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SMALL DEGREE REPRESENTATIONS OF FINITE CHEVALLEY
GROUPS IN DEFINING CHARACTERISTIC

FRANK LÜBECK

Abstract

The author has determined, for all simple simply connected reductive
linear algebraic groups defined over a finite field, all the irreducible
representations in their defining characteristic of degree below some
bound. These also give the small degree projective representations
in defining characteristic for the corresponding finite simple groups.
For large rankl, this bound is proportional tol3, and for rank less
than or equal to 11 much higher. The small rank cases are based on
extensive computer calculations.

1. Introduction

In this paper we give lists of projective representations of simple Chevalley groups in their
defining characteristic. There are two types of results.

First, we determine for groups of rank less than or equal to 11,all such representations
of degree less than or equal to some bound depending on the type (for example, 100000
for typeE8); see Theorem4.4 for details. These data were produced using a collection of
computer programs developed by the author. Of course, some of the degrees given in our
tables had been known previously. To give two examples: Gilkey and Seitz handle some
cases for exceptional types with computational methods in [6]. Some small rank cases, such
as typesB2 andG2, are handled more theoretically by Jantzen in [11] (although the explicit
degrees are still not particularly easy to obtain from that result).

Secondly, we determine for groups of classical type with rankl, all representations of
degree at mostl3/8 for typeAl , and of degree at mostl3 for the other types. For largel
this is a small list, given in Theorem5.1, and for smalll this range is easily covered by the
tables mentioned above. This extends similar results by Liebeck with bounds proportional
to l2; see [13, 5.4.11] and the references given there.

Our results contain in particular a complement to the tables of representations in non-
defining characteristic up to degree 250, worked out by Hiß and Malle, and given in [7].

We fix some notation for the whole paper. LetG̃ be a finite twisted or non-twisted simple
Chevalley group in characteristicp (we consider2F(2)′ as sporadic and exclude it here,
but see the corresponding remark after Theorem4.4).

There is an associated connected reductive simple algebraic groupG overFp of simply
connected type, a Frobenius endomorphismF of G, a numberq = pf with 2f ∈ Z, and
anm ∈ N such that:

• G is defined overFqm via Fm;
• for the group ofF -fixed pointsG(q) with centerZ we haveG̃ ∼= G(q)/Z;
• G(q) is the quotient of the universal covering group ofG̃ by thep-part of its center.
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Small degree representations in defining characteristic

(Note that this includes the Suzuki and Ree groups.)
So, asking for the projective representations ofG̃ in characteristicp is the same as asking

for the representations ofG(q) in characteristicp. These can be constructed by restricting
certain representations, called the highest-weight representations, of the algebraic groupG

to G(q). This is explained in Section2. In Section3 we briefly describe how our computer
programs for computing weight multiplicities work. In Section4 we describe our main
result, consisting of lists of small degree representations for groups of rank at most 11 (the
lists themselves are printed inAppendix A). Finally, in Section5 we consider groups of
larger rank.

2. Representations in defining characteristic

There are several highly readable introductions to this topic, for example Humphreys’
survey [9]. A detailed reference is Jantzen’s book [12]. We recall some of the basic facts.

For a groupG of simply connected type and of rankl, as in the introduction, letT be a
maximal torus ofG, let X ∼= Zl be its character group, and letY ∼= Zl be its co-character
group.

Let {α1, . . . , αl} ⊂ X be a set of simple roots forG with respect toT , and letα∨i ∈ Y

be the coroot corresponding toαi , for i = 1, . . . , l. ViewingX⊗R as Euclidean space, we
define the fundamental weightsω1, . . . , ωl ∈ X⊗R as the dual basis ofα∨1 , . . . , α∨l . This
is aZ-basis ofX (becauseG is simply connected).

There is a partial ordering6 on X, defined byω 6 ω′ if and only if ω′ − ω is a non-
negative linear combination of simple roots. A weightω ∈ X is calleddominantif it is
a non-negative linear combination of the fundamental weights. The Weyl groupW of G,
generated by the reflections along theαi , acts onX. Under this action, eachW -orbit onX

contains a unique dominant weight.
From now on, letL be a finite-dimensionalG-module overFp. If this is considered as

a T -module, there is a direct sum decompositionL = ⊕
ω∈X Lω into weight spacesLω

such thatt ∈ T acts by multiplication withω(t) on Lω. The set ofω ∈ X with Lω 6= {0}
is called theset of weightsof L. The set of weights ofL is a union ofW -orbits, and for
ω ∈ X, x ∈ W we have dim(Lω) = dim(Lωx).

The following basic results characterize the irreducible representationsL via their set of
weights.

Theorem 2.1 (Chevalley).LetG andL be as above.
(a) If L is irreducible, then the set of weights ofL contains a(unique) elementλ such

that for all weightsω of L, we haveω 6 λ. Thisλ is called thehighest weightof L, it is
dominant, and we havedim(Lλ) = 1.

(b) An irreducibleG-moduleL is determined up to isomorphism by its highest weight.
(c) For each dominant weightλ ∈ X, there is an irreducibleG-moduleL(λ) with

highest weightλ.

A dominant weightλ = a1ω1+ · · ·+ alωl ∈ X is calledp-restrictedif 0 6 ai 6 p− 1
for 1 6 i 6 l.

The following result of Steinberg shows how all highest-weight modulesL(λ) of G can
be constructed out of those withp-restricted highest weights.
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Small degree representations in defining characteristic

Theorem 2.2 (Steinberg’s tensor product theorem).Let F0 be the Frobenius automor-
phism ofFp, raising elements to theirpth power. Twisting theG-action on aG-moduleL
with F i

0, i ∈ Z>0, we get anotherG-module, which we denote byL(i). If λ0, . . . , λn are
p-restricted weights, then

L(λ0 + pλ1+ · · · + pnλn) ∼= L(λ0)⊗ L(λ1)
(1) ⊗ · · · ⊗ L(λn)

(n).

Finally, we need to recall the relation between the irreducible modules of the alge-
braic groupG and those of the finite groupG(q). This is nicely described by Steinberg in
[19, 13.3, 11.6].

Theorem 2.3 (Steinberg).LetGandG(q)be as in the introduction. We define a subset3of
dominant weights. IfG(q) is not a Suzuki or Ree group(that is, not of type2B2, 2G2 or 2F4),
then3 = {a1ω1 + · · · + alωl | 0 6 ai 6 q − 1 for 1 6 i 6 l}. In the case of Suzuki and
Ree groups, we define

3 = {a1ω1+ · · · + alωl |
0 6 ai 6 q/

√
p − 1 if αi is a long root, 0 6 ai 6 q

√
p − 1 if αi is a short root}.

(Note thatq is the square root of an odd power ofp = 2, 3 or p = 2, respectively, in these
cases.)

Then the restrictions of theG-modulesL(λ) with λ ∈ 3 to G(q) form a set of pairwise
inequivalent representatives of all equivalence classes of irreducibleFpG(q)-modules.

These results show that the dimensions of the irreducible representations of the groups
G(q) overFp are easy to obtain if we know the dimensions of the representationsL(λ) of
the algebraic groupsG for p-restricted weightsλ.

3. Computation of weight multiplicities

In this section we sketch how we compute the degree of the representationL(λ) for a
given root datum ofG, highest weightλ and primep. For fixedG andλ, the degree ofL(λ)

is the same for almost allp; namely, it is the degree ofL(λ) for the algebraic group over
the complex numbers with the same root datum, or for its Lie algebra. In these cases the
degree can be computed by a formula of Weyl; see [8, 24.3].

In the other cases, no formula is known. There is, however, in principle an algorithm to
compute the degree. This is described in [8, Exercise 2 of 26.4], and goes back to work by
Burgoyne [2]. This was also used in [6] to handle some cases in exceptional groups. The
idea is to construct a so-called ‘Weyl module’V (λ)Z generically over the integers. By a
base change, this leads to a moduleV (λ) for anyG with the given root datum over any ring,
which hasλ as a highest weight. OverC or overFp for almost allp, this is irreducible and
thus isomorphic toL(λ). In general,L(λ) is a quotient ofV (λ).

To constructV (λ)Z, one considers the universal enveloping algebraU of the complex
Lie algebra corresponding to the given root datum. It contains aZ-latticeUZ, the Kostant
Z-form of U, which is defined via a Chevalley basis of the Lie algebra. Up to equivalence,
there is a unique irreducible highest-weight representationV (λ) for U with highest weight
λ. Let 0 6= v ∈ V (λ) be a vector of weightλ (this is unique up to scalar). Then we set
V (λ)Z := UZv = U−

Z
v.

We fix an orderingβ1, . . . , βN of the set of positive roots. ThenU−
Z

and U+
Z

have
Z-bases labeled by sequencesa = (a1, . . . , aN) of non-negative integers.
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Small degree representations in defining characteristic

Applying such a basis elementfa of U−
Z

to a vector of weightω, we get a vector of weight
ω − a1β1 − · · · − aNβN (and similarly for basis vectorsea of U+

Z
). So, decomposing

V (λ)Z =
⊕

ω∈X(Vω)Z according to the weight spaces, we can describe the generating sets
of (Vω)Z by all the non-negative linear combinations of positive roots which are equal to
λ− ω.

There is a non-degenerate bilinear form(· , ·) onV (λ)Z which can be described via this
generating system. Different weight spaces are orthogonal with respect to this form. Leta
andb be two coefficient vectors as above, such that the corresponding linear combination
of the positive roots is the same. Thenebfav = na,bv is again of weightλ, and one defines
(fav, fbv) := na,b ∈ Z.

Since the form is nondegenerate, we can compute the rank of a weight lattice(Vω)Z
by computing the rank of the matrix(na,b), wherea andb are running through all the
non-negative linear combinations of positive roots forλ− ω. The dimension of the weight
spaceLω of L(λ) is the rank of(na,b) modulop.

The coefficientsna,b can be computed by simplifying the elementebfa with the help
of the commutator relations inU; see [8, 25]. These involve the structure constants for
a Chevalley basis of the corresponding Lie algebra, which can be computed as described
in [3, 4.2].

In principle, this allows the determination of dim(L(λ)) for all G, p andλ, but in practice
these computations can become very long, even in small examples. There are technical
problems such as the question of how to apply commutator relations most efficiently in
order to compute the integersna,b. The use of different strategies may considerably alter
the number of steps in the calculation. However, the main problem is that the generating
sets for the weight spaces as described above are highly redundant. Usually, the number
of non-negative linear combinations of positive roots which yieldλ − ω is much larger
than the dimension ofVω. By a careful choice of the ordering of the positive roots, one can
reduce the linear combinations to be considered, because for manya = (a1, . . . , aN) with
ω = λ− a1β1− · · · − aNβN there is a 16 k 6 N such thatλ− a1β1− · · · − akβk is not
a weight ofV (λ), and hencefav = 0.

However, the main improvement that we get is achieved by using results of Jantzen and
Andersen; see [12, II.8.19]. The so-called ‘Jantzen sum formula’ expresses the determinant
of the Gram matrix of the bilinear form(· , ·) on the lattice(Vω)Z in terms of weight
multiplicities of variousV (µ) with µ 6 λ. The weight multiplicities of theseV (µ) can
be efficiently computed by Freudenthal’s formula; see [8, 22.3]. In particular, the formula
gives exactly the set of primesp for which the Weyl moduleV (λ) is not isomorphic to
L(λ). In rare cases, it happens that a primep divides such a determinant exactly once—and
then we know without further calculations that dim(Lω) = dim(Vω)− 1.

Using these determinants we compute only parts of the matrices(na,b) corresponding
to a subset of its rows and columns until the submatrix has the full rank dim(Vω) and the
product of its elementary divisors is equal to the known determinant. Then the rank of(na,b)

modulop is the same as the rank of this submatrix modulop.
With this approach, we never need submatrices of(na,b) of much larger dimension than

dim(Vω). (In [6], consideration of the matrices(na,b) was replaced by computing somewhat
smaller matrices using the action of parabolic subalgebras in cases whereλ has a non-trivial
stabilizer inW , but these matrices were still big compared to the dimension of the weight
spaces.) Of course, our method is limited to representations where no single weight space
has a dimension of more than a few thousand.

Actually, by using our approach we can also compute the Jantzen filtrations of the Weyl
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Small degree representations in defining characteristic

modules (see [12, II.8]), by computing the elementary divisors of the matrices(na,b) and
not just their rank. One needs a sophisticated algorithm to compute the exact elementary
divisors of such matrices, of dimension bigger than 200, say. We developed the algorithm
described in [14] for this purpose.

We have a collection of computer programs for doing the calculations described above;
they are based on the computer algebra systemGAP [17] and the packageCHEVIE [5].

It is planned to make them available to other users in the form of another package. This
will be built on a new version ofCHEVIE for GAP - Version 4, which is currently being
developed. While rewriting the current programs, we hope to improve their efficiency, and
to extend their functionality. We postpone the publication of a much more detailed version
of this very sketchy section until this package is ready.

4. Representations of small degree for groups of small rank

From Theorem2.2, we see how to construct any highest-weight representationL(λ) of
G from those withp-restricted weights by twisting with field automorphisms and tensoring.

Assume now that we are given the type of an irreducible root system, and a number
M ∈ N. We consider the groupsG overFp with this root system, for allp at once. We want
to find, for all primesp, all thep-restricted dominant weightsλ such that the highest-weight
representationL(λ) of the groupG overFp has degree smaller than or equal toM.

