ex. 1], it
is sketched out that G is isomorphic to a certain simple nonabelian group Og’ (2).
We will use the Atlas of finite groups [5, p. 85], which we will henceforth refer to
simply as the Atlas, as a source of information concerning the group G = Of (2).
In the notation of the Atlas, W (Es) is isomorphic to 2.0 (2).2.

LEMMA 3.4. Given a conjugacy class C of Wt (Eg) of order 3, ¢(C) is a conjugacy
class of G of order 3; this induces a bijection between the conjugacy class of order 3
of W (Eg) with those of G.

The group W+ (FEg) and G both have exactly five conjugacy classes of order 3. In
both cases these five conjugacy classes have cardinalities 2240, 2240, 2240, 89600,
and 268800.

Proof. Let C be a conjugacy class of WT(Eg) of order 3. The homomorphism ¢
is surjective, so ¢(C) is indeed a conjugacy class of G. Since ker ¢ = {£I}, ¢(C)
must also have order 3.

Let ¢ be a conjugacy class of G of order 3. Choose g € WT(Eg) such that
©(g) € €. Then either g or (—I)g has order 3 (the other element having order 6). It
is now clear that there are two conjugacy classes C' of W (Eg) such that ¢(C) = €,
one of order 3 and one of order 6. The correspondence stated in the lemma is now
apparent.

For any conjugacy class C of W™ (Eg) of order 3, |C] = |p(C)|. The last statement
of the lemma on the number and size of conjugacy classes of G of order 3 can then be
read off the Atlas (the Atlas gives the cardinality of the centralizer of any element of
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a conjugacy class of GG, from this one can calculate the cardinality of the conjugacy
class itself). O

LEMMA 3.5. The group W (E3) has exactly four conjugacy classes of order 3. These
congugacy classes {C;}i=1... 4 can be numbered so that

|Cl| = 2240, tI‘(Cl) =5 |CQ| = 4480, tI‘(CQ) =—4
|C5] = 89600, tr(C3) = —1 |Cy| = 268800, tr(Cy) = 2.

Proof. A description of the conjugacy classes of W(Fjg) in terms of ‘admissible
diagrams’ can be found in [4]. A conjugacy class of W (Es) of order 3 must have
one of the following four characteristic polynomials:

(2 +z+Dx-15% @ +z+1)*2-D" @ +z+1)3% (-1, 2> +z+1)*

(and hence have trace 5, 2, —1, or —4 respectively). In terms of the conventions
of [4, §6], these characteristic polynomials correspond to the ‘admissible diagrams’
As, A3, A3 and A3. The lemma is then a consequence of Table 11 in [4]. O

Proof of Proposition 3.1. Define 5 = o(H N WT(Eg)). Note that any element in
W (Es) of odd order has determinant +1. By assumption (i) of the proposition,
there is an h € H of order 7. The homomorphism ¢ has kernel {£I}, so ¢(h) is an
element of order 7 in 7.

By (iv) there is a w € H such that det(w) = —1, and by (ii) and (iii) there are
hi,ha € HN W™ (Es) of order 3 such that tr(hy) =5 and tr(hy) = —4. Let 41, 6
and %3 be the conjugacy classes of WT(Eg) of order 3 and cardinality 2240 (here
we are using Lemma 3.4). By Lemma 3.5 and cardinality considerations, we have
(after possibly renumbering the €;) C1 = %1 and Cy = %> U €5.

Since W (Ey) is a normal subgroup of W (FEg), the set wésw~? is also a conju-
gacy class of W (Es) (of trace —4). Since %5 is not a conjugacy class of W (Es), we
deduce that €3 = wéw™t. So hy € C; = 61, and the set {ho, whow ™1} contains
elements from both of the conjugacy classes 45 and 43. Therefore p(h1), ¢(h2),
o(whow™t) € H are representatives of the three conjugacy classes of order 3 and
cardinality 2240 in G.

