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STRONG AND UNIFORM CONTINUITY -
THE UNIFORM SPACE CASE

DOUGLAS BRIDGES anp LUMINITA VITA

Abstract

It is proved, within the constructive theory of apartness spaces, that
a strongly continuous mapping from a totally bounded uniform
space with a countable base of entourages to a uniform space is uni-
formly continuous. This lifts a result of Ishihara and Schuster from
metric to uniform apartness spaces. The paper is part of a systematic
development of computable topology using apartness as the
fundamental notion.

To every uniform structure U on a set X there corresponds a relation o< of apartness between
subsets S and T of X, defined by

ST eV eUSxT C ~U).

In turn, this provides us with a notion of strong continuity for a function f : X — Y
between uniform spaces, defined by

VS, T C X (f(S) >t f(T) = S T).

It is easy to show that a uniformly continuous map is strongly continuous. Our aim in this
paper is to produce a proof of the following partial converse.

THEOREM 1. Let X be a totally bounded uniform space with a countable base of entourages.
Then every strongly continuous mapping from X into a uniform space is uniformly contin-
uous.

Our proof is entirely constructive in the sense of Errett Bishop: given a strongly contin-
uous map f : X —> Y between uniform spaces, and an entourage V of Y, we show (at
least in principle) how to find an entourage U of X such that

Vx,ye X ((x,y) e U= (f(x), f(y)) € V).

To do this, instead of working with classical logic and a clearly specified notion of algorithm,
such as a recursive one, we work with intuitionistic logic and an appropriate informal set
theory. It follows that all our results and proofs can easily be translated into any formalism
for computable mathematics, such as recursion theory [1, 14] and Weihrauch’s type II
effectivity theory [19]. They also hold in Brouwer’s intuitionistic mathematics [17].

Our paper can be regarded as a contribution to computable topology based on a notion
of apartness between subsets of the ambient space. In the general theory [8], strongly
continuous mappings are important as the morphisms in the category of sets with apartness.
Our result shows that in the subcategory of totally bounded uniform spaces with a countable
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Strong and uniform continuity — the uniform space case

base of entourages, these maps coincide with the usual morphisms. For related work see
[18, 8, 12, 16].

Classically, every uniform space with a countable base of entourages is pseudometrisable
(see [5, p. 142, Proposition 2]). It is not known whether (and it seems extremely unlikely
that) this theorem, with its highly nonconstructive proof, holds constructively. Ishihara
and Schuster have shown constructively that every strongly continuous mapping from a
totally bounded metric space to a metric space is uniformly continuous [13]. Even if the
foregoing pseudometrisation theorem turns out to be constructive, the Ishihara—Schuster
result is extended by our Theorem 1, since the latter does not require that the codomain of
the strongly continuous function be metrisable.

To read this paper you do not need any deep understanding of constructive mathematics
(mathematics with intuitionistic logic — see [2, 3, 4, 6, 17]), but some intuitive feel for what
is, and what is not, constructive will help. Nor do you need much background knowledge
about uniform spaces. However, for the sake of clarity we now present some fundamental
definitions in the theory of sets and uniform spaces.

By an inequality on a set X, we mean a binary relation # that satisfies the following
conditions:

XFEY = VFEX
x#Fy = —=y).

Note that this notion of inequality is more general than the common classical one (denial
of equality).
In the presence of an inequality, we define the complement of a subset S of X to be

~S={xeX:VseS (x #s)}.

Let X be a nonempty set, and let U and V be subsets of the Cartesian product X x X. We
define certain associated subsets as follows:

u'=u,
U™ ={(x, ) : (v, x) € U},
Ut '=UoU" (m=12,..),
UoV={(x,y):3z€ X((x,2) eUN(z,y) € V)}.
We say that U is symmetric if U = U~!. The diagonal of X x X is the set
A={(x,x):x € X}.

A family U of subsets of X x X is called a uniform structure, or uniformity, on X if
the following conditions hold. (Note that condition U1, and the fact that — by U2 — each
element of U is nonempty, show that U is a filter on X x X.)