Our main tool in restricting this question to the consideration of a finite number ofλ is
the following result by Premet; see [16]. Recall from Section2 that the set of weights of
L(λ) is a union ofW -orbits; and that eachW -orbit contains a unique representative which
is dominant.

Theorem 4.1 (Premet). If the root system ofG has different root lengths, we assume that
p 6= 2, and ifG is of typeG2, we also assume thatp 6= 3. Letλ be ap-restricted dominant
weight. Then the set of weights ofL(λ) is the union of theW -orbits of dominant weightsω
with ω 6 λ.

We note that in the exceptional cases with different root lengths and eitherp = 2 or
p = 3, the statement of the theorem does not actually hold.

The following remark shows how to compute explicitly the number of weights ofL(λ)

as given by Premet’s theorem.

Remark 4.2. (a) Letω = a1ω1 + · · · + alωl be a dominant weight. Then the stabilizer
of ω in the Weyl groupW is the parabolic subgroup generated by the reflections along the
simple rootsαi for whichai = 0.

(b) For given dominant weightλ, one finds the set� = {ω | ω dominant andω 6 λ}
efficiently as follows. Initialize� ← {λ}. For eachω ∈ � and for each positive rootα,
computeω − α. If this is also dominant, add it to the set�.

Proof. For part (a) see [8, 10.3B], and for part (b) see [15, Proposition 1].

Here is an algorithm for finding a set of candidate highest weights for representations of
G of rank at most a given bound. It shows in particular that, for any given bound, there is
only a finite number of highest weights that must be considered.
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Algorithm 4.3. Input: A root system and anM ∈ N.
Output: A setA of dominant weights which contains allλ such that there is a primep

for whichλ is p-restricted, and a groupG overFp corresponding to the given root system
with highest-weight representationL(λ) of degree at mostM.

(1) For a dominant weightλ, we definem(λ) as the number of weights in all the
W -orbits of dominant weightsω with ω 6 λ. The numbersm(λ) can be computed using
Remark4.2.

(2) We initialize the setA with all 2-restricted weightsλ with m(λ) 6 M.
(3) We choose a linear functionγ : X→ Z which takes positive values on the simple

rootsαi , where1 6 i 6 l (and hence on the fundamental weights).
Then we start to enumerate recursively, forn = 0, 1, . . ., all the dominant weightsλ

with γ (λ) = n. (Clearly, for fixedn there is a finite number of such weights.) For each of
theseλ we computem(λ), and if it is less than or equal toM, we putλ into A.

We proceed until we find an intervalI = [a, a + max(γ (αi) | 1 6 i 6 l)] such that
a > γ (λ) for all λ ∈ A, and such that for all dominantλ withγ (λ) ∈ I we havem(λ) > M.

(4) If the given root system has roots of different length, we add all the2-restricted
weights toA. If there is a component of typeG2, we also add all the3-restricted weights.

(5) We return the setA.

Proof. We have to show that we will eventually find an intervalI , as described in step (3),
and that all the dominant weights that have not been considered during the algorithm lead
to modules of dimension greater thanM.

In the cases of root systems with different root lengths andp = 2 or p = 3, for which
Premet’s theorem4.1 does not give a statement, we have put all the 2- and 3-restricted
weights, respectively, intoA in step (4). So, from now on we consider only the weights
and primes for which Premet’s theorem is applicable. This theorem says thatm(λ), defined
in (1), is a lower bound for dim(L(λ)) for all primesp such thatλ is p-restricted.

Now we show that in steps (2) and (3) we construct the setA as the set of dominant
weightsλ with m(λ) 6 M.

First note that forω 6 λ dominant, we havem(ω) 6 m(λ).
Furthermore, letλ = a1ω1+ · · · + alωl be a dominant weight which is not 2-restricted;

that is, one whereai > 2. Thenλ − αi is also a dominant weight. This follows from the
fact that the coefficients of the simple rootαi , expressed as a linear combination of the
fundamental weights, is given by theith column of the Cartan matrix (which has entries of
2 on the diagonal, and non-positive entries elsewhere).

So, for a weightλ with one of the coefficientsai > 2k, wherek ∈ N, there are at least
k smaller dominant weights, and som(λ) > k. This shows that we are constructing a finite
set, and that we will find the intervalI in step (3).

Now we show by induction on the valuen of γ , starting from the lower boundn = a of
the intervalI , that for a dominant weightλ with γ (λ) = n, we havem(λ) > M.

This is clear forn ∈ I , by the construction of the intervalI in step (3).
So, assume thatγ (λ) > a + max(γ (αi) | 1 6 i 6 l). If λ is 2-restricted, we have

found in step (2) thatm(λ) > M. (It is not inA, by the construction ofI .) Otherwise, one
coefficient ofλ, sayai , is greater than or equal to 2. Thenλ− αi is dominant, and we have
a 6 γ (λ− αi) < γ (λ). By the induction hypothesis, we getM < m(λ− αi) < m(λ).

In Table1 we fix some boundM for each irreducible root system of rank at most 11, or
rank 17 in the caseAl .
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Table 1: Chosen degree bounds for groups of small rank

Type A2 A3 A4 A5 A6 A7 A8 A9 A10 A11
M 400 500 1000 2500 2800 3000 4000 6000 10000 12000
Type A12 A13 A14 A15 A16 A17
M 3000 3000 3000 3000 3000 3000

Type B2 B3 B4 B5 B6 B7 B8 B9 B10 B11
M 300 700 1000 2000 4000 5000 7000 8000 10000 12000

Type C3 C4 C5 C6 C7 C8 C9 C10 C11
M 1000 2000 2500 4000 6000 10000 10000 10000 12000

Type D4 D5 D6 D7 D8 D9 D10 D11
M 2000 3000 4000 5000 10000 15000 18000 20000

Type G2 F4 E6 E7 E8
M 500 12000 50000 100000 100000

For each irreducible root system listed in Table1, we used the givenM as input for
Algorithm 4.3. For each weightλ in the output setA, and for all primesp for which λ

is p-restricted, we computed the exact weight multiplicities ofL(λ), using the techniques
described in Section3.

We remark that the setsA obtained from Algorithm4.3are much larger than the list of
weights that actually lead to representations of dimension less than or equal toM, since we
used a very rough lower bound for these dimensions. For weights of representations of much
larger degree, however, we usually find, quite quickly, some weight multiplicities greater
than 1, which gives better lower bounds for the dimension. We stop the computation of
weight multiplicities when this better estimate becomes larger thanM. In this way, almost
all of the computation time required to obtain our result was actually spent on those weights
that appear in our result tables.

The boundsM were chosen such that the results presented below could be computed
interactively, using our programs, within about two days, employing ten computers in par-
allel. The typesAl , for 126 l 6 17, were added at the request of Gunter Malle, who asked
us to cover all representations of degree less than or equal to 2 dim(G) in this note, for a
specific application.

Here is our main result.

Theorem 4.4. For any type of root system and numberM as given in Table1, and all
primesp, the tables inAppendix A.6to Appendix A.53list thep-restricted weightsλ such
that the representationL(λ) of the algebraic groupG overFp has degree at mostM. The
exact degree ofL(λ) is also given. Furthermore, we describe the centers of the groupsG

and the action of the fundamental weights on the center inAppendix A.2. This allows us to
determine the kernels of the representationsL(λ). The Frobenius–Schur indicators in the
case wherep 6= 2 are given byAppendix A.3.

As mentioned above, we have actually computed the exact weight multiplicities for the
representations appearing in the tables ofAppendix A. It would take too much space to
print these in detail, but the results are available upon request from the author.

Our table for typeF4 includes a description of the representations of the Ree group
2F4(2). The related finite simple group is the commutator subgroup which is of index 2.
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The restrictions of the irreducible representations of2F4(2) in characteristic 2 remain irre-
ducible, except for that with highest weightλ = (1100), which splits into two representa-
tions of degree 2048; see the Modular Atlas [10].

The types considered above do not includeA1; that is,G = SL2(Fp). The reason is that
this case is easy to describe systematically. This seems to be well known, but also follows
immediately from Theorem4.1, since all the weight multiplicities are at most 1 in this case;
see [8, 7.2].

Remark 4.5. If G is of typeA1, then the representationL(kω1) with 0 6 k 6 p − 1 has
degreek+ 1. For oddp, the center ofG is non-trivial and of order2. It is contained in the
kernel ofL(kω1) if and only ifk is even.

5. Representations of small degree for groups of large rank

In this section we consider classical groups of large rank. We prove the following result.

Theorem 5.1. LetG be of classical type, and letl be the rank ofG. SetM = l3/8 if G is
of typeAl , andM = l3 otherwise. Ifl > 11, then allp-restricted weightsλ such that the
highest-weight representationL(λ) of G has dimension at mostM are given in Table2.
The table also includes the dimensions of these modules.(Note that the case of typeBl and
p = 2 is included in the caseCl andp = 2.)

The fundamental weights are labeled as explained inAppendix A.1.

Note that the corresponding result forG of rankl 6 11 is included in Theorem4.4.

Proof. We first prove that the weights which do not appear in our table correspond to
representations of degree larger thanM.

(CaseBl , Cl) Let λ = a1ω1 + · · · + alωl be a dominant weight. If someai 6= 0,
then theW -stabilizer ofλ is contained in a reflection subgroup of typeBi−1 × Al−i ; see
Remark4.2. Hence theW -orbit of λ, and so dim(L(λ)), is at least

bi := (2l l!)/(2i−1(i − 1)! · (l − i + 1)!) = 2l−i+1

(
l

i − 1

)
.

For l > 12 and 16 i 6 l − 2, we havebi > l3. If al−1 6= 0 andal 6= 0, then the
stabilizer ofλ is contained in a reflection group of typeBl−2, whose index is greater than
l3 for all l > 6.

This shows that only weights with at most one non-zero coefficient, eitheral−1 oral , can
appear in our list. Ifal−1 > 2, then, as explained in the proof of Algorithm4.3,λ−αl−1 6 λ

is also a dominant weight. But this has coefficient 1 atωl−2. Using the estimate as above
for this smaller weight, and Premet’s theorem4.1 (note that theλ considered now is not
2-restricted), we see again that dim(L(λ)) > l3. A similar argument shows thatal < 3 for
the weights in our list.

So the only weights that could (and actually do) lead to degrees less than or equal tol3

are 0,ωl , ωl−1 and 2ωl .
(CaseDl) Here we find the relevantλ with very similar arguments as in the casesBl

andCl .
(CaseAl) Because of the symmetry of the Dynkin diagram, the weightsa1ω1 +

· · · + alωl andalω1+ al−1ω2+ · · · + a1ωl must describe representations of equal degree
(in fact, they are dual to one another). We can again use very similar arguments to those
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Table 2: Small degrees for classical groups of large rank

Type λ p Degree

Al 0 all 1

ω1, ωl all l + 1

ω2, ωl−1 all l(l + 1)/2

2ω1, 2ωl all (l + 1)(l + 2)/2

ω1+ ωl p | l + 1 l2+ 2l − 1

ω1+ ωl p - l + 1 l2+ 2l

Bl 0 all 1

ωl 6= 2 2l + 1

ωl−1 6= 2 2l2+ l

2ωl p | 2l + 1 2l2+ 3l − 1

2ωl p - 2l + 1 2l2+ 3l

Cl 0 all 1

ωl all 2l

ωl−1 p | l 2l2− l − 2

ωl−1 p - l 2l2− l − 1

2ωl all 2l2+ l

Dl 0 all 1

ωl all 2l

ωl−1 2 2l2− l − gcd(2, l)

ωl−1 6= 2 2l2− l

2ωl p | l 2l2+ l − 2

2ωl p - l 2l2+ l − 1

given above, to find the relevant weights for our list. (Here we rule out 3ω1 andω1+ω2 by
observing that 3ω1− 2α1− α2 = ω3 = ω1+ ω2− α1− α2.)

It remains to determine the exact degrees of theL(λ) in our table. They are probably
known to the experts, but we could not find references for all the cases. TypeAl andL(ωl),
andL(ωl−1) for the other types, are contained in [13, 5.4.11] and [8, 25.5, Example 8].

We include a proof for the degrees ofL(2ωl) andL(ωl−1) in the typesBl , Cl andDl ,
following suggestions given by K. Magaard and G. Hiß.

The idea is to use explicit modules. For all the types, we know theG-modules
V (Xl) := L(ωl), X ∈ {A, B, C, D}. These are the natural modules of SLl+1, SO2l+1, Sp2l

or SO2l , respectively. We determine the constituents ofV (Xl)⊗V (Xl) for X ∈ {B, C, D}.
Note that for these types,V (Xl) is self-dual. Since the casep = 2 is covered by the
references above (2ωl is not 2-restricted), we assume in the rest of the proof thatp is odd.

We will use the following general remarks. IfV is an indecomposableFpG-module,
then V ⊗ V ∗ has the trivial module as direct summand if and only ifp - dim(V ).
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(Here,V ∗ denotes the dual module.) In that case, there is exactly one trivial direct summand;
see [1, 3.1.9] for a proof. Ifv1, . . . , vn is a basis ofV , thenV ⊗ V has two submodules
S2(V ) with basis{vi⊗vj+vj⊗vi | 1 6 i < j 6 n}∪{vi⊗vi | 1 6 i 6 n} and32(V ) with
basis{vi⊗vj −vj ⊗vi | 1 6 i < j 6 n}. Sincep 6= 2, we haveV ⊗V = S2(V )⊕32(V ).