Now consider any maximal proper subgroup M of G. The Atlas gives a descrip-
tion of the maximal proper subgroups of G.

Suppose that |M| > 155520. By checking the permutation character of G associ-
ated with M given in the Atlas, one verifies that M does not contain elements from
all three of the conjugacy classes of order 3 and cardinality 2240 in G. However,
we have just shown that 7 contains elements from each of these three conjugacy
classes, hence 5 Z M.

If |M] < 155520, then the Atlas shows that 71 |M| and in particular M does not
have any elements of order 7. Since J# has an element of order 7, 2 € M.

Since 7 is not contained in any of the proper maximal subgroups of GG, we must
have

e(HNWT*(Eg)) =2 =G.

Suppose that —I ¢ HNW T (Eg). Since o(HNW T (Eg)) = G and (HNW ™ (Es))N
ker ¢ = {1}, the map ¢: W (Es) — G induces an isomorphism H NW*(FEg) = G.
Using our description of W (FEjg) as a subgroup of GL(Es), we get an injective group
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homomorphism G — W (FEg) C GL(Fg). Hence there exists an injective complex
representation of G,

p: G — GL(Es ®z C) = GLg(C).

The character table of GG in the Atlas, shows that G' has no non-trivial irreducible
representations of degree less than 28, and so any eight dimensional complex repre-
sentation of G is trivial. This contradicts the injectivity of p, and we conclude that
—1 is an element of H N W (Fg).

Since —I € HNW*(Eg) and o(HNW ™ (Es)) = G, the exact sequence (3.2) shows
that HNW ™ (Eg) = W (FEsg). Finally, since H D W (Fg) and det(H) = {£1} (by
assumption (iv)), the exact sequence (3.1) shows that H = W (Eg). O

4.  Exzamples: from blow-up to anticanonical models

The graded ring in Proposition 2.6(ii) is amenable to computation, and in par-
ticular we may implement the procedure outlined after Proposition 2.3. Thus, given
a Galois stable set of 8 points in general position, we have a method for finding the
corresponding del Pezzo surface of degree 1 as a sextic in weighted projective space.
We will give two examples of this. The first will be of a surface X over F3 such that
¢x (F3) has order 7. The second will be a surface X over F5 such that ¢x (F5) has
order 6 and determinant —1, and such that ¢ x (F5)? has trace 5. We will use these
surfaces to construct a del Pezzo surface of degree 1 over Q satisfying parts (iii)
and (iv) of Proposition 3.2. The calculations amount simply to linear algebra over
finite fields, and are easily implemented on a computer. We have provided enough
details so that the careful reader may verify all our claims.

4.1.  An example over Fy

Let a be a root of the irreducible polynomial t7+2t2 41 € F3[t]. Let Fy: F3 — F3
be the Frobenius map z — 3, and define the following set of eight points in IF’% :
3

S :={[1,0,0]} U{[1: Fi(a): Fi(a")]:0<i<6}.

A direct computation shows that the points in S are in general position. Let .# be
the coherent sheaf of ideals in IF’IQFS corresponding to the reduced-induced structure
of S. Denote by 7: X — IF’IQFS the blow-up along .#. Since Fj3 fixes [1 : 0 : 0] and
acts transitively on the other seven points of S, it follows from Proposition 2.6(i)
that ¢x (F5) has order 7.

We now use Proposition 2.6(ii) and the procedure outlined after Proposition 2.3
to calculate a defining equation for X. The polynomials

xr = x%xl + xoxg + 296? and y = acgacg + 2£UQLU% + 2£U1£Ug

form a basis of HO(P§,,.#(3)). Let

z = af + xial + 2xgrins + 2335 + xoxl + 27075 73
+ zoxlad + xoxy oy + 208 + 2002y + 2ta;
then {22, zy,y?, z} is a basis of H(P,,.#2(6)).
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Let