Ul (i) Every finite intersection of sets in U belongs to U.
(i) Every subset of X x X that contains a member of U is in U.

U2 Every member of U contains both the diagonal A and a symmetric member of U.
U3 Foreach U € U there exists V € U such that V2 C U.
U4 Foreach U € U there exists V € U such that

VxeXxX xxeUvx¢V).
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Strong and uniform continuity — the uniform space case

The elements of U are called the entourages of (the uniform structure on) X. A subfamily
B of U is called a base of entourages if each element of U contains an element of 8.
Metric spaces and locally convex linear spaces are uniform spaces according to this
definition.
The uniform topology on a uniform space (X, U) is the topology 79, in which for each
x € X, the sets

Ulxl={yeX:(x,y)eU} (UelW

form a base of neighbourhoods of x.
We define the canonical inequality on a uniform space (X, U) by

x#y<=3U €U ((x,y) ¢ U).

Note that, by axioms U1(ii) and U2, if U € U, then U 1 ¢ U. 1t follows that if x *y,
then y # x. Moreover, since U contains A, if x # y, then —=(x = y). Thus # is indeed
an inequality relation on X. In turn, we define an associated inequality on X x X in the
obvious way:

x, ) A, Y)e= x#x vy #Y).

It then follows from the axioms that for each U € U there exists V € U such that V2 c U
and

VxeXx X(xelUvxe ~V).

Even for the metric apartness space R, the statements ‘x # y’ and ‘—(x = y)’ are not
constructively equivalent unless we accept the following principle of unbounded search,
known as Markov’s principle.

For each binary sequence (an)flil,

then there exists n such that a,, = 1.

See [6, Chapter 1].
A mapping f of a uniform space (X, U) into a uniform space (Y, V) is said to be
uniformly continuous if

YV eVvaU e UVx,x e X ((x,x) e U = (f(x), f(x") e V).

if it is impossible that a, = 0 for all n,

A uniform space (X, U) is totally bounded if, for each U € U, there exists a finitely
enumerable subset {x,...,x,} of X such that X = UZ:] Ulxr]. (A set S is finitely
enumerable if, for some natural number n, there exists a mapping of the set of positive
integers less than or equal to n onto S.)

LEMMA 2. A totally bounded uniform space with a countable base of entourages is
separable.

Proof. Let (Uy,);2, be a countable base of entourages for a totally bounded uniform
space (X, U). For each n there exists a finitely enumerable subset F,, of X such that
X = Uxan Up[x]. Let C be the countable set | J,~, F,. Givenx € X and U € U, find n
such that U, C U. Then there exists y € F,, C C suchthat (x,y) e U, C U,soy € U[x].
It follows by the definition of the topology on X that C is dense in X. O

For convenience below, we define, for each positive integer n, an n-chain of entourages
of X to be an n-tuple (Uy, ..., U,) of entourages such that for each k (where 1 < k < n),
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Strong and uniform continuity — the uniform space case

we have Uy symmetric, Uk2 C Ug_1,and
VxeXxXxeU_1vVxe ~Uy).

Axiom U3 ensures that for each U € U and each positive integer n there exists an n-chain
(U1, ..., U,) of entourages with Uy = U.

The following lemma is crucial to the development of our argument, and is proved in
[9, Lemma 1]. It is designed to take the sting out of a number of the succeeding proofs,
and is necessitated by the constructive failure of what Bishop called the limited principle
of omniscience (LPO):

Sfor each binary sequence (A,);° ; either A, = 0 for all n,
or else there exists n such that A,, = 1.

In its recursive interpretation, the limited principle of omniscience entails the decidability
of the halting problem [6, Chapter 3].