(CaseCl) Let {vi , v′i | 1 6 i 6 l} be a basis of the natural symplectic moduleV (Cl)

such that for the symplectic form(· , ·) we have(vi, v
′
i ) = 1= −(v′i , vi), where 16 i 6 l,

and(vi, vj ) = 0= (vi, v
′
j ) for all i 6= j . Then the vector

∑l
i=1(vi⊗v′i−v′i⊗vi) ∈ 32(V )

is invariant under the symplectic group. Ifp - 2l, this vector must span the unique trivial
direct summand mentioned above.

The groupGcontains a subgroup isomorphic to SLl (Fp). An element acts on the subspace
of V (Cl) spanned byv1, . . . , vl and by its inverse on the subspace spanned byv′1, . . . v′l .
HenceV (Cl) restricted to this subgroup is isomorphic toV (Al−1)⊕V (Al−1)

∗. Restricting
the representationS2(V (Cl)) to this subgroup, we find the decompositionS2(V (Al−1))⊕
S2(V (Al−1)

∗)⊕ (V (Al−1)⊗ V (Al−1)
∗); see [4, I,12.]. Using the known degrees for case

Al−1, we see that this contains at most two trivial constituents. The similar restriction to a
subgroup of typeCl−1 shows by induction that one irreducible constituent ofS2(V (Cl))

has degree at least 2(l − 1)2 + l − 1. Comparing degrees, we see that the three non-trivial
constituents in the restriction to SLl must lie in a single constituent ofS2(V (Cl)). To
summarize, we have at most one non-trivial and two trivial constituents. If there are trivial
constituents, then one must be in the socle; that is, there must be an invariant vector. This
can only be the one that we see in the(V (Al−1)⊗ V (Al−1)

∗)-summand of the restriction
to SLl . We can write down such a vector and check that it is not invariant under the whole
groupG; we can apply an element that does not leave the space spanned byv1, . . . , vl

invariant. We have proved thatS2(V (Cl)) is irreducible.
We can argue very similarly for32(V (Cl)). If p - l, we find that it is a direct sum of an

irreducible and the trivial module found above. Ifp | l, we find that there is one non-trivial
constituent, exactly one trivial constituent in the socle and at most two trivial constituents.
Since in this case the trivial constituent in the socle is not a direct summand, there must be
a second trivial constituent in the head, by duality.

If V (Cl) has a highest weight vectorv, thenv ⊗ v is contained inS2(V (Cl)) and has
weight 2ωl . HenceS2(V (Cl)) ∼= L(2ωl). The other constituents of the tensor product must
correspond to dominant weights smaller than 2ωl ; there are only two of them, 2ωl − αl =
ωl−1 and 0. We see that the non-trivial constituent of32(V (Cl)) is isomorphic toL(ωl−1).

(CaseDl) This can be handled by almost exactly the same arguments as the caseCl .
Here the trivial submodule is contained inS2(V (Dl)).

(CaseBl) In this case we consider the restrictions ofS2(V (Bl)) to subgroupsHr of
typeBr + Dl−r , 0 6 r < l. This leads to decompositionsS2(V (Br)) ⊕ S2(V (Dl−r )) ⊕
(V (Dl−r )⊗V (Br)). Comparing this decomposition forr = 0 andr = l/2 orr = (l−1)/2,
respectively, and using the results for typeDl−r and induction, we see as in typeCl that
S2(V (Bl)) has only one non-trivial and maybe a few trivial constituents. There is anr such
thatp - (l − r) andp - (2r + 1). The decomposition above for thisr shows that there are
at most two trivial constituents. Furthermore, as in typeDl , we find a trivial submodule.
Either this is a direct summand (ifp - (2l + 1)), and then it is the only trivial constituent,
or otherwise there is a second constituent in the head ofS2(V (Bl)). The argument for
32(V (Bl)) is again very similar.

This finishes the proof.

144



Small degree representations in defining characteristic

It would be interesting if the degrees in our list could be determined more systematically
within the framework of highest-weight modules. Then one could systematically work out
generalizations of Theorem5.1where the boundM is substituted by any fixed polynomial
in l.

The following corollary completes the list in [7] which gives all the representations of
G(q) in non-defining characteristic of degree at most 250.

Corollary 5.2. For any simpleG overFp, we find all thep-restricted weightsλ of G such
thatL(λ) has degree6 250 in the lists given in Theorems4.4and5.1 respectively. Taking
Theorem2.2 into account, this determines allL(λ) with degree less than or equal to250.

AcknowledgementsI wish to thank Kay Magaard, Gunter Malle and Gerhard Hiß for
useful discussions on the topic of this paper.
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Appendix A. Tables for groups of small rank

In this section we give the detailed lists for Theorem4.4. We start by introducing some
notation, and describe the centers of the groupsG and the action of the fundamental weights
on the center.

Appendix A.1. Ordering of fundamental weights

For the irreducible types of root systems we choose the following ordering for the simple
rootsαi , the corresponding corootsα∨i and the fundamental weightsωi , where 16 i 6 l.
We show the Dynkin diagrams with the node ofαi labeled byi. (This is the labeling we
use in all the databases of theCHEVIE [5] project.)
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Appendix A.2. Action of fundamental weights on the center ofG

We give, for each irreducible type of root system, the values ofωi(z) for z in the center
Z(G) of G.

To compute this, we use the fact thatZ(G) is contained in a maximal torusT of G. Such
aT is isomorphic to(

∑l
i=1 Zα∨i )⊗ZF

×
p , andZ(G) consists of thosez ∈ T with αi(z) = 1

for all 1 6 i 6 l. So we have to solve a system of equations given by the Cartan matrix of
the root system.

We denote byζm ∈ F
×
p , an element whose multiplicative order ism. For n ∈ N, we

write np′ for the largest divisor ofn which is prime top. For elementsz ∈ Z(G), we write
ω(z) := (ω1(z), . . . , ωl(z)).

(Al) Z(G) is cyclic of orderm = (l + 1)p′ .
It contains a generatorz such thatω(z) = (ζm, ζ 2

m, . . . , ζ l
m).

(Bl) Z(G) is cyclic of orderm = gcd(2, p + 1).
For the generatorz we haveω(z) = (ζm, 1, . . . , 1).

(Cl) Z(G) is cyclic of orderm = gcd(2, p + 1).
For the generatorz we haveω(z) = (ζ l

m, ζ l−1
m , . . . , 1, ζm).

(Dl , l odd) Z(G) is cyclic of orderm = 4 for oddp, andm = 1 for p = 2.
There is a generatorz such thatω(z) = (ζm, ζ 3

m, ζ 2
m, 1, ζ 2

m, 1, ζ 2
m, . . . , 1, ζ 2

m).

(Dl , l even) Z(G) is elementary abelian of orderm2,
with m = 2 if p is odd, andm = 1 if p = 2.
There are generatorsz1 andz2 such thatω(z1) = (ζm, 1, 1, ζm, 1, ζm, . . . , 1, ζm)

andω(z2) = (1, ζm, 1, ζm, 1, ζm, . . . , 1, ζm).
Here,z = z1z2 is the element such thatG/〈z〉 ∼= SO2l (Fp).

(E6) Z(G) is cyclic of orderm = 3 if p 6= 3, andm = 1 if p = 3.
There is a generatorz such thatω(z) = (ζm, 1, ζ 2

m, 1, ζm, ζ 2
m).

(E7) Z(G) is cyclic of orderm = gcd(2, p + 1).
For the generatorz we haveω(z) = (1, ζm, 1, 1, ζm, 1, ζm).

(G2, F4, E8) Z(G) is trivial.

Appendix A.3. Frobenius–Schur indicators

If p is odd, we can determine the Frobenius–Schur indicators of the representations in
our lists using a result of Steinberg; see [18, Lemmas 78 and 79].

If G is of typeAl or of typeDl with odd l, or of typeE6, then the representations
L(
∑l

i=1 aiωi) andL(
∑l

i=1 aτ(i)ωi), where the permutationτ is given by the automorphism
of order two of the Dynkin diagram, are dual to each other. For otherG, allL(λ)are self-dual.

If L(λ) is self-dual (and recall thatp is odd) then its Frobenius–Schur indicator is ‘+’ if
Z(G) has no element of order 2. Otherwise, it is either the sign ofλ(z) wherez is the only
element of order 2 inZ(G), or z = z1z2 in caseDl with evenl. This can be computed by
usingAppendix A.2.
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Appendix A.4. An example

As an example of how to read the data in this appendix, let us determine all the irreducible
representations in defining characteristic for groups of typeB3(q) ∼= Spin7(q), where
q = pf , which have degree 448:

We apply Theorems2.2and2.3.
We first need to compute all the factorizations of 448 into factors greater than 1 which

appear as degrees inAppendix A.23. Although many of the divisors of 448 appear as
degrees, the only such factorizations are 448= 7 · 64= 7 · 8 · 8.

Now we take a closer look atAppendix A.23.
If p = 2, then there is no irreducible representation of degree 7. Also, the listed repre-

sentations of degree 448 do not correspond to 2-restricted weights. So, in characteristic 2
there are no irreducible representations of this degree.

For p 6= 2, we have representations withp-restricted weights of dimension 7 and 8. If
q > p3, there are irreducible representationsLi,j,k of degree 448 with highest weights of
the formpiω3 + pjω1 + pkω1, where 06 i, j, k 6 f − 1 andi, j andk are pairwise
different.

Forp = 3, there is no irreducible representation of degree 64, and none withp-restricted
weight of degree 448. So, there are no further irreducible representations of degree 448 in
this case.

If p = 5, there isL(ω3) of degree 7 andL(ω1 + ω2) of degree 64. Ifq = 5f , we find
for any 06 j, k 6 f − 1, wherej 6= k, the irreducible representation

L′j,k := L(5j (ω1+ ω2)+ 5kω3),

restricted toB3(q) of degree 448. Furthermore, we see inAppendix A.23thatL(ω1+3ω3)

andL(2(ω1+ ω3)) have degree 448.
For largerp, there is no representation of degree 64 in our list. We only findL(ω1+3ω3)

if p 6= 11, and in the case wherep = 7 alsoL(3ω1+ ω2).
For all the representations found above, the primep is odd, and so the center ofG, and

of G(q), is of order 2. UsingAppendix A.2, we see that for the non-trivial elementz in
the center we haveω1(z) = −1 andωi(z) = 1 for i = 2, 3. Applying this to the weights
listed above, we find that exactlyL(2(ω1 + ω3)) in the casep = 5 andLi,j,k for p 6= 2
are not faithful. FromAppendix A.3we see that these are also the representations with
Frobenius–Schur indicator ‘+’. The others have indicator ‘−’.

Appendix A.5. Reading the tables

In the tables below, we denote a weighta1ω1+ · · · + alωl by (a1, . . . , al). When all the
values ofai can be written with a single digit, we also suppress the commas.

In typeAl , the representations

L(a1ω1+ · · · + alωl) and L(alω1+ al−1ω2+ · · · + a1ωl)

are dual to each other; in particular, they have the same dimension. InAppendix A.6
to Appendix A.21we save some space by including only one of such a pair of repre-
sentations.
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Appendix A.6. CaseA2, M = 400

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (00) all 120 (35) 6=7 255 (67) 13
3 (01) all 123 (48) 13 260 (47) 6=11
6 (02) all 125 (44) 6=7 262 (6,12) 19
7 (11) 3 126 (57) 13 267 (48) 11
8 (11) 6=3 127 (66) 13 267 (7,11) 19

10 (03) all 132 (27) all 270 (2,11) 6=13
15 (04) all 136 (0,15) all 270 (8,10) 19
15 (12) all 143 (1,10) all 271 (99) 19
18 (13) 5 153 (0,16) all 273 (56) 6=11
19 (22) 5 154 (36) all 276 (0,22) all
21 (05) all 159 (29) 11 276 (57) 11
24 (13) 6=5 162 (28) 6=11 279 (66) 11
27 (22) 6=5 162 (45) 7 280 (39) 6=11,13
28 (06) all 165 (45) 6=7 288 (1,15) 6=17
33 (15) 7 168 (1,11) 6=13 297 (1,21) 23
35 (14) all 168 (1,15) 17 300 (0,23) all
36 (07) all 171 (0,17) all 312 (2,12) all
36 (24) 7 171 (38) 11 315 (48) 6=11,13
37 (33) 7 179 (47) 11 316 (2,20) 23
39 (23) 5 181 (2,14) 17 323 (1,16) all
42 (23) 6=5 183 (56) 11 325 (0,24) all
45 (08) all 190 (0,18) all 330 (3,10) 6=13
48 (15) 6=7 192 (37) 6=11 333 (3,19) 23
55 (09) all 192 (3,13) 17 336 (57) 6=11,13
60 (24) 6=7 195 (1,12) all 339 (3,11) 13
63 (16) all 195 (29) 6=11 343 (66) 6=11,13
63 (33) 5 201 (4,12) 17 348 (4,18) 23
64 (33) 6=5,7 207 (1,17) 19 351 (0,25) all
66 (0,10) all 208 (5,11) 17 351 (2,15) 17
71 (25) 7 210 (0,19) all 354 (49) 11
75 (19) 11 210 (46) 6=11 357 (2,13) all
75 (34) 7 213 (6,10) 17 360 (1,17) 6=19
78 (0,11) all 215 (2,11) 13 360 (4,10) 13
80 (17) all 215 (55) 7 361 (5,17) 23
81 (25) 6=7 216 (55) 6=7,11 370 (58) 11
82 (28) 11 216 (79) 17 372 (6,16) 23
87 (37) 11 217 (88) 17 375 (3,14) 17
90 (34) 6=7 222 (2,16) 19 375 (49) 6=11,13
90 (46) 11 224 (1,13) all 375 (59) 13
91 (0,12) all 231 (0,20) all 378 (0,26) all
91 (55) 11 231 (2,10) 6=13 378 (67) 11
99 (18) all 231 (3,10) 13 381 (7,15) 23