2.2 4 4,2
w = x + 2x w120 + 22T + 2hTs + 2x00TaS + 20hw 2 + wial + wdaiad

+ xOxQ + 222 xlxg + 2x3x%x§’ + zoxl x4+ xoxbr2 + 2ordrd + 2w0r3as

+ 2ba) + 2xfad + 22328,
then {z? 2%y, xy? y°, 2z, yz, w} is a basis of H(Pg,,.#3(9)). Elementary linear
algebra now yields the relation
228 + 22393 + 2y® + 5 + 203y2 + 22y 2+ yte + 2wy + 223 + 203w+ Pw +w? =0
in H°(Pg,, #9(18)). The transformation w — w — (2* + 2y°) gives a new equation

28 4+ 233+ ay® 4+ 22%y2 4+ 22y 4yt + 202?228 4w = 0.
Under the transformation z +— —z the coefficient of z* becomes 1 and yields
28+ 233 + ay® + 2Pyz + 20202 + 2yt 2 + 20y2® 4 22+ w? = 0. (4.1)

This gives a model for X as a smooth sextic hypersurface in Pr,(1, 1,2, 3).

4.2.  An example over F5

Let a be a root of the irreducible polynomial ¢ + * + 4¢3 + 2 4 2 € F5[t]. Define
B=a®+5+1 and y = o 11 , 50 F5(3) and F5(7) are degree 2 and 3 extensions of
5, respectively. Let Fj: F; — F5 be the Frobenius map x — z°, and define the
following set of eight points in ]P’%S:

S :=1{[1,0,0],[3:2:4],[4:2:1],[1:8:6%,[1: F5(B) : F5(8%)],

Loy [ Fs(y) s B (L[ B () s FE ()}
A direct computation shows that the points in S are in general position. Let .# be
the coherent sheaf of ideals in IF’I%- corresponding to the reduced-induced structure
of S. Denote by m: X — ]P’2 the blow—up along .#. Since F5 acts as an order 6 odd
permutation on S, it follows from Proposition 2.6(i) that ¢x (F5) has order 6 and
determinant —1. The automorphism FZ fixes exactly 5 elements of S, that is the
three Fs-rational points and the order 2 orbit of [1: 3 : 3%]; therefore ¢ x (F5)? has
trace 5.

We now use Proposition 2.6(ii) and the procedure outlined after Proposition 2.3
to calculate a defining equation for X. The polynomials

T = ac(?j + 4x0w% + 2xox1T9 + xox% + x%xg + 4x1x§ and
2 2 2 2 2 2
Y = x5T1 + 3x5T2 + 3x0T] + Tox1T2 + 3x0Ts + 4xiTe + 31175

form a basis of HO(P§_, .7 (3)). Let

z = adzy + 2x523 + drgat + 2ai iy + adr s + dadal + 3afat + viadn,
+ 4232273 + 3adx123 + 30da) + zoxivs + Avoziad + dworiad
+ 3woxs + dxiad + 42323 + 2223 + 22125 + 3a5;
then {22, zy,y?, z} is a basis of H(PF_,.#2(6)). Let
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9 6,.2 6. .2, 63 53 5.2 2 5, .3 5,4
w = Ty + 2xqw T2 + 2202105 + Toxs + oxTT2 + 3T0w1X5 + drgT105 + W)W

+4xdad + 3adaded + 2xdad + 3xdadey + adaiad + 3adadad + 3adata)
+ 4xdzy 25 + 3xdal + 2022523 + wdxtad + wdadal + dadelsd + 4oy 2l
+ 22228 + 2xoxSad + dwoadad + xoxiah + 3woxded + daoaal 4 2wz ]
+ 2823 + 2day + xfad 4+ 22228 4 23;
then {z® 2%y, xy? y° 2z, yz, w} is a basis of H(PE_,.#3(9)). Elementary linear
algebra now yields the linear relation
22° 4 32y + 2ty® + 423y + 42yt + 4y° + dats + 22%yz + 2yPz + 2232