LEMMA 3. Let X and Y be uniform spaces, let f : X —> Y be a strongly continuous
function, and let V be an entourage of Y. Let (A,);;°_| be an nondecreasing binary sequence,
and let (A,,)°° | and (Sn),, | be sequences of subsets of X such that:

e foreach entourage U of X there exists v such that for eachn > v, either A, X S, = @
orelse A, x S, intersects U;
e if), =0, then A, = @; and
o ifdp=1—X_1,then Ay 0,8, #0, f(An) x f(Sp) C ~V, and Aj =¥ for all
j>n.
Then there exists N such that A,, = Ay foralln > N.

Two sequences (x,)52 ; and (x;,)2  in a uniform space (X, U) are said to be eventually
close if

YU € UINVn = N ((xp, x,) € U).

A mapping f of X into a uniform space Y is uniformly sequentially continuous if the
sequences (f(x,))52, and (f(x;))>, are eventually close in ¥ whenever (x,)>°, and
(x,,)2° , are eventually close in X.

A major step towards our main result is the following weak converse to the proposition
that uniform continuity implies strong continuity.

PROPOSITION 4 (see [9, Proposition 6]). A strongly continuous mapping f : X — Y
between uniform spaces is uniformly sequentially continuous.

‘We now establish a number of technical lemmas needed for the proof of our main result,
Theorem 1.

LEMMA 5. Let X be a totally bounded uniform space with a countable base of entourages,
and f a strongly continuous mapping of X into a uniform space Y. Let (x,)5° | be a dense
sequence in X (which exists by Lemma 2), and V any entourage of Y. Let (1,)7> | be an
nondecreasing binary sequence, and let (A,)52 | and (By,)52 | be sequences of subsets of

X, such that:
e ifA, =0, then A, =@, and

o ifr, =1—Ay_1, then Ay #0, {x1,...,xn—1} C By, f(An) x f(By) C ~V, and
Aj =W forall j > n.

Then there exists N such that A, = Ay foralln > N
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Proof. Take Sy = {x1,...,x,—1}. Given an entourage U of X, compute N such that
X = Ul | U [xi], andcon51deranyn > N.IfeitherA, = 0or),—; = 1,then A, xS, = 0.
Ifx, = 1—X,_1, then A, # ¥ and for each x € A, there exists i such that 1 < i <
N—1<nandx € Ulx;];s0 A, x S, intersects U. Hence we can apply Lemma 3 to obtain
the desired result. ]

LEMMA 6. If f 1 X —> Y is a strongly continuous mapping between uniform spaces, then
f(S) C f(S) foreach S C X.

Proof. Lety = f(x), where x € S, and let V be any entourage of Y. It is enough to show
that f(S) intersects V[y]. To this end, construct a 3-chain (Vy, V3, V3) of entourages of Y
with V1 = V. We see from [16, Corollary 16 and Lemma 17] that

y € 3[y] C —~Valy] C Vilyl.

In particular, {y} < ~V[y], so, by the strong continuity of f,
(o £ 7N ValyD.
Choose a 2-chain (Uj, U,) of entourages of X such that
() x f7HValy) € ~U.

By [16, Lemmas 13 and 15], we have U [x] C —f_1 (~V2[y]. Since U, [x] is a neighbour-
hood of x in X, it follows that there exists s in S N —f_l(’sz[y]). Then f(s) ¢ ~Va[y],
from which it follows that f(s) € V[y]. O

LEMMA 7. Let X be a totally bounded uniform space with a countable base of entourages.
Let f be a strongly continuous mapping of X into a uniform space Y, let (V1, ..., Vs) be
a 5-chain of entourages of X, and let S be a finitely enumerable subset of X. Then:

e cither for each x € X there exists s € S such that (f(x), f(s)) € V1, or else
e there exists x € X such that { f(x)} x f(S) C ~Vs.
Proof. Write S = {s1, ..., sy}. By Lemma 2, X is separable. Choosing a dense sequence
(xn)fl";1 in X, construct an nondecreasing binary sequence (kn)zczl such that for each n,
I =0=Vk <ndi <M ((f(xx), f(s:)) € Va);
Ap=1=2 1 = Vi <M (f(xn), f(si)) € ~Vs).
We may assume that Ay = 0. If A, = 0,set B, = @;if A, = 1 — X1, set B, =
{x1,...,x,—1} and By = ¢ forall k > n. Let B = ;2| By.
Next, construct an nondecreasing binary sequence (i4,,);,2 ; such that, for each n,
un =0=Vk <ndi <M ((f(xx), f(s:) € V2);
Un =1—=pp—1 = Vi <M ((f(xn), f(5:)) € ~V3).