102 (1,11) 13 234 (38) 6=11 384 (3,11) 6=13
105 (0,13) all 235 (3,15) 19 384 (68) 13
105 (26) all 243 (49) 13 387 (77) 13
111 (2,10) 13 246 (4,14) 19 388 (8,14) 23
114 (35) 7 251 (58) 13 393 (9,13) 23
117 (44) 7 252 (39) 11 395 (4,13) 17
118 (39) 13 253 (0,21) all 396 (10,12) 23
120 (0,14) all 255 (1,14) all 397 (11,11) 23
120 (19) 6=11 255 (5,13) 19 399 (1,18) all
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Appendix A.7. CaseA3, M = 500

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (000) all 120 (007) all 285 (303) 7
4 (001) all 120 (104) 6=7 286 (0,0,10) all
6 (010) all 124 (203) 7 294 (212) 3

10 (002) all 126 (022) 6=5 299 (222) 5
14 (101) 2 140 (014) all 300 (122) 7
15 (101) 6=2 140 (031) 6=5 300 (212) 6=3,7
16 (011) 3 140 (112) 6=3 300 (303) 6=7
19 (020) 3 149 (024) 7 315 (016) all
20 (003) all 156 (121) 3 334 (131) 7
20 (011) 6=3 160 (203) 6=7 336 (060) 6=7
20 (020) 6=3 165 (008) all 360 (019) 11
32 (102) 5 173 (113) 5 360 (024) 6=7
35 (004) all 175 (121) 6=3 360 (122) 6=5,7
36 (102) 6=5 180 (033) 7 364 (0,0,11) all
44 (111) 3 184 (131) 5 380 (115) 7
45 (012) all 189 (105) all 380 (213) 5
50 (030) all 192 (023) 5 384 (131) 6=5,7
52 (013) 5 196 (050) all 396 (107) all
56 (005) all 206 (042) 7 416 (025) 7
58 (111) 5 211 (113) 7 420 (108) 11
60 (021) all 216 (015) 6=7 420 (114) all
64 (111) 6=3,5 220 (009) all 420 (205) all
68 (022) 5 220 (122) 5 420 (313) 5
69 (202) 3 224 (023) 6=5 439 (028) 11
70 (103) all 224 (051) 7 440 (017) all
80 (031) 5 231 (060) 7 455 (0,0,12) all
83 (202) 5 235 (032) 5 460 (033) 5
84 (006) all 236 (212) 7 476 (132) 5
84 (013) 6=5 256 (113) 6=5,7 480 (033) 6=5,7
84 (202) 6=3,5 260 (041) 5 480 (124) 7
85 (040) 5 260 (204) 7 484 (151) 7

100 (104) 7 270 (204) 6=7 496 (304) 7
105 (040) 6=5 280 (032) 6=5 500 (304) 6=7
116 (015) 7 280 (041) 6=5
116 (112) 3 280 (106) all
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Appendix A.8. CaseA4, M = 1000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (0000) all 185 (0022) 5 510 (0112) 3
5 (0001) all 195 (0201) 3 535 (1013) 5

10 (0010) all 199 (2002) 3 540 (0104) 6=7
15 (0002) all 200 (2002) 6=3,7 545 (0202) 5
23 (1001) 5 210 (0006) all 560 (0031) 6=5
24 (1001) 6=5 210 (0201) 6=3,5 560 (0202) 6=3,5
30 (0011) 3 224 (0013) 6=5 560 (1005) all
35 (0003) all 235 (0111) 5 615 (1021) 5
40 (0011) 6=3 255 (0031) 5 640 (0033) 7
40 (0101) 2 280 (0103) all 670 (0023) 5
45 (0020) 3 280 (0111) 6=3,5 670 (1021) 7
45 (0101) 6=2 305 (0120) 5 683 (1022) 5
50 (0020) 6=3 315 (0120) 6=5 700 (0112) 6=3
51 (0110) 3 315 (1004) all 700 (0301) all
65 (1002) 3 320 (0040) 5 715 (0009) all
70 (0004) all 325 (0015) 7 720 (0015) 6=7
70 (1002) 6=3 330 (0007) all 720 (1021) 6=5,7
74 (0110) 2 365 (0130) 5 765 (0203) 7
75 (0110) 6=2,3 375 (1102) 3 794 (1111) 5

103 (0102) 5 381 (0220) 5 826 (0042) 7
105 (0012) all 390 (0202) 3 835 (0211) 3
121 (0013) 5 395 (0104) 7 840 (0023) 6=5
126 (0005) all 410 (1012) 7 855 (0121) 3
126 (0102) 6=5 410 (1102) 5 875 (2004) all
135 (1011) 3 420 (0014) all 895 (0113) 5
145 (1003) 7 420 (0022) 6=5 924 (1006) all
160 (1003) 6=7 435 (1102) 7 945 (0105) all
160 (1011) 2 445 (2003) 7 945 (1013) 6=5
165 (0111) 3 450 (1012) 6=7 949 (1111) 7
170 (0201) 5 450 (2003) 6=7 955 (0032) 5
174 (0021) 3 470 (0024) 7 980 (0130) 6=5
175 (0021) 6=3 476 (1111) 3 999 (3003) 7
175 (0030) all 480 (1102) 6=3,5,7 1000 (3003) 6=7
175 (1011) 6=2,3 490 (0040) 6=5
176 (2002) 7 495 (0008) all
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Appendix A.9. CaseA5, M = 2500

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (00000) all 426 (00022) 5 1246 (00130) 5
6 (00001) all 440 (02001) 3 1251 (00024) 7

15 (00010) all 462 (00006) all 1260 (11002) 6=3
20 (00100) all 474 (00111) 3 1287 (00008) all
21 (00002) all 490 (00030) all 1338 (10102) 5
34 (10001) 2 504 (00013) 6=5 1365 (00210) 5
34 (10001) 3 520 (10101) 7 1386 (10005) all
35 (10001) 6=2,3 540 (10101) 6=2,7 1420 (01110) 5
50 (00011) 3 560 (02001) 6=3 1431 (02002) 7
56 (00003) all 606 (01003) 7 1449 (00210) 3
70 (00011) 6=3 630 (00201) 5 1470 (00210) 6=3,5
78 (01001) 5 630 (01011) 3 1506 (00220) 5
84 (01001) 6=5 666 (00031) 5 1539 (00202) 3
90 (00020) 3 666 (01101) 3 1569 (02002) 3
90 (00101) 2 700 (10004) all 1575 (01004) all

105 (00020) 6=3 708 (00111) 5 1674 (00112) 3
105 (00101) 6=2 720 (00201) 3 1686 (00310) 5
114 (10002) 7 720 (01003) 6=7 1701 (10102) 6=5
120 (10002) 6=7 720 (01011) 2 1751 (00400) 5
126 (00004) all 786 (00015) 7 1764 (00031) 6=5
126 (00110) 3 792 (00007) all 1764 (00040) 6=5
141 (00200) 3 804 (11002) 3 1800 (00104) 6=7
154 (01010) 2 813 (01020) 5 1800 (02002) 6=3,7
175 (00200) 6=3 840 (00103) all 1876 (00033) 7
188 (01010) 5 840 (00201) 6=3,5 1890 (00023) 5
189 (01010) 6=2,5 840 (01011) 6=2,3 1960 (01110) 6=3,5
204 (00110) 2 896 (00111) 6=3,5 1974 (10021) 3
210 (00012) all 924 (01101) 2 1980 (00015) 6=7
210 (00110) 6=2,3 951 (00040) 5 1995 (20004) 5
246 (00013) 5 960 (00300) 5 2002 (00009) all
246 (01002) 3 960 (01110) 3 2024 (11011) 3
252 (00005) all 980 (00300) 6=5 2061 (01012) 7
258 (00102) 5 1050 (00014) all 2100 (03001) 7
279 (10011) 3 1050 (01101) 6=2,3 2106 (01102) 3
280 (01002) 6=3 1050 (20003) all 2205 (10021) 6=3
315 (10003) all 1071 (01020) 3 2268 (10006) 11
336 (00102) 6=5 1078 (10012) 5 2290 (30003) 5
363 (10011) 5 1098 (00120) 5 2310 (10022) 5
369 (10011) 7 1134 (00022) 6=5 2310 (20004) 6=5
384 (10011) 6=3,5,7 1134 (10012) 6=5 2364 (10201) 5
400 (10101) 2 1170 (00120) 3 2415 (00202) 5
404 (20002) 7 1176 (00120) 6=3,5 2430 (01012) 6=7
405 (20002) 6=7 1176 (01020) 6=3,5 2430 (10111) 3
414 (00021) 3 1194 (00104) 7
420 (00021) 6=3 1224 (10013) 5
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Small degree representations in defining characteristic

Appendix A.10. CaseA6, M = 2800

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (000000) all 490 (000110) 6=2,3 1428 (010011) 3
7 (000001) all 490 (000200) 6=3 1520 (000031) 5

21 (000010) all 493 (010002) 7 1575 (010003) all
28 (000002) all 540 (010002) 6=7 1701 (011001) 3
35 (000100) all 553 (000102) 5 1709 (000015) 7
47 (100001) 7 560 (100003) all 1716 (000007) all
48 (100001) 6=7 581 (001010) 5 1771 (000111) 5
77 (000011) 3 588 (001010) 6=2,5 1827 (010011) 5
84 (000003) all 687 (200002) 3 1863 (000201) 5

112 (000011) 6=3 707 (001002) 3 1876 (010011) 7
133 (010001) 2 707 (100011) 2 1907 (001003) 7
133 (010001) 3 735 (100011) 6=2,3 1953 (110002) 3
140 (010001) 6=2,3 735 (200002) 6=3 1967 (002001) 3
161 (000020) 3 736 (001100) 2 1967 (200003) 5
175 (000101) 2 756 (000102) 6=5 2016 (010011) 6=3,5,7
189 (100002) all 783 (001100) 5 2100 (000103) all
196 (000020) 6=3 784 (001100) 6=2,3,5 2106 (000201) 3
203 (001001) 5 840 (001002) 6=3 2155 (001011) 3
210 (000004) all 861 (000021) 3 2156 (200003) 6=5
210 (000101) 6=2 875 (000022) 5 2198 (010101) 2
224 (001001) 6=5 882 (000021) 6=3 2310 (000014) all
266 (000110) 3 924 (000006) all 2331 (100012) 3
344 (010010) 5 1008 (000013) 6=5 2352 (000111) 6=3,5
357 (000200) 3 1050 (020001) 3 2387 (010020) 3
378 (000012) all 1113 (100101) 2 2394 (001101) 3
391 (010010) 3 1148 (000111) 3 2400 (001003) 6=7
392 (010010) 6=3,5 1148 (020001) 7 2400 (001011) 2
393 (001100) 3 1176 (000030) all 2415 (000040) 5
448 (001010) 2 1211 (100101) 5 2450 (100012) 6=3
455 (000013) 5 1260 (020001) 6=3,7 2611 (110002) 7
462 (000005) all 1302 (100004) 5 2646 (000022) 6=5
469 (000110) 2 1323 (100101) 6=2,5 2646 (000201) 6=3,5
483 (100011) 3 1386 (100004) 6=5 2800 (110002) 6=3,7
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Small degree representations in defining characteristic

Appendix A.11. CaseA7, M = 3000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (0000000) all 658 (0100010) 2 1592 (0010002) 7
8 (0000001) all 719 (0100010) 7 1624 (0000021) 3

28 (0000010) all 720 (0100010) 6=2,3,7 1632 (0010100) 2
36 (0000002) all 784 (0000013) 5 1652 (0000022) 5
56 (0000100) all 784 (0000200) 3 1680 (0000021) 6=3
62 (1000001) 2 792 (0000005) all 1708 (0001002) 3
63 (1000001) 6=2 860 (1000011) 3 1716 (0000006) all
70 (0001000) all 888 (1000003) 5 1763 (0002000) 5