+ 3ytz 4+ 32222 + 29222 + 22° 4 223w + 22 yw + 2xyPw + 2w + w? =0
in HO(P_, .#9(18)). Performing the transformations w — w— (2*+ 22y +zy®+ 322)
and z — z — (22 + 4y?), we obtain the equation
225 y+aty? + 2235 + 302y + oy + 22t e+ Py 2+ 42y 2+ 20y P 24 Ayt e+ 2234w = 0.
Multiplying both sides by 4, and rescaling by [z,y, 2z, w]| — [z,y, 2/2,w/2] yields

32%y + dzty? + 3233 + 222yt + day® + 4atz (4.2)

+22%y2 4+ 32%9% 2 + 4oz + 3ytz + 2B +w? = 0. .

This gives a model for X as a smooth sextic hypersurface in Pr, (1, 1,2, 3).

5. The Lefschetz trace formula

In §5.3, we will describe a del Pezzo surface X of degree 1 over F; such that
¢x (F7) has order 3 and trace —4. This gives a surface satisfying part (v) of Propo-
sition 3.2. To prove these properties of X/F7 it will suffice, by the Lefschetz trace
formula, to compute | X (IF7)| and | X (F;3)|. The method used in §4 cannot produce
this example, since Proposition 2.6 only gives surfaces X/F7 with tr(¢x (Fr)) = 0.

5.1.  The Lefschetz trace formula
The following version of the Lefschetz trace formula (specialized to del Pezzo
surfaces) is due to Weil.

THEOREM 5.1. Let Fy be a finite field with q elements, and let F, € Gal(F,/F,)
be the Frobenius automorphism x +— x9. Let X be a del Pezzo surface over F, of
degree d < 6. Then

(X (Fo)| = ¢ + qltr(éx (Fy)) +1) + 1.
Remark 5.2. For a proof of Theorem 5.1, see [16, §27]. Note that tr(¢x (F,)) +1 is
the trace of the action of F, on Pic(XE).

5.2.  Points on the anticanonical model
Fix a finite field F. Let X be a del Pezzo surface of degree 1 defined over F which
is given explicitly as a smooth sextic hypersurface

w® = 2° + F(x,9)2° + Gz, y)z + H(z,y)
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in Pr(1,1,2,3). Now consider the morphism ¢: X — {[0: 0: 1: 1]} — PL, [z :
y:z:w — [x:y] of Lemma 2.5. Take any point P = [a : b] € P}(F) with
(a,b) € F2 — {(0,0)}. The fiber of ¢ above P is isomorphic to the affine curve
Cp: W? =234 F(a,b)Z> + G(a,b)Z* + H(a,b)
in AZ. We thus have
X(F)= > [Cp(F)|+1. (5.1)

PEPL(F)

5.3.  An example over Fy

LEMMA 5.3. Let X be the closed subscheme of Py, (1,1,2,3) defined by the sextic
w? = 2% + 228 + 2.

Then X is a del Pezzo surface of degree 1 over Fr, ¢x(F;) has order 3, and

tr(px (F7)) = —4.

Proof. The scheme X is defined by a smooth sextic, and hence is a del Pezzo surface
of degree 1 by Proposition 2.3. Consider an element g € O(Kx). Since Kx = 78
and ¢ has finite order, we find that tr(g) < 8, with equality holding if and only if
g = 1. By Theorem 5.1,

[ X(F7)| = T+ 7(tr(¢x (Fr))+1)+1 and | X(Frs)| = 7047 (tr(dx (F7)®)+1)+1,
and thus the lemma is equivalent to showing that
IX(F7)| =7 +7-(-3)+1=29 and |X(Fss)| =7%+7>-941=120737.
Let F be an extension of F7. For (a,b) € F2 — {(0,0)}, define the affine curve
Clay: W? = Z% 4 2a° + 205
in AZ. From (5.1),

| X(F)| = |Clr.o(F)| + > [Clayy(F)] + 1. (5.2)
acF
For F = F7, we have |Cpy g)(F7)| = [Cjo,1)(F7)| = 8, and |Cl,,11(F7)| = 2 for all
ac€FY;s0|X(Fr)=2-84+6-2+1=29.