We may assume that u; = 0.If u, =0,set A, =0;ifu, =1 —p,—1,set A, = {x,} and
Ay =@ forallk > n.Let A = ;2 A,. We show that

f(A) x f(B) C ~Vs. (1)

To this end, let x € A and y € B, and suppose that (f(x), f(y)) € Va. Choosing n such

that y € B, we see that A, = 1 — A, 1, B = B, = {x1,...,Xx,-1}, y = x; for some
j < n —1, and there exists i < M such that (f(y), f(s;)) € V4. Hence

(f (), f(s:)) € Vi C V3. 2
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On the other hand, since x € A, there exists k such that up = 1 — pur—1, x = xg, and
(f(x), f(si)) € ~V3, which contradicts inclusion (2). Hence —((f(x), f(y)) € Va),
and therefore (f(x), f(y)) € ~Vs5. Since x and y are arbitrary elements of A and B
respectively, we now obtain inclusion (1).

It follows from this and the strong continuity of f that there exists an entourage U
of X such that A x B C ~U. Since X is totally bounded, there exists N such that
X = Uf:]:l Ulx,]. If Ay = 1, then there exists j < N such that { f(x;)} x f(§) C ~Vs.
So, without loss of generality, we assume that Ay = 0. Suppose that i, = 1—pu,,— for some
n.Thenforeachi < M,wehave (f(x,), f(s;)) € ~V3,andtherefore (f(x,), f(s;)) ¢ V4.
Hence A, # 0, and therefore A, = 1 — A,,,—1, for some m < n; clearly, N < m. We now
have A = {x,}, B = {x1,...,xn—1}, and

{xp} x {x1, ..., xm—1} C ~U,

which is absurd since, by our choice of N, there exists j < N < m such that (x,, x;) € U.
It follows, for all n, that u,, = 0, and therefore there exists an i < M such that we have
(f (xn), f(s:)) € Va.

Finally, consider any x € X. Since x is in the closure of the set {x, : n > 1}, we
see from Lemma 6 that f(x) is in the closure of { f(x,) : n > 1}; whence there exists n
such that f(x,) € Va[f(x)]. Choosing i < M such that (f(x,), f(s;)) € V», we have
(f(x), f(s0)) € V5 C Vi m

The following proposition, the last link in the chain connecting us to the proof of Theo-
rem 1, is of interest in its own right and also has an important corollary.

PROPOSITION 8. Let X and Y be uniform apartness spaces, and f a strongly continuous
mapping of X into Y such that f(X) is totally bounded. Then f is uniformly continuous.

Proof. Given an entourage V of Y, construct a 5-chain (V1, V;, V3, V4, Vs) of entourages
of Y such that V23 c V; =V, and V43 C Vs. Choose xi, ..., X, in X such that Y =
Y1U..-UY,, where Y; = Va[ f(x;)]; then set X; = f_l(Yi). For 1 < i, j < m construct
c;j such that

cij=0= (f(x;), f(x;)) € Va;

cij =1= (f(x;), f(x})) € ~V3.
For each (i, j) with ¢;; = 1, we have ¥; <« Y;. To see this, consider such i, j and an
element (y, y") of ¥; x Y}, and suppose that (y,y’) € Vi Then (f(x;),y) € V4 and
O, f(xj)) € Va,s0 (f(xi), f(x))) € V43 C V3, a contradiction. Hence (y, y’) € ~V5. It

follows that ¥; x ¥; C ~Vs, and therefore that ¥; >« Y;. By the strong continuity of f,
X; >a X, and therefore there exists an entourage E;; of X such that X; x X; C ~E;;. Let

E= ﬂ{Eij tcij =1},
which also is an entourage of X. Consider points x and y of X with (x, y) € E. Choose
i and j such that f(x) € ¥; and f(y) € ¥;.If ¢;; = 1, then
(x,y) € X; x Xj C ~E;j C ~E,

a contradiction.