112 (0000011) 3 924 (1000003) 6=5 1764 (0002000) 6=3,5
120 (0000003) all 945 (0100002) all 1800 (0010002) 6=7
168 (0000011) 6=3 952 (0000110) 2 1848 (0000013) 6=5
208 (0100001) 7 1008 (0000110) 6=2,3 2016 (0200001) 3
216 (0100001) 6=7 1016 (0001100) 3 2100 (0001002) 6=3
266 (0000020) 3 1064 (0000102) 5 2128 (1000101) 2
272 (1000002) 3 1092 (0001010) 2 2136 (0001100) 2
280 (1000002) 6=3 1107 (0002000) 3 2289 (0010100) 5
308 (0000101) 2 1128 (0010010) 5 2344 (0001100) 5
330 (0000004) all 1169 (2000002) 5 2352 (0001100) 6=2,3,5
336 (0000020) 6=3 1176 (0000200) 6=3 2352 (0010100) 6=2,5
378 (0000101) 6=2 1231 (2000002) 3 2400 (1000004) 11
392 (0010001) 2 1232 (2000002) 6=3,5 2464 (0000111) 3
392 (0010001) 3 1244 (1000011) 7 2520 (0000030) all
420 (0010001) 6=2,3 1280 (1000011) 6=3,7 2520 (0200001) 6=3
448 (0001001) 5 1336 (0010010) 3 2520 (1000004) 6=11
504 (0000110) 3 1344 (0010010) 6=3,5 2584 (0100011) 3
504 (0001001) 6=5 1484 (0001010) 5 2632 (1000101) 3
630 (0000012) all 1512 (0000102) 6=5 2800 (1000101) 6=2,3
657 (0100010) 3 1512 (0001010) 6=2,5 2828 (1001001) 5

Appendix A.12. CaseA8, M = 4000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (00000000) all 966 (00010001) 2 2079 (10000011) 6=2,3,5
9 (00000001) all 966 (00010001) 3 2304 (00001100) 3

36 (00000010) all 990 (00000012) all 2352 (00001010) 2
45 (00000002) all 1008 (00001001) 6=5 2385 (00100010) 3
79 (10000001) 3 1050 (00010001) 6=2,3 2394 (00100010) 2
80 (10000001) 6=3 1135 (01000010) 7 2520 (00000200) 6=3
84 (00000100) all 1214 (01000010) 2 2691 (00100010) 7

126 (00001000) all 1215 (01000010) 6=2,7 2700 (00100010) 6=2,3,7
156 (00000011) 3 1278 (00000013) 5 2772 (00000102) 6=5
165 (00000003) all 1287 (00000005) all 2844 (00000021) 3
240 (00000011) 6=3 1359 (10000011) 3 2907 (00002000) 3
306 (01000001) 2 1395 (10000003) 11 2922 (00000022) 5
315 (01000001) 6=2 1440 (10000003) 6=11 2970 (00000021) 6=3
387 (10000002) 5 1461 (01000002) 3 3003 (00000006) all
396 (10000002) 6=5 1540 (01000002) 6=3 3060 (00010010) 5
414 (00000020) 3 1554 (00000200) 3 3139 (00011000) 3
495 (00000004) all 1764 (00000110) 2 3168 (00000013) 6=5
504 (00000101) 2 1864 (20000002) 11 3318 (00001010) 5
540 (00000020) 6=3 1890 (00000102) 5 3402 (00001010) 6=2,5
630 (00000101) 6=2 1890 (00000110) 6=2,3 3414 (02000001) 3
684 (00100001) 7 1943 (20000002) 5 3465 (00100002) all
720 (00100001) 6=7 1944 (20000002) 6=5,11 3654 (00001002) 3
882 (00000110) 3 2034 (10000011) 2 3744 (00010010) 3
882 (00001001) 5 2043 (10000011) 5 3780 (00010010) 6=3,5
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Small degree representations in defining characteristic

Appendix A.13. CaseA9, M = 6000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (000000000) all 1110 (001000001) 2 2924 (200000002) 11
10 (000000001) all 1155 (001000001) 6=2 2925 (200000002) 6=3,11
45 (000000010) all 1452 (000000110) 3 3048 (000000110) 2
55 (000000002) all 1485 (000000012) all 3155 (100000011) 11
98 (100000001) 2 1596 (000001001) 5 3156 (000000102) 5
98 (100000001) 5 1826 (010000010) 2 3200 (100000011) 6=3,11
99 (100000001) 6=2,5 1848 (000001001) 6=5 3300 (000000110) 6=2,3

120 (000000100) all 1860 (000100001) 7 4510 (001000010) 7
210 (000000011) 3 1924 (010000010) 3 4620 (000001010) 2
210 (000001000) all 1925 (010000010) 6=2,3 4698 (000000021) 3
220 (000000003) all 1980 (000100001) 6=7 4740 (000001100) 3
252 (000010000) all 1990 (100000011) 3 4752 (000000102) 6=5
330 (000000011) 6=3 1992 (000000013) 5 4905 (000000022) 5
430 (010000001) 3 2002 (000000005) all 4940 (001000010) 2
440 (010000001) 6=3 2100 (000010001) 2 4950 (000000021) 6=3
530 (100000002) 11 2100 (000010001) 3 4950 (000000200) 6=3
540 (100000002) 6=11 2145 (100000003) all 4950 (001000010) 6=2,7
615 (000000020) 3 2278 (010000002) 5 5005 (000000006) all
715 (000000004) all 2310 (000010001) 6=2,3 5148 (000000013) 6=5
780 (000000101) 2 2376 (010000002) 6=5 5730 (001000002) 3
825 (000000020) 6=3 2826 (200000002) 3 5940 (020000001) 3
990 (000000101) 6=2 2850 (000000200) 3

Appendix A.14. CaseA10, M = 10000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (0000000000) all 1760 (0010000001) 6=3 4620 (0000010001) 6=2,3
11 (0000000001) all 2145 (0000000012) all 4653 (1000000011) 2
55 (0000000010) all 2277 (0000000110) 3 4653 (1000000011) 5
66 (0000000002) all 2706 (0000001001) 5 4719 (1000000011) 6=2,3,5

119 (1000000001) 11 2784 (0100000010) 3 4752 (0000100001) 6=7
120 (1000000001) 6=11 2903 (0100000010) 5 4917 (0000000200) 3
165 (0000000100) all 2904 (0100000010) 6=3,5 4983 (0000000110) 2
275 (0000000011) 3 2959 (1000000011) 3 5016 (0000000102) 5
286 (0000000003) all 2992 (0000000013) 5 5445 (0000000110) 6=2,3
330 (0000001000) all 3003 (0000000005) all 7403 (0000000021) 3
440 (0000000011) 6=3 3014 (1000000003) 13 7722 (0000000102) 6=5
462 (0000010000) all 3080 (1000000003) 6=13 7865 (0000000021) 6=3
583 (0100000001) 2 3168 (0000001001) 6=5 7876 (0010000010) 2
583 (0100000001) 5 3300 (0001000001) 2 7887 (0000000022) 5
594 (0100000001) 6=2,5 3391 (0100000002) 11 8008 (0000000006) all
704 (1000000002) 3 3465 (0001000001) 6=2 8008 (0000000013) 6=5
715 (1000000002) 6=3 3510 (0100000002) 6=11 8448 (0000001010) 2
880 (0000000020) 3 4115 (2000000002) 13 8459 (0010000010) 3

1001 (0000000004) all 4158 (0000010001) 2 8470 (0010000010) 6=2,3
1155 (0000000101) 2 4158 (0000010001) 3 9042 (0000001100) 3
1210 (0000000020) 6=3 4234 (2000000002) 3 9075 (0000000200) 6=3
1485 (0000000101) 6=2 4235 (2000000002) 6=3,13 9405 (0200000001) 3
1705 (0010000001) 3 4422 (0000100001) 7 9713 (0010000002) 5
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Small degree representations in defining characteristic

Appendix A.15. CaseA11, M = 12000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (00000000000) all 1716 (00000000020) 6=3 5720 (00010000001) 6=3
12 (00000000001) all 2145 (00000000101) 6=2 5797 (20000000002) 7
66 (00000000010) all 2508 (00100000001) 2 5939 (20000000002) 13
78 (00000000002) all 2508 (00100000001) 5 5940 (20000000002) 6=7,13

142 (10000000001) 2 2574 (00100000001) 6=2,5 6642 (10000000011) 11
142 (10000000001) 3 3003 (00000000012) all 6654 (10000000011) 13
143 (10000000001) 6=2,3 3432 (00000000110) 3 6720 (10000000011) 6=3,11,13
220 (00000000100) all 4069 (01000000010) 5 7656 (00000000102) 5
352 (00000000011) 3 4070 (01000000010) 2 7656 (00000010001) 2
364 (00000000003) all 4146 (10000000011) 3 7656 (00000010001) 3
495 (00000001000) all 4211 (01000000010) 11 7788 (00000000110) 2
572 (00000000011) 6=3 4212 (01000000010) 6=2,5,11 8074 (00000000200) 3
768 (01000000001) 11 4212 (10000000003) 7 8514 (00001000001) 2
780 (01000000001) 6=11 4290 (10000000003) 6=7 8580 (00000000110) 6=2,3
792 (00000010000) all 4356 (00000000013) 5 8580 (00000010001) 6=2,3
912 (10000000002) 13 4356 (00000001001) 5 9009 (00001000001) 6=2
924 (00000100000) all 4368 (00000000005) all 9504 (00000100001) 7
924 (10000000002) 6=13 4863 (01000000002) 3 10296 (00000100001) 6=7

1221 (00000000020) 3 5005 (01000000002) 6=3 11220 (00000000021) 3
1365 (00000000004) all 5148 (00000001001) 6=5
1650 (00000000101) 2 5500 (00010000001) 3

Appendix A.16. CaseA12, M = 3000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (000000000000) all 455 (000000000003) all 1287 (000000010000) all
13 (000000000001) all 715 (000000001000) all 1651 (000000000020) 3
78 (000000000010) all 728 (000000000011) 6=3 1716 (000000100000) all
91 (000000000002) all 988 (010000000001) 2 1820 (000000000004) all

167 (100000000001) 13 988 (010000000001) 3 2288 (000000000101) 2
168 (100000000001) 6=13 1001 (010000000001) 6=2,3 2366 (000000000020) 6=3
286 (000000000100) all 1157 (100000000002) 7
442 (000000000011) 3 1170 (100000000002) 6=7

Appendix A.17. CaseA13, M = 3000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (0000000000000) all 364 (0000000000100) all 1442 (1000000000002) 3
14 (0000000000001) all 546 (0000000000011) 3 1442 (1000000000002) 5
91 (0000000000010) all 560 (0000000000003) all 1456 (1000000000002) 6=3,5

105 (0000000000002) all 910 (0000000000011) 6=3 2002 (0000000010000) all
194 (1000000000001) 2 1001 (0000000001000) all 2184 (0000000000020) 3
194 (1000000000001) 7 1246 (0100000000001) 13 2380 (0000000000004) all
195 (1000000000001) 6=2,7 1260 (0100000000001) 6=13
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Small degree representations in defining characteristic

Appendix A.18. CaseA14, M = 3000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (00000000000000) all 224 (10000000000001) 6=3,5 1545 (01000000000001) 2
15 (00000000000001) all 455 (00000000000100) all 1545 (01000000000001) 7

105 (00000000000010) all 665 (00000000000011) 3 1560 (01000000000001) 6=2,7
120 (00000000000002) all 680 (00000000000003) all 1785 (10000000000002) all
223 (10000000000001) 3 1120 (00000000000011) 6=3 2835 (00000000000020) 3
223 (10000000000001) 5 1365 (00000000001000) all

Appendix A.19. CaseA15, M = 3000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (000000000000000) all 560 (000000000000100) all 1888 (010000000000001) 5
16 (000000000000001) all 800 (000000000000011) 3 1904 (010000000000001) 6=3,5

120 (000000000000010) all 816 (000000000000003) all 2144 (100000000000002) 17
136 (000000000000002) all 1360 (000000000000011) 6=3 2160 (100000000000002) 6=17
254 (100000000000001) 2 1820 (000000000001000) all
255 (100000000000001) 6=2 1888 (010000000000001) 3

Appendix A.20. CaseA16, M = 3000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p deg λ p

1 (0000000000000000) all 288 (1000000000000001) 6=17 2278 (0100000000000001) 2
17 (0000000000000001) all 680 (0000000000000100) all 2295 (0100000000000001) 6=2

136 (0000000000000010) all 952 (0000000000000011) 3 2380 (0000000000001000) all
153 (0000000000000002) all 969 (0000000000000003) all 2567 (1000000000000002) 3
287 (1000000000000001) 17 1632 (0000000000000011) 6=3 2584 (1000000000000002) 6=3

Appendix A.21. CaseA17, M = 3000

(Recall the remark inAppendix A.5.)

deg λ p deg λ p

1 (00000000000000000) all 816 (00000000000000100) all
18 (00000000000000001) all 1122 (00000000000000011) 3

153 (00000000000000010) all 1140 (00000000000000003) all
171 (00000000000000002) all 1938 (00000000000000011) 6=3
322 (10000000000000001) 2 2718 (01000000000000001) 17
322 (10000000000000001) 3 2736 (01000000000000001) 6=17
323 (10000000000000001) 6=2,3
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Small degree representations in defining characteristic

Appendix A.22. CaseB2, M = 300

deg λ p deg λ p deg λ p

1 (00) all 81 (22) 6=5,7 199 (07) 11
4 (01) 2 84 (15) 13 199 (25) 7
4 (10) all 84 (60) all 200 (71) 11
5 (01) 6=2 85 (06) 13 204 (07) 6=11,13