Now let F = Fys. We will use (5.2) to compute |X (F)|, but it is useful to note
that |Cl, 4 (F)| depends only the class of 2a® 4 2b° in F* /(F*)° U {0}. We have a
bijection r: F*/(F*)5 U {0} — F7, a + a(FI=V/6_ For i € F;, let N;(F) be the the
number of F-points of the affine curve W2 = Z2 + a, where « is any element of F
with 7(a) = ¢. It follows that

6
[ X(F)| = [Crg )|+ > [{a €F:r(2a® +2) = i}| - Ny(F) + 1.
i=0

The right hand side is readily computed, and we find that:

| X (Fys)| = 323+ 0- 343 + 43 - 323 + 72 - 380 + 72 - 360
+ 36 - 326 + 36 - 306 + 84 - 363 + 1 = 120737. O
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Remark 5.4. We can also verify our previous examples of del Pezzo surfaces over
finite fields using this method. For example, consider the surface X/F3 defined by
(4.1). To show that ¢x (F3) has order 7, it suffices to check that

|X(F3)| #3%2+3-94+1 and |X(Fsr)| =3%+37.9+1.
Now consider the surface X/F5 defined by (4.2). One verifies that
|X (Fs2)| = 52452641, |X(Fss)| =5545%7+1, and |X(Fs6)| = 5"2455-9+1.

It is then apparent that ¢x(F5) has order 6 and ¢x(F5)? has trace 5. Since
¢x (F5)3 has order 2 and tr(¢x(F5)?) = 6, we deduce that ¢x(F5)® has eigen-
value +1 with multiplicity 7, and —1 with multiplicity 1. Therefore det(¢x (F5)) =
det(¢px (F5)?) = —1.

6. Proof of Theorem 1.3
Let X = Proj(Zlz,y, z,w]/(f)); since
f=a%+ 2% + 2’ + 23yz + 20222 + 2y 2 + 22y2% + 2% + w? (mod 3),

we find that AR, is the del Pezzo surface of degree 1 from Example 4.1. In particular,
D, (F3) has order 7. Since

f =325y + 4aty® + 32%9y° + 222y + day® + 422
+ 223y 2 + 32%y% 2 + day®z + 3ytz + 23 + w? (mod5),

we find that Af, is the del Pezzo surface of degree 1 from Example 4.2. In particular,
¢x., (F5) has order 6 and determinant —1, and ¢u,_(F5)* has trace 5. Since

f=52%+5¢% + 2% + w? (mod7),

we find that Af, is isomorphic to the del Pezzo surface of degree 1 from Lemma 5.3;
thus ¢, (£7) has order 3 and trace —4.

Let S be a finite set of primes such that X" := A7[g-1) is smooth over Spec Z[S™1],
where Z[S™!] is the ring of S-units in Q. Since & has smooth fibers at 3,5 and 7,
we may assume that S is chosen such that 3,5,7 ¢ S. Note that X = XY is smooth,
so it is a del Pezzo surface of degree 1 by Proposition 2.3. By Proposition 3.2, we
deduce that ¢x: Gal(Q/Q) — O(Kx) is surjective.

To prove the final statement of the theorem, it suffices to show that for any
number field £ C Q, we may find an f such that Lx Nk = Q. Let ky,...,knp
be all the subfields of k except for Q. By the Chebotarev density theorem, there
are distinct rational primes p1,...,p, greater than 7 such that p; does not split
completely in k;.