Hence ¢;; = 0, and so (f(x;), f(x;)) € V2. Since (f(x), f(x;)) € V4 C V2 and
(f), f(xj)) € Vo C Vp, it follows that (f(x), f(y) € V23 and therefore that
(f&x), f(y) eV. O

331



Strong and uniform continuity — the uniform space case

For those readers prepared to explore the general constructive theory of apartness spaces,
we digress briefly to introduce a corollary of Proposition 8.

Let X be any apartness space — that is, a set equipped with a binary relation o< between
subsets, for which the axioms in [10] hold. We say that a uniformity U on X is compatible
with the given apartness >< if

ST =W eUS xT C ~U).

COROLLARY 9. A given apartness space has at most one compatible uniformity that is totally
bounded.

Proof. Let (X, <) be an apartness space, and suppose that there are two totally bounded
uniformities U and U’ that are compatible with the apartness on X. Denote the apartness
relations corresponding to U and U’ by m<qy and <iq;r respectively. Then the identity
mapping from (X, <) onto (X, o<iqy) is strongly continuous, as is its inverse; likewise, the
identity mapping from (X, <) onto (X, m<q;/) is strongly continuous, as is its inverse. Hence
the identity mapping from (X, ><iqy) to (X, b<iqy’) is strongly continuous, as is its inverse. It
follows from Proposition 8 that the uniformities U and U’ are equivalent. O

At last we are in a position to give the proof of Theorem 1.

Proof. Let X be a totally bounded uniform space with a countable base (U,);2, of
entourages. We may assume that Uy D Up D ---. Let (xx)72; be a dense sequence in X.
Then there exists a strictly increasing sequence (k,);>; of positive integers such that

Ko
X = Ulxj]
j=1

for each n. Let F;, = {x1, ..., xx,}. Consider a strongly continuous mapping f of X into a
uniform space Y. In view of Proposition 8, it is enough to prove that f (X) is totally bounded.
Accordingly, given an entourage V of Y, construct a 5-chain (V1, ..., Vs) of entourages of
Y with V| = V. Using Lemma 7, construct a nondecreasing binary sequence ()\n)ff:l such
that

A =0= 3x € XVk <k, ((f(x), f(xx)) € ~V5);
A =1—=2tpy = Vx € X3k < ky ((f(x), f(xx) € V1).

We may assume that A = 0. If 4, = 0, set A, = B, = . If , = 1 — A,_1, then,
as A,—1 = 0, there exists { € X such that (f(¢), f(xx)) € ~V5 forall k < k,—_1; set
Ay =1{¢}, By =F,_1,and A; = B; =@ forall j > n; then f(A,) x f(B,) C ~Vs.We
can now apply Lemma 5 to find N such thatif A, = Ay foralln > N.

Assume that Ay = 0. Then for each n, A,, = 0 and so there exists z,, € X such that

J (@) X f(Fp) C ~Vs. 3)

On the other hand, for each n there exists ¢, € Fj, such that (z,, {,) € U,. It follows that
the sequences (z,)5 | and (£,);2 | are eventually close: for if U is any entourage of X and
we choose m such that U,, C U, then we have (z,,,¢,) € U, C Uy, C U foralln > m.
By Proposition 4, the sequences (f (zn))f;o=1 and (f (;n))fj‘;l are eventually close, so there
exists n such that (f(z), f(&,)) € Vs. However, since ¢, € Fj,, this contradicts (3). Thus
AN # 0,50 Ay = 1 and therefore f(X) = Ulfﬁ 1 VIx;j]. Since V is an arbitrary entourage

of Y, we conclude that f(X) is totally bounded. O

<
<
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