10 (20) all 86 (23) 5 204 (33) 5
12 (11) 5 91 (05) 6=11 206 (24) 7
13 (02) 5 105 (41) all 220 (42) 6=5,7
14 (02) 6=5 115 (42) 5 220 (90) all
16 (11) 6=5 116 (33) 11 224 (15) 6=11,13
20 (30) all 116 (51) 7 231 (61) all
24 (12) 7 120 (70) all 236 (53) 13
25 (03) 7 126 (06) 11 251 (25) 13
25 (21) 3 140 (06) 6=11,13 256 (16) 13
30 (03) 6=7 140 (14) 6=11 256 (33) 6=5,7,11
35 (21) 6=3 140 (32) all 260 (24) 6=7,11
35 (40) all 144 (17) 17 260 (44) 7
40 (12) 6=7 145 (08) 17 264 (1,10) 23
44 (31) 7 149 (42) 7 265 (0,11) 23
52 (31) 5 154 (23) 6=5 271 (08) 13
54 (04) 7 160 (51) 6=7 284 (08) 11
55 (04) 6=7 164 (34) 13 284 (36) 17
56 (50) all 164 (52) 11 285 (08) 6=11,13,17
60 (14) 11 165 (80) all 285 (43) 11
61 (05) 11 174 (07) 13 286 (10,0) all
64 (31) 6=5,7 179 (24) 11 294 (09) 17
68 (22) 5 180 (18) 19 296 (72) 13
71 (22) 7 180 (33) 7 300 (52) 7
76 (13) 7 181 (09) 19
80 (13) 6=7 184 (15) 11

Appendix A.23. CaseB3, M = 700

deg λ p deg λ p deg λ p

1 (000) all 141 (020) 5 384 (111) 3
6 (001) 2 155 (004) 11 448 (103) 6=11
7 (001) 6=2 168 (020) 6=3,5 448 (202) 5
8 (100) all 168 (102) 6=3 448 (310) 7

14 (010) 2 168 (201) 5 472 (111) 7
21 (010) 6=2 182 (004) 6=11 483 (022) 5
26 (002) 7 189 (201) 6=5 512 (111) 6=3,5,7
27 (002) 6=7 189 (210) 3 518 (202) 3
35 (200) all 248 (120) 7 521 (030) 7
40 (101) 7 280 (103) 11 560 (104) 13
48 (101) 6=7 293 (400) 5 560 (301) all
63 (011) 3 294 (400) 6=5 560 (500) 7
64 (011) 2 301 (005) 13 616 (021) 5
64 (110) 5 304 (012) 7 616 (202) 6=3,5
77 (003) all 309 (012) 3 664 (310) 5

104 (110) 3 330 (012) 6=3,7 672 (021) 3
104 (300) 5 344 (111) 5 672 (120) 3
105 (011) 6=2,3 371 (005) 11 672 (500) 6=7
112 (110) 6=3,5 371 (013) 5 687 (006) 13
112 (300) 6=5 371 (210) 5 693 (021) 6=3,5
120 (102) 3 378 (005) 6=11,13
132 (020) 3 378 (210) 6=3,5
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Small degree representations in defining characteristic

Appendix A.24. CaseB4, M = 1000

deg λ p deg λ p deg λ p

1 (0000) all 160 (0011) 2 576 (1002) 6=11
8 (0001) 2 231 (0011) 6=2,3 579 (0110) 3
9 (0001) 6=2 246 (0101) 2 594 (0101) 6=2,7

16 (1000) all 304 (1010) 7 656 (1100) 3
26 (0010) 2 336 (1100) 5 672 (3000) 6=5
36 (0010) 6=2 369 (0020) 3 752 (1100) 7
43 (0002) 3 406 (0004) 13 768 (1100) 6=3,5,7
44 (0002) 6=3 416 (1010) 2 784 (0110) 2
48 (0100) 2 432 (1010) 6=2,7 798 (2001) 5
84 (0100) 6=2 448 (1002) 11 840 (2001) 3

112 (1001) 3 449 (0004) 11 867 (0012) 3
126 (2000) all 450 (0004) 6=11,13 874 (0012) 11
128 (1001) 6=3 451 (0020) 7 910 (0012) 6=3,11
147 (0003) 11 495 (0020) 6=3,7 924 (2001) 6=3,5
147 (0011) 3 544 (3000) 5 957 (0013) 5
156 (0003) 6=11 558 (0101) 7

Appendix A.25. CaseB5, M = 2000

deg λ p deg λ p deg λ p

1 (00000) all 288 (10001) 11 1144 (00020) 6=3,5
10 (00001) 2 320 (00011) 2 1375 (00101) 3
11 (00001) 6=2 320 (10001) 6=11 1376 (10010) 5
32 (10000) all 330 (01000) 6=2 1408 (01001) 2
44 (00010) 2 418 (00011) 5 1408 (10010) 6=3,5
55 (00010) 6=2 429 (00011) 6=2,3,5 1430 (00101) 6=2,3
64 (00002) 11 462 (20000) all 1440 (10002) 13
65 (00002) 6=11 670 (00101) 2 1760 (10002) 6=13

100 (00100) 2 749 (00020) 3 1760 (11000) 5
164 (01000) 2 870 (00004) 5 1961 (00012) 11
165 (00100) 6=2 934 (00004) 13 1970 (00012) 13
264 (00003) 13 935 (00004) 6=5,13 1991 (00110) 3
264 (00011) 3 1088 (10010) 3
275 (00003) 6=13 1143 (00020) 5

Appendix A.26. CaseB6, M = 4000

deg λ p deg λ p deg λ p

1 (000000) all 442 (000003) 6=5 1729 (000004) 6=5,17
12 (000001) 2 560 (000011) 2 2185 (000020) 11
13 (000001) 6=2 560 (010000) 2 2275 (000020) 6=3,11
64 (000010) 2 704 (100001) 13 2847 (000101) 11
64 (100000) all 715 (000011) 6=2,3 2925 (000101) 6=2,11
78 (000010) 6=2 715 (001000) 6=2 3392 (100010) 11
89 (000002) 13 768 (100001) 6=13 3808 (001001) 2
90 (000002) 6=13 1287 (010000) 6=2 3838 (000012) 13

208 (000100) 2 1508 (000101) 2 3849 (000012) 3
286 (000100) 6=2 1559 (000020) 3 3849 (000012) 5
364 (001000) 2 1639 (000004) 17 3927 (000012) 6=3,5,13
416 (000011) 3 1716 (200000) all
429 (000003) 5 1728 (000004) 5
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Small degree representations in defining characteristic

Appendix A.27. CaseB7, M = 5000

deg λ p deg λ p deg λ p

1 (0000000) all 650 (0000003) 17 1792 (1000001) 6=3,5
14 (0000001) 2 650 (0000011) 3 1912 (0100000) 2
15 (0000001) 6=2 665 (0000003) 6=17 2715 (0000020) 3
90 (0000010) 2 896 (0000011) 2 2821 (0000004) 19

105 (0000010) 6=2 910 (0001000) 2 2884 (0000101) 2
118 (0000002) 3 1090 (0000011) 7 2939 (0000004) 17
118 (0000002) 5 1105 (0000011) 6=2,3,7 2940 (0000004) 6=17,19
119 (0000002) 6=3,5 1288 (0010000) 2 3003 (0010000) 6=2
128 (1000000) all 1365 (0001000) 6=2 3961 (0000020) 13
336 (0000100) 2 1664 (1000001) 3 4079 (0000020) 7
455 (0000100) 6=2 1664 (1000001) 5 4080 (0000020) 6=3,7,13

Appendix A.28. CaseB8, M = 7000

deg λ p deg λ p deg λ p

1 (00000000) all 935 (00000003) 19 4251 (00000020) 3
16 (00000001) 2 935 (00000011) 3 4488 (00100000) 2
17 (00000001) 6=2 952 (00000003) 6=19 4540 (00000004) 7

118 (00000010) 2 1344 (00000011) 2 4691 (00000004) 19
136 (00000010) 6=2 1582 (00001000) 2 4692 (00000004) 6=7,19
151 (00000002) 17 1615 (00000011) 6=2,3 5066 (00000101) 2
152 (00000002) 6=17 2380 (00001000) 6=2 6188 (00010000) 6=2
256 (10000000) all 3808 (00010000) 2 6528 (01000000) 2
544 (00000100) 2 3840 (10000001) 17 6631 (00000020) 5
680 (00000100) 6=2 4096 (10000001) 6=17 6783 (00000020) 6=3,5

Appendix A.29. CaseB9, M = 8000

deg λ p deg λ p deg λ p

1 (000000000) all 780 (000000100) 2 3876 (000001000) 6=2
18 (000000001) 2 969 (000000100) 6=2 6763 (000000020) 3
19 (000000001) 6=2 1273 (000000011) 3 6936 (000000004) 23

152 (000000010) 2 1292 (000000003) 7 6972 (000010000) 2
171 (000000010) 6=2 1311 (000000003) 6=7 7124 (000000004) 7
188 (000000002) 19 1920 (000000011) 2 7125 (000000004) 6=7,23
189 (000000002) 6=19 2261 (000000011) 6=2,3
512 (100000000) all 2906 (000001000) 2

Appendix A.30. CaseB10, M = 10000

deg λ p deg λ p deg λ p

1 (0000000000) all 230 (0000000002) 6=3,7 2640 (0000000011) 2
20 (0000000001) 2 1024 (1000000000) all 3038 (0000000011) 5
21 (0000000001) 6=2 1120 (0000000100) 2 3059 (0000000011) 6=2,3,5

188 (0000000010) 2 1330 (0000000100) 6=2 4466 (0000001000) 2
210 (0000000010) 6=2 1729 (0000000003) 23 5985 (0000001000) 6=2
229 (0000000002) 3 1729 (0000000011) 3 9954 (0000000020) 3
229 (0000000002) 7 1750 (0000000003) 6=23

Appendix A.31. CaseB11, M = 12000

deg λ p deg λ p deg λ p

1 (00000000000) all 275 (00000000002) 6=23 2277 (00000000003) 6=5
22 (00000000001) 2 1496 (00000000100) 2 3520 (00000000011) 2
23 (00000000001) 6=2 1771 (00000000100) 6=2 4002 (00000000011) 11

230 (00000000010) 2 2048 (10000000000) all 4025 (00000000011) 6=2,3,11
253 (00000000010) 6=2 2254 (00000000003) 5 7084 (00000001000) 2
274 (00000000002) 23 2254 (00000000011) 3 8855 (00000001000) 6=2
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Small degree representations in defining characteristic

Appendix A.32. CaseC3, M = 1000

deg λ p deg λ p deg λ p

1 (000) all 172 (300) 7 594 (210) 6=5,7
6 (001) all 189 (012) all 616 (120) 6=3,5
8 (100) 2 202 (102) 5 623 (202) 3

13 (010) 3 216 (102) 6=5,7 665 (410) 11
14 (010) 6=3 246 (013) 5 666 (031) 5
14 (100) 6=2 252 (005) all 666 (500) 11
21 (002) all 286 (021) 3 786 (015) 7
48 (101) 2 295 (030) 5 792 (007) all
50 (011) 3 309 (111) 5 798 (014) 5
56 (003) all 316 (120) 3 813 (301) 5
57 (101) 3 316 (201) 5 840 (130) 7
58 (011) 7 330 (300) 6=7 854 (211) 7
62 (110) 5 350 (021) 6=3 861 (301) 7
63 (200) 5 358 (111) 3 875 (400) 7
64 (011) 6=3,7 378 (201) 6=5 903 (022) 3
70 (101) 6=2,3 385 (030) 6=5 924 (014) 6=5
84 (200) 6=5 423 (111) 7 924 (022) 6=3,5
89 (020) 7 426 (022) 5 924 (112) 5
90 (020) 6=7 448 (013) 6=5 938 (400) 5

112 (110) 2 462 (006) all 942 (104) 7
126 (004) all 512 (111) 6=3,5,7 951 (040) 5
126 (110) 6=2,5 525 (103) all 951 (202) 5
158 (102) 7 552 (120) 5 994 (031) 11
171 (210) 7 573 (210) 5

Appendix A.33. CaseC4, M = 2000

deg λ p deg λ p deg λ p

1 (0000) all 312 (1100) 5 792 (1010) 6=2,3,7
8 (0001) all 313 (2000) 5 825 (0200) 6=3,7

16 (1000) 2 315 (0101) 6=2,3 944 (0102) 5
26 (0010) 2 330 (0004) all 1016 (1100) 3
27 (0010) 6=2 416 (1010) 2 1048 (1100) 7
36 (0002) all 504 (0110) 3 1056 (1100) 6=2,3,5,7
40 (0100) 3 513 (1010) 3 1072 (0102) 3
41 (1000) 3 558 (0012) 5 1114 (1002) 3
42 (1000) 6=2,3 593 (2000) 7 1155 (1002) 6=3
48 (0100) 6=3 594 (0012) 6=5 1200 (2100) 7

112 (0011) 3 594 (2000) 6=5,7 1201 (3000) 7
120 (0003) all 632 (0110) 7 1232 (0102) 6=3,5
128 (1001) 2 744 (0110) 5 1352 (0021) 11
160 (0011) 6=3 765 (1010) 7 1504 (0021) 5
240 (1001) 7 768 (1100) 2 1512 (0021) 6=5,11
246 (0101) 2 784 (0013) 5 1608 (0013) 11
266 (0020) 3 784 (0110) 2 1652 (0022) 5
279 (0101) 3 784 (0200) 3 1716 (0006) all
281 (0020) 5 789 (0200) 7 1728 (0013) 6=5,11
288 (1001) 6=2,7 792 (0005) all 1891 (0111) 3
308 (0020) 6=3,5 792 (0110) 6=2,3,5,7
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Small degree representations in defining characteristic