For each 4, choose 8 points of P?(F,,) that are in general position; blowing them
up gives a del Pezzo surface X; of degree 1 defined over F,,. By Proposition 2.6(i),
¢X'i =1

There is a sextic polynomial f; € ), [z, y, z,w] such that X; is isomorphic to the
hypersurface f; = 0 in Pg, (1,1,2,3) (the polynomial can be calculated using the
results of §2.5 and §2.6. Now let f € Zlz,y, z,w] be a sextic which satisfies (1.3),
and for each ¢ satisfies f = f; (modp;). There is a finite set S of rational primes
such that the scheme X := Proj(Z[S~[x,y, z, w]/(f)) is smooth over Spec Z[S~1],
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and S can be chosen so that 3,5,7,p1,...,pm ¢ S. We have already proven that
X := Al is a del Pezzo surface of degree 1 with surjective homomorphism ¢x.

If Ly Nk # Q, then k; = Lx Nk for some 4. Let Fr,, € Gal(Q/Q) be any
Frobenius automorphism over p;. Using Lemma 2.7 and ¢x, (Fp,) = ¢x, (Fp,) = I,
one proves that ¢x (Fr,,) = I. Therefore p; splits completely in Ly (and hence also
in Lx Nk = k;). This contradicts the assumption that p; does not split completely
in k;. We conclude that Lx Nk = Q.

7. Elliptic curves

7.1.  Rational elliptic surfaces

We summarize, making certain simplifying assumptions, some basic facts about
Mordell-WEeil lattices of rational elliptic surfaces. A full account of the theory can
be found in [17].

Let m: &€ — ]P% be an elliptic surface with a fixed section O. Assume that

(1) €& is rational
(2) = has at least one singular fiber, and no reducible fibers (in Shioda’s notation,
R=10).
Let F be the generic fiber of 7: & — IF%, which is an elliptic curve over the

function field Q(t). There is a natural one-to-one correspondence between the Q(t)-
points of E and the sections of 7: £ — ]P%. The image of the section corresponding

to a point P € E(Q(t)) will be denoted by (P); it is a divisor of the surface £.

To each point P € E(Q(t)) we associate a fibral divisor ®p € Div(€) @z Q such
that for all fibral F' € Div(&),

((P) = (0) + ®p, F) =0
(recall an irreducible divisor I" of £ is fibral if w|p: I' — IF% is a constant map —
such a divisor always exists, see [20, I11.8.3]). Let NS(€) be the Néron—Severi group

of &; in our case, this group is finitely generated and torsion free [17, Theorem 1.2].
The map

¢: E(Q(t)) — NS(€) @z Q
P (P)—(0)+®p

is a group homomorphism with kernel E(Q(t))sors [17, 8.2]. We define a pairing on
E(Q(t)) using the intersection pairing of £ as follows:

(-,): B(Q@M) x BE(QQ(t)) = Q, (P,Q)=—(¢(P),6(Q)).

This pairing is symmetric, bilinear, and coincides with the canonical height pairing

on E(Q(t)) [20, I11.9.3].
Let T be the subgroup of NS(&) generated by (O) and all the fibers of 7: & — I[%.

By [17, Theorem 1.3], we have a group isomorphism

B: B(Q(t)) — NS(E)/T, P+~ (P)modT.
Let T" = (T ® Q)NNS(E). We have an isomorphism 3: E(Q(t))tors — T'/T by [17,
Corollary 5.3]. Hence there is an isomorphism of lattices

B: EQ(t))/E(Q(t))tors — NS(E)/T". (7.1)
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Remark 7.1. The isomorphism (7.1) holds without the hypothesis that 7: & — IE%
has no reducible fibers, but the map ¢ is harder to define in this case.

7.2.  Galois actions

Letm: & — I%, be an elliptic surface with a fixed section O, such that the elliptic
surface 7: &g — ]I%7 obtained by base extension, satisfies the hypotheses (1) and (2)
of §7.1. Then the isomorphism of lattices (7.1) respects the Gal(Q/Q)-actions [17,
proof of 8.13]. Hence E(Q(t))/E(Q(t))iors and NS(E)/T" are also isomorphic as
Gal(Q/Q)-modules.