Appendix A.34. CaseC5, M = 2500

deg λ p deg λ p deg λ p

1 (00000) all 210 (00011) 3 1099 (10001) 3
10 (00001) all 220 (00003) all 1155 (10001) 6=2,3
32 (10000) 2 310 (00011) 11 1276 (01001) 5
43 (00010) 5 320 (00011) 6=3,11 1375 (00012) 3
44 (00010) 6=5 320 (10001) 2 1408 (01001) 6=3,5
55 (00002) all 615 (00020) 3 1408 (10010) 2

100 (00100) 2 670 (00101) 2 1430 (00012) 6=3
110 (00100) 6=2 715 (00004) all 1452 (00110) 3
121 (01000) 3 779 (00020) 11 1562 (11000) 5
122 (10000) 3 780 (00020) 6=3,11 1563 (20000) 5
132 (10000) 6=2,3 848 (00101) 5 1992 (00013) 5
164 (01000) 2 891 (00101) 6=2,5 2002 (00005) all
165 (01000) 6=2,3 1088 (01001) 3

Appendix A.35. CaseC6, M = 4000

deg λ p deg λ p deg λ p

1 (000000) all 365 (100000) 3 1649 (000020) 13
12 (000001) all 428 (001000) 5 1650 (000020) 6=3,7,13
64 (000010) 2 429 (001000) 6=2,5 1924 (000101) 5
64 (000010) 3 429 (100000) 6=2,3 1938 (000101) 3
64 (100000) 2 548 (000011) 13 2002 (000101) 6=2,3,5
65 (000010) 6=2,3 560 (000011) 6=3,13 2847 (000012) 7
78 (000002) all 560 (010000) 2 2925 (000012) 6=7

196 (000100) 5 572 (010000) 6=2,3 3432 (000110) 3
208 (000100) 6=5 768 (100001) 2 3638 (010001) 3
352 (000011) 3 1221 (000020) 3 3652 (100001) 3
364 (000003) all 1365 (000004) all 3796 (001001) 5
364 (001000) 2 1508 (000101) 2 3808 (001001) 2
364 (010000) 3 1585 (000020) 7

Appendix A.36. CaseC7, M = 6000

deg λ p deg λ p deg λ p

1 (0000000) all 882 (0000011) 5 2001 (0100000) 5
14 (0000001) all 896 (0000011) 6=3,5 2002 (0100000) 6=2,3,5
89 (0000010) 7 909 (0001000) 3 2184 (0000020) 3
90 (0000010) 6=7 910 (0001000) 6=3,5 2380 (0000004) all

105 (0000002) all 1093 (0100000) 3 2884 (0000101) 2
128 (1000000) 2 1094 (1000000) 3 3093 (0000020) 5
336 (0000100) 2 1288 (0010000) 2 3094 (0000020) 6=3,5
336 (0000100) 3 1430 (1000000) 6=2,3 3795 (0000101) 3
350 (0000100) 6=2,3 1624 (0010000) 5 3811 (0000101) 7
546 (0000011) 3 1638 (0010000) 6=2,5 3900 (0000101) 6=2,3,7
560 (0000003) all 1792 (1000001) 2 5355 (0000012) all
820 (0001000) 5 1912 (0100000) 2
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Small degree representations in defining characteristic

Appendix A.37. CaseC8, M = 10000

deg λ p deg λ p deg λ p

1 (00000000) all 1582 (00001000) 2 4862 (10000000) 6=2,3,5
16 (00000001) all 1699 (00001000) 7 5066 (00000101) 2

118 (00000010) 2 1700 (00001000) 6=2,3,7 5319 (00000020) 17
119 (00000010) 6=2 3264 (00010000) 5 5320 (00000020) 6=3,17
136 (00000002) all 3280 (01000000) 3 6069 (00100000) 5
256 (10000000) 2 3281 (10000000) 3 6188 (00100000) 6=2,5
528 (00000100) 7 3620 (00000020) 3 6528 (01000000) 2
544 (00000100) 6=7 3792 (00010000) 3 6749 (00000101) 7
800 (00000011) 3 3808 (00010000) 6=3,5 6885 (00000101) 6=2,7
816 (00000003) all 3876 (00000004) all 7056 (01000000) 5

1328 (00000011) 17 4096 (10000001) 2 7072 (01000000) 6=2,3,5
1344 (00000011) 6=3,17 4488 (00100000) 2 8908 (00000012) 3
1581 (00001000) 3 4861 (10000000) 5 9044 (00000012) 6=3

Appendix A.38. CaseC9, M = 10000

deg λ p deg λ p deg λ p

1 (000000000) all 1902 (000000011) 19 7752 (000010000) 6=2,3,7
18 (000000001) all 1920 (000000011) 6=3,19 8226 (000000101) 2

151 (000000010) 3 2755 (000001000) 7 8416 (000000020) 5
152 (000000010) 6=3 2906 (000001000) 2 8567 (000000020) 19
171 (000000002) all 2907 (000001000) 6=2,7 8568 (000000020) 6=3,5,19
512 (100000000) 2 5661 (000000020) 3 9216 (100000001) 2
780 (000000100) 2 5985 (000000004) all 9841 (010000000) 3
798 (000000100) 6=2 6954 (000010000) 3 9842 (100000000) 3

1122 (000000011) 3 6972 (000010000) 2
1140 (000000003) all 7734 (000010000) 7

Appendix A.39. CaseC10, M = 10000

deg λ p deg λ p deg λ p

1 (0000000000) all 1024 (1000000000) 2 2640 (0000000011) 6=3,7
20 (0000000001) all 1100 (0000000100) 3 4466 (0000001000) 2

188 (0000000010) 2 1120 (0000000100) 6=3 4654 (0000001000) 3
188 (0000000010) 5 1520 (0000000011) 3 4655 (0000001000) 6=2,3
189 (0000000010) 6=2,5 1540 (0000000003) all 8455 (0000000020) 3
210 (0000000002) all 2620 (0000000011) 7 8855 (0000000004) all

Appendix A.40. CaseC11, M = 12000

deg λ p deg λ p deg λ p

1 (00000000000) all 1496 (00000000100) 5 3520 (00000000011) 6=3,23
22 (00000000001) all 1518 (00000000100) 6=2,5 6854 (00000001000) 3

229 (00000000010) 11 2002 (00000000011) 3 7083 (00000001000) 5
230 (00000000010) 6=11 2024 (00000000003) all 7084 (00000001000) 6=3,5
253 (00000000002) all 2048 (10000000000) 2

1496 (00000000100) 2 3498 (00000000011) 23
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Small degree representations in defining characteristic

Appendix A.41. CaseD4, M = 2000

Here, because of the symmetry of the Dynkin diagram, a weight(a1, a2, a3, a4) and
all those that are obtained from this by permutinga1, a2 anda4 lead to representations of
the same degree. For better readability, however, we include all of these weights in this table.

deg λ p deg λ p deg λ p

1 (0000) all 322 (1101) 3 904 (2101) 5
8 (0001) all 350 (1101) 6=2,3 1008 (0104) 7
8 (0100) all 384 (0111) 3 1008 (0401) 7
8 (1000) all 384 (1011) 3 1008 (1004) 7

26 (0010) 2 384 (1110) 3 1008 (1400) 7
28 (0010) 6=2 518 (0202) 3 1008 (4001) 7
35 (0002) all 518 (2002) 3 1008 (4100) 7
35 (0200) all 518 (2200) 3 1144 (1102) 7
35 (2000) all 539 (0012) 5 1144 (1201) 7
48 (0101) 2 539 (0210) 5 1144 (2101) 7
48 (1001) 2 539 (2010) 5 1176 (0021) 3
48 (1100) 2 560 (0005) 7 1176 (0120) 3
56 (0101) 6=2 560 (0500) 7 1176 (1020) 3
56 (1001) 6=2 560 (5000) 7 1256 (0203) 7
56 (1100) 6=2 567 (0012) 6=5 1256 (0302) 7

104 (0003) 5 567 (0210) 6=5 1256 (2003) 7
104 (0011) 3 567 (2010) 6=5 1256 (2300) 7
104 (0110) 3 664 (0013) 5 1256 (3002) 7
104 (0300) 5 664 (0103) 5 1256 (3200) 7
104 (1010) 3 664 (0301) 5 1296 (1102) 6=5,7
104 (3000) 5 664 (0310) 5 1296 (1201) 6=5,7
112 (0003) 6=5 664 (1003) 5 1296 (2101) 6=5,7
112 (0300) 6=5 664 (1300) 5 1322 (0022) 5
112 (3000) 6=5 664 (3001) 5 1322 (0220) 5
152 (0011) 7 664 (3010) 5 1322 (2020) 5
152 (0110) 7 664 (3100) 5 1351 (0006) 7
152 (1010) 7 672 (0005) 6=7 1351 (0600) 7
160 (0011) 6=3,7 672 (0103) 6=5 1351 (6000) 7
160 (0110) 6=3,7 672 (0301) 6=5 1386 (0006) 6=7
160 (1010) 6=3,7 672 (0500) 6=7 1386 (0600) 6=7
168 (0102) 5 672 (1003) 6=5 1386 (6000) 6=7
168 (0201) 5 672 (1300) 6=5 1400 (0021) 6=3
168 (1002) 5 672 (3001) 6=5 1400 (0120) 6=3
168 (1200) 5 672 (3100) 6=5 1400 (1020) 6=3
168 (2001) 5 672 (5000) 6=7 1568 (0013) 6=5
168 (2100) 5 680 (0111) 5 1568 (0310) 6=5
195 (0020) 3 680 (1011) 5 1568 (3010) 6=5
224 (0102) 6=5 680 (1110) 5 1680 (0104) 6=7
224 (0201) 6=5 784 (0111) 2 1680 (0401) 6=7
224 (1002) 6=5 784 (1011) 2 1680 (1004) 6=7
224 (1200) 6=5 784 (1110) 2 1680 (1400) 6=7
224 (2001) 6=5 805 (0202) 5 1680 (4001) 6=7
224 (2100) 6=5 805 (2002) 5 1680 (4100) 6=7
246 (1101) 2 805 (2200) 5 1841 (1111) 3
293 (0004) 5 840 (0111) 6=2,3,5 1896 (0112) 3
293 (0400) 5 840 (0202) 6=3,5 1896 (0211) 3
293 (4000) 5 840 (1011) 6=2,3,5 1896 (1012) 3
294 (0004) 6=5 840 (1110) 6=2,3,5 1896 (1210) 3
294 (0400) 6=5 840 (2002) 6=3,5 1896 (2011) 3
294 (4000) 6=5 840 (2200) 6=3,5 1896 (2110) 3
299 (0020) 7 904 (1102) 5 1925 (0030) all
300 (0020) 6=3,7 904 (1201) 5

164



Small degree representations in defining characteristic

Appendix A.42. CaseD5, M = 3000

deg λ p deg λ p deg λ p

1 (00000) all 576 (01002) 3 1424 (12000) 7
10 (00001) all 576 (10002) 3 1424 (21000) 7
16 (01000) all 606 (00004) 7 1440 (12000) 6=5,7
16 (10000) all 656 (01100) 3 1440 (21000) 6=5,7
44 (00010) 2 656 (10100) 3 1476 (11001) 5
45 (00010) 6=2 660 (00004) 6=7 1608 (11001) 7
53 (00002) 5 670 (00101) 2 1676 (00200) 3
54 (00002) 6=5 672 (03000) 6=5 1728 (11001) 6=2,5,7

100 (00100) 2 672 (30000) 6=5 1772 (00005) 7
120 (00100) 6=2 720 (01002) 6=3 1772 (00013) 5
126 (02000) all 720 (10002) 6=3 1782 (00005) 6=7
126 (20000) all 770 (00020) 6=3 1920 (01003) 7
128 (01001) 5 840 (02001) 3 1920 (10003) 7
128 (10001) 5 840 (20001) 3 2094 (02010) 5
144 (01001) 6=5 880 (12000) 5 2094 (20010) 5
144 (10001) 6=5 880 (21000) 5 2464 (01011) 3
164 (11000) 2 945 (00101) 6=2 2464 (10011) 3
190 (00011) 3 1050 (02001) 6=3 2640 (01003) 6=7
210 (00003) all 1050 (20001) 6=3 2640 (10003) 6=7
210 (11000) 6=2 1056 (01100) 7 2650 (00110) 7
320 (00011) 6=3 1056 (10100) 7 2708 (00110) 2
416 (01010) 2 1184 (01100) 2 2719 (04000) 5
416 (10010) 2 1184 (10100) 2 2719 (40000) 5
544 (01010) 3 1200 (01100) 6=2,3,7 2772 (04000) 6=5
544 (03000) 5 1200 (10100) 6=2,3,7 2772 (40000) 6=5
544 (10010) 3 1242 (00110) 3 2836 (00102) 5
544 (30000) 5 1333 (00012) 5 2970 (00110) 6=2,3,7
559 (00020) 3 1341 (00012) 3 2976 (01011) 2
560 (01010) 6=2,3 1386 (00012) 6=3,5 2976 (10011) 2
560 (10010) 6=2,3 1408 (11001) 2