7.3. Elliptic surfaces associated to del Pezzo surfaces of degree 1

Let X be a del Pezzo surface of degree 1 over Q. We now describe how, given
X, one can obtain a rational elliptic surface. The linear system |—K x| gives rise to
a rational map f: X --» I% that is regular everywhere except at the anticanonical
point O (cf. Lemma 2.5). Blowing up X at O, we obtain a surface £. Composing
the blow-up map with f gives a morphism 7: & — IP’(E,, where almost all of the
fibers are non-singular genus 1 curves. The morphism 7 induces an isomorphism
between the exceptional divisor of £ corresponding to O and ]P’(b); we thus have a
distinguished section O: Py — £ of m. Therefore, 7: € — P¢, with the section O is
an elliptic surface.

Concretely, if X is given by a smooth sextic

w? =23+ F(x,y)z2 + G(x,y)z + H(z,y)

in Pg(1,1,2,3), then the anticanonical point is O = [0: 0 : 1 : 1]. In this case, & is
the subscheme of Pg(1,1,2,3) x Pg = Proj(Q[z, y, 2, w]) x Proj(Q[u, v]) cut out by
the equations

w? = 2% + F(x,y)2> + G(x,y)z + H(z,y) and vz —uy = 0. (7.2)

The map 7: & — I%, is then given by ([x : y : 2 : w], [u : v]) — [u : v]. Note that for
points away from the exceptional divisor we have [u: v] = [z : y].

Let ¢ be the rational function u/v, thus = ty on £. The generic fiber of 7 is
the curve

E:w? =234+ y*F(t,1)22 +y*G(t, 1)z + ySH(t, 1) (7.3)
in Proj(Q(t)[y, z,w]). On the affine chart Spec(Q(t)[z/y?, w/y?]) of this weighted
ambient space, the curve (7.3) is isomorphic to the affine curve

(w/y*)? = (2/y*)° + F(t, )(z/y*)* + G(t,1)(=/y*) + H(t, 1).

Relabelling the variables, we find that the elliptic curve E/Q(¢) is given by the
Weierstrass model

y? =2 + F(t,1)2* + G(t, 1)z + H(t, 1).

7.4.  Proof of Theorem 1.1

Let X be a del Pezzo surface as in Theorem 1.3. Let 7: & — IP)}@ be the elliptic
surface obtained by blowing up the anticanonical point of X (see §7.3). The generic
fiber of this surface is the elliptic curve E/Q(t) in the statement of the theorem.
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Let 7: & — I[% be the base extension of m by SpecQ — SpecQ. The following
properties hold:

(1) the surface & is rational (since it is isomorphic to a blow-up of ]P% at 9 points).

(2) 7 has at least one singular fiber (otherwise & has constant j-invariant [20,
Ex. 3.35(c)]). Moreover, the fibers of 7: & — IP’}@ are irreducible: using the

blow-up model (7.2) of £, the reader may verify that the fiber above the point
[u:v] € ]P% is isomorphic to the projectivization of the irreducible curve

y? =23 + F(u,v)z? + G(u,v)z + H(u,v).
We may thus apply §7.1 to obtain an isomorphism
B(Q(1)/E(Q(t))sors — NS(Eg)/T"-

Furthermore, this isomorphism respects the action of Gal(Q/Q) (see §7.2). On the
other hand, the lattice K is isomorphic to NS(&g)/T" via the composition of maps

K% — NS(€g) — NS(E)/T",

where the first map is induced by pullback of divisors along the blow-up map, and
the second is the natural quotient map. Therefore we have isomorphisms

Kx = NS(&5)/T" = EQ(t))/E(@Q(1))tors

of lattices and Gal(Q/Q)-modules. Now, Ky is an Eg-lattice with maximal Galois
action W (Esg), because X has maximal Galois action on its geometric Picard group
by Theorem 1.3. To complete the proof of the theorem, it remains to check that
E(Q(t))tors = 0; this is true by [17, Theorem 10.4]. O
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