Appendix A.43. CaseD6, M = 4000

deg λ p deg λ p deg λ p

1 (000000) all 462 (020000) all 1760 (010002) 7
12 (000001) all 462 (200000) all 1760 (100002) 7
32 (010000) all 495 (001000) 6=2 2013 (000101) 5
32 (100000) all 548 (000011) 11 2079 (000101) 6=2,5
64 (000010) 2 560 (000011) 6=3,11 2112 (010002) 6=7
66 (000010) 6=2 560 (110000) 2 2112 (100002) 6=7
76 (000002) 3 792 (110000) 6=2 2740 (000110) 3
77 (000002) 6=3 1143 (000020) 3 2784 (000012) 3

208 (000100) 2 1286 (000004) 7 2794 (000012) 7
220 (000100) 6=2 1287 (000004) 6=7 2848 (030000) 5
320 (010001) 2 1376 (010010) 5 2848 (300000) 5
320 (010001) 3 1376 (100010) 5 2860 (000012) 6=3,7
320 (100001) 2 1508 (000101) 2 3200 (010100) 2
320 (100001) 3 1561 (000020) 5 3200 (100100) 2
340 (000003) 7 1637 (000020) 11 3808 (001001) 2
340 (000011) 3 1638 (000020) 6=3,5,11 3960 (020001) 7
352 (000003) 6=7 1696 (010010) 11 3960 (200001) 7
352 (010001) 6=2,3 1696 (100010) 11 3992 (000013) 5
352 (100001) 6=2,3 1728 (010010) 6=5,11
364 (001000) 2 1728 (100010) 6=5,11
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Small degree representations in defining characteristic

Appendix A.44. CaseD7, M = 5000

deg λ p deg λ p deg λ p

1 (0000000) all 832 (0100001) 6=7 3003 (1100000) 6=2
14 (0000001) all 832 (1000001) 6=7 3079 (0000020) 13
64 (0100000) all 882 (0000011) 13 3080 (0000020) 6=3,13
64 (1000000) all 896 (0000011) 6=3,13 3913 (0000101) 3
90 (0000010) 2 910 (0001000) 2 4004 (0000101) 6=2,3
91 (0000010) 6=2 1001 (0001000) 6=2 4096 (0100010) 2

103 (0000002) 7 1288 (0010000) 2 4096 (0100010) 3
104 (0000002) 6=7 1716 (0200000) all 4096 (1000010) 2
336 (0000100) 2 1716 (2000000) all 4096 (1000010) 3
364 (0000100) 6=2 1912 (1100000) 2 4864 (0100010) 13
532 (0000011) 3 1975 (0000020) 3 4864 (1000010) 13
546 (0000003) all 2002 (0010000) 6=2 4928 (0100010) 6=2,3,13
768 (0100001) 7 2275 (0000004) all 4928 (1000010) 6=2,3,13
768 (1000001) 7 2884 (0000101) 2

Appendix A.45. CaseD8, M = 10000

deg λ p deg λ p deg λ p

1 (00000000) all 1582 (00001000) 2 5169 (00000020) 7
16 (00000001) all 1792 (01000001) 2 5303 (00000020) 5

118 (00000010) 2 1792 (10000001) 2 5304 (00000020) 6=3,5,7
120 (00000010) 6=2 1820 (00001000) 6=2 6435 (02000000) all
128 (01000000) all 1920 (01000001) 6=2 6435 (20000000) all
128 (10000000) all 1920 (10000001) 6=2 6528 (11000000) 2
135 (00000002) all 3483 (00000020) 3 6900 (00000101) 7
544 (00000100) 2 3605 (00000004) 5 7020 (00000101) 6=2,7
560 (00000100) 6=2 3740 (00000004) 6=5 8008 (00100000) 6=2
768 (00000011) 3 3808 (00010000) 2 8805 (00000012) 3
800 (00000003) all 4368 (00010000) 6=2 8925 (00000012) 6=3

1328 (00000011) 5 4488 (00100000) 2
1344 (00000011) 6=3,5 5066 (00000101) 2

Appendix A.46. CaseD9, M = 15000

deg λ p deg λ p deg λ p

1 (000000000) all 1122 (000000003) 6=5 5814 (000000004) 6=5,11
18 (000000001) all 1902 (000000011) 17 6972 (000010000) 2

152 (000000010) 2 1920 (000000011) 6=3,17 8226 (000000101) 2
153 (000000010) 6=2 2906 (000001000) 2 8549 (000000020) 17
169 (000000002) 3 3060 (000001000) 6=2 8550 (000000020) 6=3,17
170 (000000002) 6=3 4096 (010000001) 3 8568 (000010000) 6=2
256 (010000000) all 4096 (100000001) 3 11475 (000000101) 6=2
256 (100000000) all 4352 (010000001) 6=3 14043 (000000012) 3
780 (000000100) 2 4352 (100000001) 6=3 14059 (000000012) 5
816 (000000100) 6=2 5490 (000000020) 3 14212 (000000012) 6=3,5

1104 (000000003) 5 5644 (000000004) 11
1104 (000000011) 3 5813 (000000004) 5
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Small degree representations in defining characteristic

Appendix A.47. CaseD10, M = 18000

deg λ p deg λ p deg λ p

1 (0000000000) all 1500 (0000000011) 3 9216 (1000000001) 2
20 (0000000001) all 1520 (0000000003) 6=11 9216 (1000000001) 5

188 (0000000010) 2 2620 (0000000011) 19 9728 (0100000001) 6=2,5
190 (0000000010) 6=2 2640 (0000000011) 6=3,19 9728 (1000000001) 6=2,5
208 (0000000002) 5 4466 (0000001000) 2 12712 (0000000101) 2
209 (0000000002) 6=5 4845 (0000001000) 6=2 13089 (0000000020) 19
512 (0100000000) all 8036 (0000000020) 3 13090 (0000000020) 6=3,19
512 (1000000000) all 8644 (0000000004) 11 14344 (0000010000) 2

1120 (0000000100) 2 8645 (0000000004) 6=11 15504 (0000010000) 6=2
1140 (0000000100) 6=2 9216 (0100000001) 2 17575 (0000000101) 3
1500 (0000000003) 11 9216 (0100000001) 5 17765 (0000000101) 6=2,3

Appendix A.48. CaseD11, M = 20000

deg λ p deg λ p deg λ p

1 (00000000000) all 1496 (00000000100) 2 11912 (00000000020) 3
22 (00000000001) all 1540 (00000000100) 6=2 12145 (00000000004) 13

230 (00000000010) 2 1958 (00000000011) 3 12397 (00000000004) 6=13
231 (00000000010) 6=2 2002 (00000000003) all 18744 (00000000101) 2
251 (00000000002) 11 3498 (00000000011) 7 18976 (00000000020) 5
252 (00000000002) 6=11 3520 (00000000011) 6=3,7 19227 (00000000020) 7

1024 (01000000000) all 7084 (00000001000) 2 19228 (00000000020) 6=3,5,7
1024 (10000000000) all 7315 (00000001000) 6=2

Appendix A.49. CaseG2, M = 500

deg λ p deg λ p deg λ p

1 (00) all 97 (21) 5 286 (21) 6=3,5,7
6 (01) 2 125 (12) 11 295 (22) 11
7 (01) 6=2 148 (30) 11 301 (05) 13
7 (10) 3 155 (04) 11 371 (05) 11

14 (10) 6=3 182 (04) 6=11 371 (13) 5
26 (02) 7 189 (12) 6=11 378 (05) 6=11,13
27 (02) 6=7 189 (21) 3 434 (13) 11
27 (20) 3 196 (30) 5 448 (13) 6=5,11,13
38 (11) 7 244 (31) 13 469 (14) 5
49 (11) 3 248 (21) 7 481 (22) 7
64 (11) 6=3,7 259 (13) 13 483 (22) 5
77 (03) all 267 (40) 7 489 (40) 13
77 (20) 6=3 273 (30) 6=5,11
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Small degree representations in defining characteristic

Appendix A.50. CaseF4, M = 12000

deg λ p deg λ p deg λ p

1 (0000) all 755 (2000) 7 5369 (1100) 3
25 (0001) 3 1053 (1001) 6=2 6396 (0101) 2
26 (0001) 6=3 1053 (2000) 6=7 6396 (1010) 2
26 (1000) 2 1222 (0100) 3 6707 (1002) 3
52 (1000) 6=2 1274 (0100) 6=2,3 7371 (1010) 3

196 (0010) 3 2404 (0011) 3 8424 (1010) 6=2,3,7
246 (0010) 2 2651 (0003) 7 9477 (2001) 5
246 (0100) 2 2652 (0003) 6=7 10829 (1002) 6=3
273 (0010) 6=2,3 2991 (0011) 7 11102 (3000) 5
298 (0002) 7 3773 (0011) 13 11739 (0110) 5
323 (0002) 13 4096 (0011) 6=3,7,13 11907 (0101) 3
324 (0002) 6=7,13 4096 (1100) 2
676 (1001) 2 4380 (1010) 7

Appendix A.51. CaseE6, M = 50000

deg λ p deg λ p deg λ p

1 (000000) all 3003 (300000) 6=5 19305 (010002) 6=3,7
27 (000001) all 5643 (001001) 5 19305 (210000) 6=3,7
27 (100000) all 5643 (100010) 5 19305 (400000) 6=7
77 (010000) 3 5746 (000011) 5 20579 (030000) 5
78 (010000) 6=3 5746 (101000) 5 23179 (110001) 5

324 (000002) 5 5824 (000011) 6=3,5 26244 (000101) 2
324 (000010) 2 5824 (101000) 6=3,5 26244 (100100) 2
324 (001000) 2 5994 (100002) 7 28782 (020001) 3
324 (200000) 5 5994 (200001) 7 28782 (120000) 3
351 (000002) 6=5 6966 (001001) 2 31668 (110001) 2
351 (000010) 6=2 6966 (100010) 2 32319 (110001) 3
351 (001000) 6=2 7371 (001001) 6=2,5 33021 (000020) 5
351 (200000) 6=5 7371 (100002) 5 33021 (002000) 5
572 (100001) 2 7371 (100010) 6=2,5 34099 (110001) 7
572 (100001) 3 7371 (200001) 5 34398 (000020) 6=3,5
650 (100001) 6=2,3 7722 (100002) 6=5,7 34398 (002000) 6=3,5

1377 (010001) 5 7722 (200001) 6=5,7 34749 (110001) 6=2,3,5,7
1377 (110000) 5 9828 (010010) 2 35242 (001010) 2
1701 (010001) 13 9828 (011000) 2 40831 (010100) 3
1701 (110000) 13 11934 (010002) 3 43758 (030000) 6=5
1702 (000100) 2 11934 (210000) 3 44955 (020001) 5
1728 (010001) 6=5,13 13311 (000004) 7 44955 (120000) 5
1728 (110000) 6=5,13 13311 (400000) 7 46332 (020001) 6=3,5
2404 (000011) 3 15822 (010010) 3 46332 (120000) 6=3,5
2404 (101000) 3 15822 (011000) 3 46656 (001002) 3
2429 (020000) 13 17550 (010010) 6=2,3 46656 (200010) 3
2430 (020000) 6=13 17550 (011000) 6=2,3 46683 (000012) 3
2771 (000100) 3 18225 (000020) 3 46683 (000012) 5
2925 (000100) 6=2,3 18225 (002000) 3 46683 (201000) 3
3002 (000003) 5 18954 (010002) 7 46683 (201000) 5
3002 (300000) 5 18954 (210000) 7
3003 (000003) 6=5 19305 (000004) 6=7
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Small degree representations in defining characteristic

Appendix A.52. CaseE7, M = 100000

deg λ p deg λ p deg λ p

1 (0000000) all 6424 (1000001) 19 27664 (0000100) 6=2,3
56 (0000001) all 6480 (1000001) 6=7,19 30704 (0100001) 2

132 (1000000) 2 7106 (0010000) 2 30779 (0100001) 3
133 (1000000) 6=2 7370 (2000000) 19 39217 (0100001) 7
856 (0100000) 3 7371 (2000000) 6=5,19 40755 (0100001) 6=2,3,7
912 (0100000) 6=3 8512 (0010000) 3 44592 (0000011) 11

1274 (0000010) 2 8645 (0010000) 6=2,3 50160 (0000011) 2
1330 (0000002) 3 18752 (0000003) 7 51072 (0000011) 6=2,3,11
1463 (0000002) 6=3 21184 (0000100) 2 57608 (1100000) 5
1538 (0000010) 7 24264 (0000003) 11 79704 (1100000) 13
1539 (0000010) 6=2,7 24264 (0000011) 3 86128 (1100000) 2
5568 (1000001) 7 24320 (0000003) 6=7,11 86184 (1100000) 6=2,5,13
5832 (2000000) 5 25896 (0000100) 3

Appendix A.53. CaseE8, M = 100000

deg λ p deg λ p deg λ p

1 (00000000) all 23125 (00000002) 7 30132 (00000010) 3
248 (00000001) all 26504 (00000010) 2 30132 (00000010) 5

3626 (10000000) 2 26999 (00000002) 31 30380 (00000010) 6=2,3,5
3875 (10000000) 6=2 27000 (00000002) 6=7,31
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